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Optimal Maintenance Policy for Systems Subject to Random Shocks

1 semi-Markov decision process appr

Abstract

This paper studies an average-cost maintenance optimization problem for a single-component
system subject to continuous degradation and random shocks. The degradation process is
modeled by a Gamma process, while random shocks arrive according to a Poisson process.
A system failure occurs when either the degradation level reaches or exceeds its failure threshold, or
the accumulated number of shocks reaches the shock failure threshold. Since failures are
non-self-announcing, both the failure state and the system condition can only be revealed
through inspections. To reduce the long-run operating cost, we propose a state-dependent
non-periodic inspection and replacement policy, where the next inspection interval and the
replacement action are jointly optimized according to the current degradation level and accu-
mulated shock state. A numerical algorithm based on state-space discretization and bisec-
tion search is developed to compute the optimal policy. Numerical results show that the pro-
posed policy consistently outperforms the optimized periodic inspection and replacement
benchmark, with average-cost-rate reductions ranging from 8.60% to 29.33% across the
tested parameter settings. Sensitivity analysis further demonstrates that the proposed pol-
icy consistently outperforms the benchmark policy under different cost, shock, and degrada-
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tion parameter settings. The results confirm that dynamically adjusting inspection intervals
according to the system state can effectively balance inspection cost, downtime cost, and
replacement cost.

1. INTRODUCTION

In practical industrial environments, engineering systems are often affected by multiple failure mechanisms. In-
ternal degradation, such as wear, corrosion, fatigue, aging, and performance deterioration, typically progresses
gradually over operating time. Meanwhile, external shocks caused by random loads, environmental distur-
bances, impacts, or abnormal operating conditions may occur unexpectedly during system operation. Such
shocks may be harmless, accelerate the degradation process, cause recoverable damage, or directly lead to sys-
tem failure. Therefore, it is necessary to inspect the system condition and implement appropriate maintenance
or replacement actions to reduce failure risk, improve system availability, and control the long-run operating
cost. This issue is particularly important for complex industrial systems whose failures may result in high down-
time losses, safety risks, and maintenance expenses.

Periodic inspection policies have been widely studied in maintenance decision-making for engineering systems.
For systems with a fixed inspection schedule, Cavalcante ef al.[!] investigated an inspection and replacement
policy in which maintenance opportunities occur at predetermined periodic visits, and analyzed how preven-
tive replacement timing and visit frequency affect the cost rate, reliability, and availability. For redundant and
standby systems, Wang et al. 2] studied redundancy optimization for cold-standby systems with degrading com-
ponents under periodic inspection and preventive maintenance, while Golmohammadi and Ardakan[3] opti-
mized reliability for systems with active and standby degrading components under a periodic inspection and
maintenance policy. In addition, Levitin et al.[*] optimized a state-based software rejuvenation policy for real-
time tasks under periodic inspections and time limitations. More recently, Ning et al.[%] jointly optimized
preventive maintenance and the triggering mechanism of protective devices for k-out-of-u:F systems based on
periodic inspection. Similar periodic inspection activities were also applied to homogeneous systems by Shar-
ifi et al.[57:8], Bjarnason et al.[1011], and Golmakani et al.[1213]. These studies demonstrate the applicability
of periodic inspection policies in different engineering systems. However, in practical applications, due to the
dynamic changes in system states and the number of available components, fixed-period inspection may result
in excessive maintenance or delayed inspection, thereby increasing maintenance costs or failure risks. To im-
prove the flexibility of inspection decisions, recent studies have considered adaptive or non-periodic inspection
policies. For example, Liu et al. 4] proposed a non-periodic inspection policy for k-out-of-n:G systems, where
the next inspection interval is determined according to the observed system state. Esposito et al. [!5] developed
an adaptive maintenance policy in which imperfect and perfect inspections are used to determine replacement
decisions and future replacement times. Wei et al.[1¢] formulated a belief-based SMDP for predictive inspection
and maintenance of multi-state systems with non-periodic decision epochs. Najafi and Taghipour 7] jointly op-
timized inspection scheduling and imperfect maintenance within an SMDP framework by exploring a broader
inspection-maintenance policy space. These studies show that non-periodic inspection can make better use of
system-state information than traditional periodic inspection.

For systems mainly subject to internal degradation, inspection and maintenance optimization has been exten-
sively studied. For example, Davies et al.[!8] optimized inspection and maintenance planning for ship coat-
ing failures by modeling corrosion defects using a non-homogeneous Poisson process. Zhang et al.[*] stud-
ied a two-component degradation system with failure dependence and imperfect inspection under a dual pe-
riodic inspection policy. Zheng et al.[20] formulated a joint condition-based maintenance and spare provi-
sioning problem for a k-out-of-N system as a Markov decision process. Liu et al.[2!] proposed a condition-
based maintenance policy for leased equipment with hybrid preventive maintenance and periodic inspection.
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Wang et al.[22] developed an inspection-based preventive maintenance strategy for k-out-of-u:G load-sharing
systems with three-state components. These studies have enriched degradation-based maintenance modeling
by considering stochastic degradation, imperfect inspection, spare provisioning, multi-state components, and
system dependence. When external shocks are incorporated, the inspection and maintenance problem becomes
more complicated because the system state may be affected by both continuous degradation and sudden shock-
induced damage. Zhang et al.[23] analyzed a two-component system subject to natural degradation and zoned
shocks, and proposed reliability-centered and shock-based maintenance strategies. Gan et al. [24] investigated
systems with degradation-mitigation and shock-resistance subsystems, showing that subsystem interactions sig-
nificantly influence reliability and maintenance optimization. Fischetti et al.[25] developed a two-level inspec-
tion and replacement policy for a three-stage failure process subject to natural degradation and external shocks.
Zhang et al. 1261 proposed a predictive maintenance scheduling method for recoverable stochastic hybrid systems
under degradation and shock-induced common-cause failures. Li et al.[27] designed a group inspection and
maintenance policy for heterogeneous multi-component systems subject to gradual degradation and random
shocks. These recent studies demonstrate that degradation-shock interactions have received increasing attention
in reliability and maintenance optimization. Other studies have investigated degradation- shock-dependent sys-
tems from different perspectives, including remaining useful life prediction (28], reliability analysis in dynamic
environments(2°], mission reliability modeling[3°], and predictive maintenance scheduling(26]. However, ex-
isting models still rely on periodic or partially periodic inspection epochs, and their replacement policies are
commonly based on fixed thresholds or predefined maintenance rules.

The above limitations may become more significant when the system experiences repeated shocks or reaches
a high degradation level. In such cases, a fixed inspection interval may fail to respond to rapidly changing sys-
tem conditions in time, while a threshold-based replacement rule may not fully capture the joint influence of
degradation level, shock history, and future risk. Consequently, the resulting maintenance policy may be lo-
cally effective under a restricted decision structure but not globally optimal over the complete inspection and
replacement policy space. This motivates the need for a more flexible decision framework in which both inspec-
tion timing and replacement actions can be optimized according to the current system state. To address this
issue, this paper proposes a semi-Markov decision process (SMDP) framework for inspection and replacement
optimization. Compared with conventional periodic inspection and threshold-based replacement policies, the
main advantages of the proposed method are threefold:

1. The proposed method allows non-periodic inspection decisions to be made under arbitrary system states.
The next inspection time is treated as an optimizable decision variable so that the inspection interval can
be dynamically adjusted according to the current system condition.

2. Replacement actions can be directly selected in each system state. This differs from threshold-based re-
placement policies, where replacement is usually triggered only when a predefined degradation, reliability,
or state threshold is reached.

3. Inspection scheduling and replacement decisions are jointly optimized within a unified SMDP frame-
work. This allows for a comprehensive exploration of the entire policy space, leading to a globally optimal
maintenance strategy that minimizes the long-run average cost.

2. MODEL DESCRIPTION

In this section, we present the model assumptions and formulate the basic quantities, including the system
transition probabilities and the mean downtime duration, which provide the foundation for the subsequent
maintenance optimization model.
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2.1. Notation

The notation used throughout the model is summarized in Table 1.

Table 1. Notation used in the model

Notation Description

N(1) Poisson arrival process of random shocks up to time «

P Arrival rate of random shocks

m Accumulated number of shocks

M Failure threshold for the accumulated number of shocks

x Degradation level of the system

L Degradation failure threshold

P (1) Transition probability from shock state m to shock state m” during an in-
terval of length ¢

Fy(x) Degradation-induced failure probability within an interval of length +,
starting from degradation level x

Fonx (1) Failure probability within an interval of length s, starting from state (i, )

D(m.x,1) Mean downtime duration within an inspection interval of length

(NL#) Non-periodic inspection action with inspection interval 1

(IR) Immediate replacement action

7 Maintenance policy

C; Inspection cost

Cy Downtime cost rate

Cp Preventive replacement cost

Ce Corrective replacement cost

Cr(m,x) Expected cost from state (m,x) until renewal under policy =

T (m.x) Expected elapsed time from state (m,x) until renewal under policy »

g (g%) Candidate (optimal) average cost rate

Vi (m,x) Optimal excess-cost function under candidate cost rate g

75 (m, x) Optimal non-periodic inspection interval at state (i, x)

2.2. Assumptions

The system under consideration is a single-component system that undergoes continuous degradation and ran-
dom shocks. The key assumptions of the model are as follows:

1. Random shocks occur according to a Poisson process n(r) with rate 4;

2. The degradation increment over an interval of length : follows a Gamma distribution with shape parameter

ar and rate parameter g;

3. The degradation process and the shock process are independent of each other;

4. A system fails when the accumulated number of shocks reaches the failure threshold m or the degradation
level reaches or exceeds the threshold t, whichever occurs first;
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5. Failures are non-self-announcing; the failure status, accumulated shock count, and degradation level can
only be revealed through inspections.

Remark 1. The independence assumption is adopted to establish a tractable baseline model for the joint opti-
mization of inspection scheduling and replacement decisions. It is suitable for engineering systems in which
internal degradation is mainly caused by gradual physical deterioration, such as wear, corrosion, fatigue, or
aging, while external shocks are caused by random environmental or operational disturbances. Under this as-
sumption, the degradation-induced failure event and the shock-induced failure event can be modeled as two
competing failure mechanisms with explicit transition probabilities. Nevertheless, this assumption may not
hold for systems with strong degradation-shock dependence. For example, shocks may accelerate the degrada-
tion process, and a high degradation level may increase the system’s vulnerability to shocks. Such dependence
is beyond the scope of the present study and is left for future research.

Remark 2. The present model assumes that inspections are perfect, meaning that the accumulated shock state
and the degradation level can be accurately observed at each inspection epoch. This assumption is commonly
used as a baseline setting for inspection-based maintenance optimization because it allows the state-dependent
inspection interval and replacement decision to be explicitly characterized. In practice, however, inspections
may be subject to measurement errors, missed detections, or delayed fault identification. Incorporating such
inspection uncertainty would require the observed state to be replaced by a belief state or an estimated degra-
dation distribution, leading to a partially observable decision model. This extension is meaningful but beyond
the scope of the present study.

Define the system state as a two-dimensional vector (m,x), where m represents the accumulated number of shocks
and x represents the degradation level, with m = 0,1,...,» and 0 < x < . Following the standard Gamma-process
degradation formulation in maintenance modeling[3!], the probability density function of the degradation in-
crement during an interval of length « is given by

'Bm‘xnt— 1 E_BX
I'(at)

i) = (1)
Accordingly, the degradation-induced failure probability within an interval of length 1, starting from degradation
level x, can be expressed by the upper tail probability of the Gamma distribution [31]:

I'(at, B(L —x))
I'(at) ’ (2)

Fy(x) =
2.3. Transition probability
For a Poisson shock process, the inter-arrival times are independent and identically distributed exponential
random variables, and the arrival time of the /-th shock follows an Erlang distribution[32]. Therefore, for / =
1,2,...,M, let n(r) denote the probability density function of the arrival time of the /-th shock with parameter 4,
given by

Al 1171 e~ At

(1-1! (3)

hy(t) =

The corresponding cumulative distribution function is[32]

-1 k -t
/] 2
Hi() =1~ ;f e (4)
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Next, let P, (1) represent the probability that the accumulated shock state transitions from m to m” during a time
interval of length s, where 0 <m <m’ < M and r > 0. Since state M represents the shock-failure state, the transition
to M aggregates all sample paths in which the accumulated number of shocks reaches or exceeds the threshold »
during the interval. Thus, P, (r) can be expressed as shown in Eq. (5). The interpretation of these probabilities
is as follows:

1. If m =m’ < M -1, no shock occurs within the time interval, i.e., the arrival time for the first shock is longer
than #

2. If m <m’ < M -1, the arrival time for (m’ - m) successive shocks is shorter than :, while the arrival time for
(m’ —m) + 1 successive shocks exceeds ;

3. If m < m’ = M, the arrival time for (M - m) successive shocks is shorter than ;

1-Hy @), m=m'<M-1;
Poiw (1) = { Hy (1) = Hypp i1 (1), m<m’ < M —1; (5)
Hpy—m (1), m<m' =M.

2.4. Mean downtime duration
Let F,,.(r) denote the probability that the system fails within a time interval of length s, starting from the initial
state (m,x), where m =0,1,...,M -1 and 0 < x < «. This probability is

1, ifm=Morx>1,
Fm,x(t) = (6)
1-(1-Puu@)(1-F (), ifm<Mmandx<L.

Let 7,,. denote the failure time measured from the start of an inspection interval. If failure occurs before the

next inspection at time s, the system remains down for - 7, .. Hence, using the tail-integral identity for the
nonnegative random variable (: - 7,,,)*, the expected downtime during the interval is

D(m,x,1) = ]E[(t - Tm,x)+] = '/0‘ Fx(u) du. (7)

3. AVERAGE-COST OPTIMAL MAINTENANCE POLICY
3.1. Maintenance actions and renewal equations
In this section, we formulate the average-cost optimal maintenance problem. Two types of maintenance actions
are considered: non-periodic inspection, denoted by (NL ), and immediate replacement, denoted by (IR). Let x
denote a maintenance policy, where the action prescribed at state (m,x) is denoted by

Tmx € {(NL ), AR)}.

Both actions are admissible at any non-failed system state (m,x). Specifically,

1. Ifaction (NI is selected, the system is inspected after a non-periodic inspection interval of length .
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2. Ifaction (IR) is selected, the system is replaced immediately and restored to the as-good-as-new state (0,0).

Remark 3. In this study, we focus on non-periodic inspection and immediate replacement actions in order to
clearly characterize the joint optimization of inspection timing and replacement decisions. Imperfect or partial
maintenance actions, such as minor repair or degradation reduction, are not included in the current action set.
If such actions are considered, the action space should be expanded and the state transition probabilities should
be modified to describe the post-maintenance degradation state and shock vulnerability. This extension would
enrich the maintenance decision structure, but it would also require additional assumptions on the effectiveness
and cost of imperfect maintenance.

Under a given maintenance policy n, let C, (m,x) and T, (m.x) denote the expected cost and the expected elapsed
time, respectively, from state (m,x) until the system reaches the renewal state (0,0). Accordingly, C.(0,0) and
T.(0,0) represent the expected renewal cost and the expected renewal time of one renewal cycle, respectively.

The recursive expressions for C, (m,x) and T, (m,x) depend on the action selected at state (m,x). Specifically, the
expressions are derived based on whether the policy prescribes a non-periodic inspection (NI 7) or an immediate
replacement (IR) at that state.

1. If policy = prescribes action (N1,1) at state (m,x), the expected renewal cost consists of the inspection cost,
the expected downtime cost during the inspection interval, and the expected cost incurred after the in-
spection interval until the next renewal. Similarly, the expected renewal time consists of the inspection
interval length and the expected remaining time to renewal. Conditioning on the shock state m’ and the
degradation increment y at the next inspection epoch gives

M o0
Calm) = G+ CaD st} 4 Y, P (@) [ Cali x4 )5, (8a)
m'=m 0
M o
Tatmx) =1+ ) P,,,,m,(r)/o Tr(m' x+)£,(y) dy. (8b)

2. If policy n prescribes action (IR) at state (m,x), the system is replaced immediately and a renewal occurs at
once. Hence,

C,, ifm<MaIldx<L,
Cr(m,x) = r )
C., ifm=MorxsL. )
T ,(m,x)=0.
where ¢, is the preventive replacement cost and c. is the corrective replacement cost.

3.2. Excess-cost Bellman optimality equation

To derive the optimal maintenance policy, we follow the standard average-cost Markov decision process frame-
work and transform the average-cost problem into a parametric excess-cost problem (23], Let ¢ denote a candi-
date average cost rate. For each non-failed state (m,x), define v[R(m,x) and v (m,x;1) as the g-adjusted expected
costs associated with immediate replacement and non-periodic inspection, respectively.

If immediate replacement (IR) is selected at state (m,x), the system is replaced immediately and restored to the
as-good-as-new state. Therefore, the g-adjusted cost of immediate replacement is

VgR(m,x) =Cr(m,x) - gT(m,x)

Cp, ifm<Mal’ldx<L, (10)

C., ifm=Morxx>L.
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If non-periodic inspection (NI ) is selected at state (m,x), the system incurs the inspection cost, the expected
downtime cost during the inspection interval, and the time-adjusted term —gr. After the inspection interval, the
system moves to a new state (m’,x+y), from which the optimal policy is followed. Conditioning on this next state
gives

M o0
VL, x;0) = Ci + CaD(m, x,0) = gt + 3" Py (1) / Vi (m' x4 ) f (v)dy, (11)
0

m'=m

For a fixed candidate cost rate g, the optimal inspection interval associated with the non-periodic inspection
action is obtained by

£ (m,x) € argmiglvg\n(m,x;t), (12)
t>

and the minimized g-adjusted cost of non-periodic inspection is

VL (m,x) = ing VN m, x5 1). (13)
t>

For a fixed candidate average cost rate ¢, the original average-cost problem is converted into an excess-cost
minimization problem. At each decision epoch, the decision maker needs to compare only the g-adjusted costs
of the two admissible action types: immediate replacement and non-periodic inspection. The former terminates
the current renewal cycle immediately, whereas the latter incurs the inspection cost, the expected downtime cost,
the time-adjusted term -gr, and the future optimal excess cost after the next inspection epoch. Therefore, by
the dynamic programming optimality principle for average-cost decision processes (23], the optimal excess-cost
function satisfies the Bellman optimality equation

Vg (m,x) = min {VJR(m,x),Vg\H*(m,x)} . (14)

This equation is valid because the next decision depends on the past history only through the observed state
(m,x) at the inspection epoch. Hence, the state (m,) is sufficient for dynamic programming, and the optimal
action can be selected by comparing the two action values in Eq. (14). Specifically, immediate replacement is
optimal if

VgIR(m,x) < V;\H*(m,x), (15)
Otherwise, non-periodic inspection is optimal, and the corresponding inspection interval is 7 (m.x).
After discretization, the transition structure permits a backward recursion because both the accumulated shock
count and the degradation level are nondecreasing. After setting the boundary values for the failed states, the

non-failed grid states are evaluated from larger to smaller values of m and x. The optimal maintenance policy is
then obtained by comparing the two action values at each state.
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3.3. Determination of the optimal average cost rate

The value of ¢ in Eq. (14) is only a candidate average cost rate. Therefore, solving Eq. (14) for a given ¢ yields the
policy that is optimal with respect to this candidate benchmark, but it does not directly determine the optimal
average cost rate. To identify the true optimal average cost rate, we examine the optimal excess cost at the
renewal state (0.0).

For any admissible maintenance policy x, the expected excess cost of one renewal cycle under the candidate cost
rate g is

VZ(0,0) = C(0,0) - g T (0,0). (16)

Equivalently,

(17)

VE(0,0) = T4 (0.0) [C"(O’O) - ]

T-(0,0)

Since T,(0,0) > 0, the sign of v7(0,0) indicates whether the average cost rate of policy x is larger or smaller than
the candidate value g.

After optimizing over all admissible policies, the optimal excess cost at the renewal state equals

VQ:(0,0)=In”in{C,,(0,0)—gT,,(0,0)}. (18)

Thus, v;(0,0) provides a criterion for determining whether the candidate cost rate ¢ is below or above the optimal
average cost rate. If v;(0,0) > 0, then every admissible policy has an average cost rate larger than ¢, which implies
that ¢ is smaller than the optimal average cost rate. If v;(0,0) < 0, then there exists at least one policy whose
average cost rate is smaller than g, which implies that ¢ is larger than the optimal average cost rate.

Consequently, the optimal average cost rate ¢ is the unique root of v;(0,0) = 0. Equivalently, it satisfies

v:.(0.0)=0. (19)
At this root,
.. CR(0,0
¢ =min T0.0) (20)

The optimal maintenance policy is then obtained from Eq. (14) by setting ¢ = ¢".
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Table 2. Parameters used in the policy

M 1 « B L Ce Cy Cp Ci
5 0.1 1.1 2.7 12 4000 1000 2000 100

3.4. Numerical implementation and convergence check

The continuous degradation state is discretized on a uniform grid over [0, ] with grid size Ax = 0.1. The value
function is evaluated at the grid points, and the integrals with respect to the Gamma degradation increment are
computed numerically on the same degradation grid. For the non-periodic inspection action, the inspection
interval is searched over a one-dimensional grid with step size ar = 0.01. If the next degradation level x + y does
not exactly fall on a grid point, linear interpolation is used to approximate the corresponding value function.

For a fixed candidate average cost rate g, the discretized Bellman equation is solved recursively over the state
space. Boundary values are first assigned to failed states with m = » or x > L. Because future states have shock
counts and degradation levels no smaller than their current values, the non-failed grid states are evaluated
backward from larger to smaller » and x. After solving the Bellman equation for a given ¢, the optimal average
cost rate is obtained by applying bisection to the root equation v;(0,0) = 0. The bisection search is terminated
when either |v;(0.0)| < 10-6 or the length of the bisection interval for ¢ is less than 10-6.

4. NUMERICAL EXAMPLE

In this section, the performance of the proposed maintenance policy is validated by a numerical example. We
consider an engineering system operating in a random environment, subject to both internal degradation and
external shocks during its service life. The internal degradation process represents gradual deterioration caused
by aging, wear, corrosion, or fatigue, while external shocks represent sudden environmental or operational dis-
turbances that independently contribute to shock-induced failure in the present model. The system state cannot
be continuously observed and can be revealed only through inspections. Parameters used in the numerical ex-
ample are shown in Table 2. Here, m denotes the failure threshold for the accumulated number of shocks, 4 is
the arrival rate of external shocks, « is the shape-rate coefficient of the Gamma process, and g is the Gamma
rate parameter. The degradation failure threshold is denoted by L. In addition, c., ¢4, C,, and ¢; represent the
corrective replacement cost, downtime cost rate, preventive replacement cost, and inspection cost, respectively.

4.1. Results for the proposed policy

Based on the baseline parameter setting, the optimal average cost rate is obtained by solving the root equation
v:(0,0) =0, yielding ACR = g* = 106.60. Substituting this value into the Bellman optimality equation gives the state-
dependent maintenance policy and the corresponding excess-cost function, as shown in Figure 1. Specifically,
Figure 1 presents the optimal inspection interval ¢;.(m,x) and the optimal excess-cost function v;.(m,x) under
different accumulated shock states.

The left panel of Figure 1 shows that the optimal inspection interval is strongly state-dependent. For a fixed ac-
cumulated shock state m, the inspection interval generally decreases as the degradation level x increases, because
the system approaches the degradation failure threshold and requires more frequent inspections to reduce the
expected downtime caused by non-self-announcing failures. Similarly, for a fixed degradation level, the inspec-
tion interval tends to decrease as m increases, because the system approaches the shock failure threshold. Thus,
the policy becomes more conservative as the system deteriorates. When both m and x are small, the system
is relatively healthy, allowing longer inspection intervals, which helps avoid unnecessary inspection costs. By
contrast, when the system approaches either the shock failure threshold or the degradation failure threshold,
the inspection interval becomes shorter, and immediate replacement is selected in states where no inspection
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Figure 1. Optimal inspection intervals (left panel) and excess-cost function (right panel) for different operating states. The shock-failure
state m = M = 5 is excluded because the inspection interval is not optimized after failure.

Table 3. Sensitivity of the optimal average cost rate to discretization steps

Ax At ACR Relative difference from baseline
0.20 0.02 108.56 1.84%

0.10 0.01 106.60 Baseline

0.05 0.005 106.54 0.06%

interval is plotted. Therefore, the proposed policy adaptively balances inspection cost, downtime cost, and re-
placement cost according to the observed system state. In particular, because the baseline threshold is m = 5,
the state m = 5 corresponds to the shock-failure state m = . According to the model definition, this state is not
an operational state for which an inspection interval can be optimized. Therefore, the corresponding case has
been excluded from the optimal inspection interval analysis in Figure 1. The right panel of Figure 1 presents
the excess-cost function v;. (m, x) for the remaining operational states. The value function increases as the system
state deteriorates, reflecting the higher expected cost-to-renewal from more severe states. In particular, states
with larger m generally have higher excess costs because they are closer to the shock-induced failure bound-
ary. The flat curve for m = 4, as well as the common plateau reached by the other curves near the degradation
boundary, corresponds to non-failed states where immediate preventive replacement is optimal. In these states,
m < M and x < L, so the excess cost equals ¢, = 2000 rather than the corrective replacement cost c.; corrective
replacement applies only after failure (m = m or x > L). These results confirm that the proposed dynamic policy
captures the joint effect of cumulative shocks and degradation on maintenance decisions.

Remark 4. To examine the influence of discretization error, the computation was repeated using different grid
resolutions for both the degradation state and the inspection interval. The relative difference is computed with
respect to the baseline grid, i.e., JACR-106.60]/106.60 x 100%. As shown in Table 3, the coarse grid with ax = 0.20
and Ar = 0.02 gives an average cost rate of 108.56, a 1.84% deviation from the baseline result. When a finer grid
with ar = 0.05 and ar = 0.005 is used, the average cost rate becomes 106.54, differing from the baseline result by
only 0.06%. These results indicate that the reported average cost rate is stable with respect to the discretization
step and that the baseline discretization is sufficiently accurate for the numerical analysis.

4.2. Comparison with a benchmark policy
To evaluate the effectiveness of the proposed state-dependent non-periodic inspection policy, we compare it with
abenchmark periodic inspection and replacement policy (3435, denoted by Policy B. Under Policy B, inspections
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Table 4. Optimal periodic inspection and replacement policy

T L, ACRg %

5.00 8.70 123.46 13.66%

are performed at a fixed interval 7, and preventive replacement is conducted when the observed degradation
level reaches or exceeds a predetermined threshold L,. Therefore, Policy B is characterized by two decision
variables, the periodic inspection interval 7 and the preventive replacement threshold r,. For a fair comparison,
the optimal values of 7 and L, are obtained by minimizing the long-run average cost rate under the same system
parameters listed in Table 2.

Table 4 reports the optimal benchmark policy and its performance. The optimal periodic inspection interval is
7 =5.00, and the corresponding preventive replacement threshold is L;, = 8.70. Under this benchmark policy, the
minimum average cost rate is 123.46. In contrast, the proposed policy yields an average cost rate of 106.60 under
the baseline setting. Let % denote the percentage reduction in the average cost rate achieved by the proposed
policy compared with the benchmark policy, defined as

_ ACRgp-ACR,
’@_TRBXNO%’ (21)

where ACR, and ACRp are the average cost rates of the proposed policy and the benchmark policy, respectively.

As shown in Table 4, the proposed policy reduces the average cost rate by 13.66% compared with the optimized
benchmark policy. This improvement is mainly due to the state-dependent structure of the proposed policy.
Unlike the benchmark policy, which uses a fixed inspection interval regardless of the current system condition,
the proposed policy dynamically adjusts the next inspection interval according to both the accumulated number
of shocks m and the degradation level x. When the system is close to either the shock failure threshold or
the degradation failure threshold, the proposed policy shortens the inspection interval to reduce the risk of
undetected failure and the associated downtime cost. Conversely, when the system is in a relatively healthy
state, longer inspection intervals can be adopted to avoid unnecessary inspection costs. Therefore, the proposed
policy achieves a better balance among inspection cost, downtime cost, and replacement cost.

4.3. Sensitivity analysis

To examine the robustness of the proposed policy and to understand the effects of different model parameters,
a sensitivity analysis is conducted. Starting from the baseline parameter setting in Table 2, each parameter is
varied individually while all the other parameters are kept unchanged. Specifically, each parameter is multiplied
by 0.5, 0.75, 1.0, 1.25, and 1.5, respectively. For the shock threshold um, the adjusted value is rounded upward to
the nearest integer.

Table 5 reports the average cost rate of the proposed policy under each parameter setting. The value in paren-
theses represents the percentage reduction in average cost rate compared with the optimized benchmark policy
under the same parameter setting. Several observations can be obtained from Table 5. First, the proposed policy
consistently outperforms the benchmark policy for all parameter settings, as all reported cost-rate reductions
are positive. This confirms the robustness of the proposed state-dependent policy. Second, the optimal average
cost rate increases with the cost parameters c., ¢4, €, and ¢;. Among them, ¢, has the most direct impact on
the average cost rate, increasing from 65.11 to 143.70 as ¢, varies from 50% to 150% of its baseline value. This
is expected because preventive replacement is one of the major cost components in the maintenance policy.
The effect of ¢, is relatively moderate in terms of the absolute average cost rate, but the cost reduction ratio
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Table 5. Comparison of average cost rates under different parameter settings

Parameter  -50% -25% Baseline +25% +50%

Ce 98.54 (14.41%) 103.26 (13.88%) 106.60 (13.66%) 109.29 (13.54%) 111.58 (13.49%)
Cy 104.15 (11.79%) 105.50 (12.67%) 106.60 (13.66%) 107.54 (14.66%) 108.36 (15.66%)
Cp 65.11 (19.35%) 86.75 (15.61%) 106.60 (13.66%) 125.59 (12.16%) 143.70 (10.95%)
G 99.15 (12.61%) 103.13 (12.94%) 106.60 (13.66%) 109.73 (14.58%) 112.59 (15.63%)
M 159.33 (16.81%) 123.27 (15.17%) 106.60 (13.66%)  95.28 (16.35%) 94.13 (13.46%)
Pl 94.90 (13.29%) 99.10 (13.11%) 106.60 (13.66%) 116.36 (15.43%) 127.93 (17.59%)
@ 80.29 (29.33%) 91.19 (20.05%) 106.60 (13.66%) 124.60 (11.39%) 144.53 (10.92%)
B 202.01 (8.60%) 134.51 (10.51%) 106.60 (13.66%)  92.93 (18.63%) 85.66 (23.73%)

Note: For the M row, the five columns correspond to the actual thresholds M = 3, 4, 5, 7, and 8, respectively.
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Figure 2. Sensitivity of the optimal inspection interval with respect to cost parameters. Different curves represent different accumulated
shock states m and are distinguished by line styles and markers.

increases as ¢, becomes larger, indicating that the proposed policy is particularly beneficial when downtime is
costly. The stochastic parameters also have clear effects on the average cost rate. When um increases, the system
can tolerate more random shocks before failure, and thus the average cost rate decreases. In contrast, a larger
shock arrival rate a leads to a higher risk of shock-induced failure and hence a larger average cost rate. For
the degradation process, increasing « accelerates degradation and results in a higher average cost rate. Under
the Gamma density parameterization adopted in this paper, s is the rate parameter; hence, a larger s reduces
the mean degradation increment. Therefore, the average cost rate decreases as g increases. These trends are
consistent with the physical interpretation of the shock and degradation processes.
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t*.(m, x)

t*,(m, x)

Figure 3. Sensitivity of the optimal inspection interval with respect to shock and degradation parameters. Different curves represent different
accumulated shock states m and are distinguished by line styles and markers.

To further illustrate how the optimal policy changes with parameter variations, Figures 2 and 3 plot the optimal
inspection interval r;(m,x) under different parameter settings. Figure 2 focuses on the cost parameters, while
Figure 3 focuses on the shock and degradation parameters. In each subplot, the horizontal axis is the degrada-
tion level x, and each curve corresponds to a different accumulated shock state m. If immediate replacement is
optimal at a state, the corresponding inspection interval is zero and is not plotted. As shown in Figures 2 and 3,
the optimal inspection interval generally decreases as the degradation level x increases. This is because a larger
degradation level means that the system is closer to the degradation failure threshold z, so more frequent in-
spections are required to reduce the expected downtime caused by non-self-announcing failures. For a fixed
degradation level, the inspection interval also tends to be shorter when the accumulated number of shocks m is
larger, since the system is then closer to the shock failure threshold m. Therefore, the optimal policy exhibits a
clear state-dependent structure: inspections are scheduled more frequently when the system condition becomes
worse.

Figure 2 shows that the cost parameters affect the inspection policy in different ways. As c. increases, the optimal
inspection intervals tend to decrease because corrective replacement becomes more expensive and the policy
becomes more conservative. A similar effect is observed when ¢, increases, because a higher downtime cost rate
increases the penalty of hidden failures during an inspection interval. By contrast, increasing ¢, tends to increase
the inspection intervals in several states, since preventive replacement becomes more expensive and the policy
is more inclined to postpone replacement. The inspection cost ¢; also has a positive effect on the inspection
interval: when each inspection becomes more costly, the policy avoids excessively frequent inspections and
chooses longer intervals.
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Figure 3 further confirms the influence of the shock and degradation parameters. When um increases, more
shock states are allowed before failure, and the policy includes more curves corresponding to larger values of m.
For smaller m, the system is relatively far from the shock failure boundary, and longer inspection intervals are
permitted. As 1 increases, shocks arrive more frequently, and the optimal inspection intervals become shorter.
For the degradation parameters, a larger « leads to faster degradation and thus shorter inspection intervals. In
contrast, a larger g slows down the degradation process under the rate-parameter formulation, so the optimal
inspection intervals become longer.

Overall, the sensitivity analysis shows that the proposed policy can adaptively respond to changes in both eco-
nomic and stochastic parameters. The policy schedules shorter inspection intervals when failure risk or failure-
related costs increase, and longer inspection intervals when inspections or preventive replacements become
more expensive or when the degradation process becomes less severe. These results demonstrate the flexibil-
ity of the proposed non-periodic inspection policy and explain its consistent advantage over the benchmark
periodic policy.

5. CONCLUSION

This paper investigated an average-cost maintenance optimization problem for a single-component system sub-
ject to both continuous degradation and random shocks. The degradation process was modeled as a Gamma
process, and the shock arrivals were described by a Poisson process. Since failures are non-self-announcing, the
system condition can only be identified at inspection epochs. Under this setting, a state-dependent non-periodic
inspection and replacement policy was proposed, in which both the inspection interval and the replacement ac-
tion are optimized according to the current accumulated shock state and degradation level. The maintenance
problem was formulated within a semi-Markov decision process framework. By introducing a candidate aver-
age cost rate, the original long-run average-cost problem was converted into an excess-cost Bellman optimality
equation, and the optimal action at each state was obtained by comparing the adjusted cost of immediate re-
placement with that of non-periodic inspection. This formulation enables the joint optimization of inspection
timing and replacement decisions over the entire state space.

Several extensions can be considered in future research. First, the present model assumes perfect inspections,
where the accumulated shock state and degradation level can be accurately observed at inspection epochs. Fu-
ture work may incorporate imperfect inspections, measurement errors, missed detections, or delayed fault iden-
tification. In that case, the decision process would need to be formulated using belief states or partially ob-
servable information. Second, the shock process and degradation process are assumed to be independent. In
practical systems, random shocks may accelerate degradation, and degradation may also increase the system’s
vulnerability to shocks. Modeling such dependence would make the policy more realistic. Third, this study
considers immediate replacement as the only maintenance action that restores the system condition. Future
studies may introduce imperfect or partial maintenance actions, such as minor repair, degradation reduction,
or shock-resistance improvement, by expanding the action space and modifying the corresponding transition
probabilities and maintenance costs. Finally, parameter uncertainty and online learning can be incorporated
to develop adaptive maintenance policies when the degradation and shock parameters are not fully known in
advance.
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