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Abstract
This paper proposes a robust multivariable tracking control (RMTC) strategy to address tracking control of the bio-
logical wastewater treatment process (BWWTP) with external disturbances and uncertainties. Primarily, the system
of BWWTP, attributed to an ill-defined nonaffine nonlinear system, is directly expanded with Taylor series expansion
in the neighborhood of the nominal control law (NCL). To achieve NCL, the RMTC is drawn with a direct controller
and an approximate controller. The direct controller is introduced with sliding-mode theory while the structure of the
system is unknown and no prior knowledge about external disturbances/uncertainties is available. The approximate
controller is employed to compensate for the uncertainties of BWWTW with a suitable-sized fuzzy neural network
that is tuned by a self-organizing mechanism. Then, an adaptive strategy is established to optimize the control gain
and parameters of fuzzy neural network to hold the steady-state control performance under different operational con-
ditions by suppressing the negative impacts of external disturbances and approximation errors. Finally, the stability
of RMTC is established to ensure successful applications. The RMTC is evaluated in an actual BWWTP. The results
including tracking performance, control inputs, and adaptive parameters have shown that RMTC can provide effective
control performance with the external disturbances and uncertainties under different operational conditions.
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1. INTRODUCTION
Biological wastewater treatment process (BWWTP), using bacteria and microorganisms to remove the pollu-
tion, has been recognized as a primary operation within wastewater treatment plants [1]. The control methods
of BWWTP have attracted significant attention in industries and academia due to the increasing awareness to
ensure effluent qualities [2–4]. The situation faced, however, it is difficult to control this process because of the
external disturbances including the dynamics of influent flow rate and quality, as well as the noise of sensors
in different treatment units [5,6]. Besides, the uncertainties, such as the activity of microorganisms in biological
reactions, implicitly change the inherent kinetics of BWWTP, which also has a significant impact on control
performance [7–9].

To reject the external disturbances of process control in BWWTP, multiple robust control methods have been
formulated [10–14]. Notably, Floresestrella et al. introduced a robust 𝐻∞ control strategy to regulate the chemi-
cal oxygen demand [10]. This control strategy, based on the 𝐻∞ control synthesis, can depress the fluctuations
of organic compound concentrations in the influent. A robust control strategy, using a process-oriented ap-
proach, was proposed for removing the autotrophic nitrogen in the BWWTP [11]. The parameters of this con-
trol strategy were tuned by the internal model rules to improve the robust performance for operating the or-
ganic carbon concentration. Moreover, a multivariable robust-adaptive control (MRAC) methodology crafted
for regulating dissolved oxygen and substrate concentrations [12]. For MRAC, an interval observer was crafted
for calculating the minimum and maximum limits of external disturbances. The results indicated that this
proposed MRAC could obtain suitable robust performance. However, the above control strategies [8–12] are
sensitive to the system parameters. They are difficult to implement with steady-state performance. Recently,
with the advantages of robustness, as well as easy implementation, sliding mode control (SMC) is regarded as
an efficient method for controlling BWWTPs. A sliding-mode-based feeding control strategy was proposed
for the fed-batch operation of BWWTP, where the desired performances (such as the fast response, the robust-
ness and stability were attained [15]. However, a problem of this feeding control strategy is the chattering phe-
nomenon of control action [16–18]. To mitigate the chatter in SMC, an adaptive SMC control method (ASMC)
was investigated for the BWWTP operation [19]. For ASMC, an adaptation tuning approach was devised to
mitigate the chattering phenomenon. The results displayed that this ASMC was able to stabilize the biomass
concentration. Meanwhile, an adaptive dynamic SMC strategy (ADSMC) was designed to regulate the sludge
recycle flow in BWWTP [20]. In ADSMC, an adaptive technique, which allows the controller parameters to be
self-tuned towards the optimum values, was designed to suppress the chattering phenomenon and maintain
robust performance. In addition, some other SMC methods have been presented [21–24]. The results demon-
strated that these SMCmethods can be applied to enhance the robustness of BWWTP. However, these control
strategies mainly focused on the solutions to the disturbances rather than the uncertainties of the system, vari-
ation of system parameters, etc. They are difficult to shape because the structure of the system is unknown or
prior knowledge about disturbances/uncertainties is unavailable [25,26].

To deal with the uncertainties of BWWTP, Zuniga et al. developed a BWWTP wastewater treatment biofilter
using an observer-based output linearizing control approach (OBLC) [27]. In this OBLC, a distributed parame-
ter observer was designed to identify the uncertainties, such as the changes in nitrification and denitrification,
to improve robust performance. A sliding mode observer control (SMOC) method was established for con-
trolling the substrate concentrations, where the uncertainties were identified by using a sliding observer [28].
However, the achievements of OBLC and SMOC were dependent on the accurate mathematical model [29]. It
is challenging to establish a precise mathematical model for BWWTP [30–33]. Recently, some intelligent control
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strategies, such as fuzzy neural network (FNN), have been investigated without the requirements of an accurate
mathematical model [34–38]. An adaptive fuzzy control approach was developed for keeping track of the refer-
ence dissolved oxygen concentration [36]. The control law, derived from the fuzzy rules, can exhibit robustness
to the uncertainties in the biochemical reactions. Lin et al. developed a neural adaptive controller to regulate
the aeration unit in BWWTP [37]. This neural adaptive controller approximated unknown dynamics using a
radial basis function NN. The results demonstrated that the tracking performance was improved despite the
uncertain dynamics. Moreover, an integrated neural-fuzzy controller was proposed for an aerated submerged
biofilm BWWTP [38]. A self-learning method in the FNN model improved uncertainty estimates. The results
revealed that this integrated neural-fuzzy controller can achieve suitable robustness and accuracy. In addi-
tion, several advanced intelligent control approaches have been established to estimate uncertainty (e.g., the
rough set-based hybrid fuzzy-neural controller [39], adaptive fuzzy neural controller [40], hybrid fuzzy-neural
soft-sensing model-based control [41], and so on). However, there are some problems worth discussing, which
are listed as follows.

Consequently, the primary goal is to provide an effective technique to address the aforementioned issues. In
this article, a robust multivariable tracking control method (RMTC), consisting of the direct controller and
the approximate controller, is developed to suppress the influence of external disturbances and approximation
errors derived from the uncertainties of BWWTP.This method will enhance the entire system’s robustness and
assure effective tracking performance. The main contributions contain the following parts.

(1) A system transformation method combining Taylor series expansion and nominal control law is proposed
to address the nonaffine nonlinear characteristics of the BWWTP. This method can directly convert the non-
affine nonlinear system into a standard affine nonlinear system without complex derivation or additional de-
sign. This not only avoids additional design errors caused by complex calculations but also simplifies the design
process of subsequent control strategies.

(2) A novel RMTC scheme is designed, which consists of a direct controller and an approximate controller.
The direct controller is constructed based on SMC, which can directly obtain the control law without prior
knowledge of external disturbances or assumptions about the derivative of disturbances. The approximate
controller adopts a self-organizing fuzzy neural network (SOFNN), which precisely balances empirical error
and structural complexity through an optimized structural risk strategy to guide the addition and pruning of
fuzzy rules. It effectively avoids the rule redundancy or insufficiency in fixed-structure networks. Unlike the
common nonlinear model predictive control (NMPC), this method does not rely on an accurate predictive
model for rolling optimization. Instead, it effectively estimates system uncertainties and handles disturbances
through the collaboration of the two controllers, thereby improving the overall control robustness.

(3) An adaptive strategy is integrated into RMTC to dynamically adjust the control gain and parameters of the
FNN. This strategy can balance the steady-state control performance of the direct controller and the approx-
imate controller under different operating conditions of BWWTP by suppressing approximation errors and
external disturbances. Meanwhile, it effectively avoids severe chattering problems while ensuring the steady-
state tracking error converges to zero asymptotically.

Finally, the closed-loop stability of RMTC is thoroughly delineated according to Lyapunov stability theory.
Then, the sufficient conditions and parameters of RMTC can be provided to ensure successful applications.

This work is organized into the following areas. Section 2 succinctly delineates the dynamics of BWWTP,
including external disturbances and uncertainties. Then, the scheme of RMTC, adaptive strategy, and the
stability discussion are given in Section 3. Several practical applications are used to assess the efficacy of the
suggested strategy in Section 4. Section 5 presents the conclusion.
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2. PROCESS DESCRIPTION
2.1. Dynamical model of BWWTP
The objective of BWWTP is to diminish the quantity of organic matter, nitrogen, phosphorus, and suspended
solids to render the wastewater clean. Figure 1 displays the BWWTP schematic view, including three compart-
ments and one settler.

Figure 1. Schematic view of BWWTP.

The first compartment serves as an anaerobic zone for the denitrification of returning sludge (external recycle)
from the secondary settler. The second compartment offers an anaerobic environment for the denitrification
of nitrite/nitrate recirculation from the preceding aerobic chamber. This compartment regulates the peristaltic
pumps to control the intake, mixed liquor flow, and return sludge flow. The third compartment serves as an
aerobic zone for the decomposition of organic waste into inorganic matter, using air pumps to provide oxygen.
Furthermore, a dependable control system regulates effluent quality at the appropriate stations by managing
aeration and sludge recycling flow rates.

The process of BWWTP is inherently complicated, nonlinear, and characterized by significant disruptions and
uncertainty. The dynamic model of BWWTP may be articulated as follows [42]



𝑑𝑆𝑁𝑂 (𝑡)
𝑑𝑡

= − 1
𝑌
𝜇(𝑡)𝑋 (𝑡) + {𝑆𝑁𝑂,𝑖𝑛 − (1 + 𝜔(𝑡))𝑆𝑁𝑂}𝐷 (𝑡),

𝑑𝑆𝑂 (𝑡)
𝑑𝑡

= −𝐾0

𝑌
𝜇(𝑡)𝑋 (𝑡) − 𝐷 (𝑡) (1 + 𝜔(𝑡))𝑆𝑂 (𝑡) + 𝐾𝐿𝑎(𝑡) (𝑆𝑂,𝑆 − 𝑆𝑂 (𝑡)) + 𝑆𝑂,𝑖𝑛𝐷 (𝑡),

𝑑𝑋 (𝑡)
𝑑𝑡

= 𝜇(𝑡)𝑋 (𝑡) + 𝐷 (𝑡) (1 + 𝜔(𝑡))𝑆𝑂 (𝑡) − 𝑟𝑋𝑟 (𝑡)𝐷 (𝑡),
𝑑𝑋𝑟 (𝑡)
𝑑𝑡

= 𝐷 (𝑡) (1 + 𝜔(𝑡))𝑋 (𝑡) − 𝐷 (𝑡) (𝜁 (𝑡) + 𝜔(𝑡))𝑋𝑟 (𝑡).

(1)

where 𝑆𝑁𝑂 (𝑡), 𝑆𝑂 (𝑡), 𝑋 (𝑡), and 𝑋𝑟 (𝑡) are the state variables representing the nitrate, the dissolved oxygen,
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the biomass, and the recycled biomass concentrations, 𝜔(𝑡) and 𝜁 (𝑡) represent the ratio of recycled flow to
influent flow and the ratio of waste flow to influent flow, 𝑆𝑁𝑂,𝑖𝑛 and 𝑆𝑂,𝑖𝑛 are the nitrate and dissolved oxygen
concentrations in the feed stream. The dynamics of cell mass production are defined in terms of the specific
growth rate 𝜇 and the cell mass 𝑌 , 𝐾0 is a constant, 𝑆𝑂,𝑠 is the maximum dissolved oxygen concentration and
𝐾𝐿𝑎(𝑡) denotes the oxygen transfer rate, 𝐷 (𝑡) is the dilution rate, which is the linear correlation with𝑄𝑖𝑛𝑡𝑒𝑟 (𝑡).
Based on Equation (1), a simplified model denoted by control input and output is given as{

y
x¤ (𝑡) = f (x(𝑡), u(𝑡)) + d(𝑡),
(𝑡) = x(𝑡).

(2)

where f (·) is the unknown nonlinear function and sufficiently smooth, x(𝑡) ∈ R𝑚×1 denotes the state vector,
𝑚 is the state’s number, ¤x(𝑡) ∈ R𝑚×1 represents the deviation of x(𝑡), which is calculated by the subtraction
between the intervals of x(𝑡). u(𝑡) ∈ R𝑚×1 denotes the control input vector, d(𝑡) ∈ R𝑚×1 represent the vectors
of external disturbances, respectively, y(𝑡) ∈ R𝑚×1 denotes the vector of control output. In BWWTP, the state
and control input are defined as x(𝑡) = [𝑆𝑁𝑂 (𝑡), 𝑆𝑂 (𝑡)]T and u(𝑡) = [𝑄𝑖𝑛𝑡𝑒𝑟 (𝑡), 𝐾𝐿𝑎(𝑡)]T. Different from the
affine nonlinear systems [20], [22], and [36], the nonaffine nonlinear system given as Equation (2) is available for
BWWTP because the control input does not appear linearly.

2.2. External disturbances and uncertainties
External disturbances are widespread in the BWWTP, such as the changes in influent flow rate, the unknown
noise of sensors, and so on [7]. They are regarded as the combinations of unknown external disturbances.
Correspondingly, the unknown d(𝑡) is continuous for all 𝑡 ≥ 0, as well as satisfies the conditions |d(𝑡) | < 𝜀𝑑 ,
𝜀𝑑 is a positive constant. The uncertainties include the nitrate production rate, the decreased nitrification, the
settling velocity in the secondary clarifier, etc. [8]. The dynamic of uncertainties is related to the state and the
external disturbances.

Notably, the external disturbances and uncertainties also exist not only in BWWTP simultaneously but also
in other similar fields that have bioprocesses, chemical processes, biochemical processes, etc. The challenge of
the control for these fields is to reject the disturbances and further ensure acceptable performance.

3. PROCESS DESCRIPTION
The scheme of RMTC, the direct controller, the approximate controller, the adaptive strategy, and the discus-
sion of stability are presented in the subsequent sections.

3.1. Scheme of RMTC
As shown in Figure 2, the proposed RMTC, including a direct controller and an approximate controller, as well
as the adaptive technique, is recommended to achieve the strong performance of BWWTP.

In this RMTC, a direct controller and an approximate controller are designed with different control targets
separately. The direct controller is designed to mitigate external disturbances caused by varying environmen-
tal conditions and inflow loads. The approximate controller is developed to compensate for the uncertainties
by using a SOFNN. Then, by alleviating the influence of external disturbances and approximation errors, an
adaptive strategy for balancing the performance of direct and approximate controllers is introduced to opti-
mize the control gain and adjust the parameters of RMTC to hold the steady-state control performance under
different operational conditions.

For RMTC, the tracking error e(𝑡) is given as

e(𝑡) = x𝑑 (𝑡) − x(𝑡) (3)
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Figure 2. Robust multivariable tracking control for BWWTP.

where x𝑑 (𝑡) denotes the vector of bounded reference. The target of RMTC is to obtain a desired control law for
Equation (3), and e(𝑡) can converge to zero. Assume that 𝜕f (·)/𝜕u(𝑡) is invertible and satisfy ‖𝜕f (·)/𝜕u(𝑡)‖ >
𝑓0, where 𝑓0 is a positive constant. Nonaffine nonlinear functions in Equation (2) are performed using Taylor
series expansion in the neighborhood of the ideal control laws u(𝑡) [34]. It is given by

f (x(𝑡), u(𝑡)) = f
(
x(𝑡), u(𝑡)∗

)
+ 𝜕f
𝜕u(𝑡)

(
u(𝑡) − u(𝑡)∗

)
+ Δ

(
x(𝑡), u(𝑡), u(𝑡)∗

)
.

(4)

To simplify Equation (4), there is

f
(
x(𝑡), u(𝑡)

)
= g(𝑡) + G

(
x(𝑡)

)
u(𝑡) + 𝜈Δ

(
x(𝑡), u(𝑡)

)
(5)

where
g(𝑡) = f

(
x(𝑡), u(𝑡)∗

)
− 𝜕f
𝜕u(𝑡) u(𝑡)∗, (6)

G
(
x(𝑡)

)
=

𝜕f
𝜕u(𝑡) =


𝜕 𝑓1 (𝑡)
𝜕𝑢𝑛+1 (𝑡) · · · 𝜕 𝑓1 (𝑡)

𝜕𝑢2𝑛 (𝑡)
...

. . .
...

𝜕 𝑓𝑛 (𝑡)
𝜕𝑢𝑛+1 (𝑡) · · · 𝜕 𝑓𝑛 (𝑡)

𝜕𝑢2𝑛 (𝑡)

 =

G1,1

(
x(𝑡)

)
· · · G1,𝑛

(
x(𝑡)

)
...

. . .
...

G𝑛,1
(
x(𝑡)

)
· · · G𝑛,𝑛

(
x(𝑡)

)
 , (7)

and g(𝑡) = [𝑔1(𝑡), . . . , 𝑔𝑛 (𝑡)]T, Δ(x(𝑡), u(𝑡)) represents the high-order term of the expression, 𝑣 is the control
gain that is larger than 𝜀𝑑 . Let g(𝑡) ≡ f (x(𝑡), u(𝑡)) − 𝑣u(𝑡), and u(𝑡) can be defined as

u(𝑡) = 1
𝑣

(
u𝑑𝑐 (𝑡) − 𝜍 (𝑡)u𝑎𝑑 (𝑡)

)
, (8)

where u𝑑𝑐 (𝑡) is the control input to suppress the external disturbances, u𝑎𝑑 (𝑡) is the adaptive control input to
address f (x(𝑡), u(𝑡)) using the proposed SOFNN, and 𝜍 (𝑡) is the adaptive parameter. Substituting Equation (6)
into Equation (5), it will be

¤x(𝑡) = u𝑑𝑐 (𝑡) + d(𝑡) +
[
g(𝑡) − u𝑎𝑑 (𝑡)

]
, (9)

where g(·) indicates the unknown smooth function that denotes the nonlinear dynamics of the state. If it
always satisfies u𝑎𝑑 (𝑡) = g(𝑡), we will just consider the external disturbances.
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Remark 1: In order to avoid the complicated derivations and extra designs for its nonaffine counterpart, the
system of BWWTP is transformed into a normal affine nonlinear form. As a result, there is the remainder of
Taylor expansion in this step, which may bring deviation for control of BWWTP. Therefore, the control law
in this work is decomposed and further obtained with a direct controller and an approximate controller. An
approximate control has another role that compensates for the remainder derived from the uncertainties.

Remark 2: The two expressions of g(𝑡) are based on rigorous deductions under ideal control laws u(𝑡)∗ and
the design requirements of actual control laws u(𝑡), respectively. The form of g(𝑡) defined based on u(𝑡)∗ is a
result of rigorous deductions. This form reflects the nonlinear dynamic characteristics of the system under the-
oretically optimal conditions. In actual control, it is necessary to design u(𝑡) to approximate u(𝑡)∗. Therefore,
the control gain 𝑣 is introduced and g(𝑡) is defined by u(𝑡). This transformation is used to derive the actual
control laws u(𝑡). Then, it achieves integration between the direct controller u𝑑𝑐 (𝑡) and the approximate con-
troller u𝑎𝑑 (𝑡), allowing the actual control input u(𝑡) to approach u(𝑡)∗ through adaptive strategy adjustment,
finally realizing target tracking.

3.2. Direct controller
The SMC serves as a proficient instrument for nonlinear systems, which is insensitive to external disturbances
in the whole control period [23]. Consequently, the direct controller is designed with SMC. The control law of
direct controller is given as:

u𝑑𝑐 (𝑡) = ¤x𝑑 (𝑡) + 𝚲e(𝑡) + 𝜐 sign
(
s(𝑡)

)
, (10)

where ¤x𝑑 (𝑡) is the first derivation of x𝑑 (𝑡), ¤x𝑑 (𝑡) = x𝑑 (𝑡 + 1) − x𝑑 (𝑡), 𝚲 ∈ R𝑛×𝑛 is the positive-definite diagonal
matrix, s(𝑡) is defined as the instantaneous measure of performance that is described with a time-varying
sliding surface by

s(𝑡) = e(𝑡) + 𝚲
∫ 𝑡

0
e(𝜏)𝑑𝜏, (11)

where 𝜏 denotes the instantaneous measure time. The task of the direct controller is to achieve the desired
u𝑑𝑐 (𝑡) such that all control output is uniformly bounded for all 𝑡 ≥ 0, and e(𝑡) can converge to zero. The
derivative of s(𝑡) is given as

¤s(𝑡) = −𝜺(𝑡) − d(𝑡) − 𝜐 sign
(
s(𝑡)

)
, (12)

where 𝜺(𝑡) = g(𝑡), sign(·) is the sign function, if s(𝑡) is positive/negative, it outputs ±1; if s(𝑡) is zero, it outputs
0.

According to the theory of SMC, a Lyapunov candidate function is selected as

𝑉1(𝑡) =
1
2

s(𝑡)Ts(𝑡). (13)

Differentiating Equation (13) with respect to time 𝑡, it will be

¤𝑉1(𝑡) = s(𝑡)T ( − 𝜺(𝑡) − d(𝑡) − 𝜐 sign
(
s(𝑡)

) )
≤ −

(
𝜐 − ‖d(𝑡)‖ − ‖𝜺(𝑡)‖

)
‖s(𝑡)‖.

(14)

When the systemmaintains stability according to the Lyapunov theorem, there is ¤𝑉1(𝑡) < 0. So, the conditions
associated with lim

𝑡→∞
‖𝜺(𝑡)‖ = 0 and ‖dext(𝑡)‖ < 𝜐 should be satisfied. However, the sliding-mode function
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and the desired u𝑎𝑑 (𝑡) cannot be accurately determined. Furthermore, a substantial control gain 𝜐 is often
necessary to provide rapid reaction and precise control. Consequently, it will result in superfluous deviations
from the switching surface, leading to the inevitable chattering phenomenon. To deal with this issue, FNN is
employed to assess the system’s dynamics and further conquer the chattering phenomenon. Compared to NN,
FNN is equipped with fuzzy rules that can achieve fuzzy “blending” of dynamics with membership functions
by imposing stricter limits on the range and accuracy of input information. Thus, it has strong robustness to
handle the dynamics of the system characterized by uncertain information and disturbances.

3.3. Approximate controller
It can be seen from Equation (13) that it is necessary for the controller to obtain an ideal g(𝑡) to achieve
lim𝑡→∞

‖𝜺(𝑡)‖ = 0. Based on the universal approximation theorem, an approximate controller is designed with a
one-step-ahead state predictor to estimate the uncertain dynamics of BWWTP

u𝑎𝑑 (𝑡) = ĝ(𝑡), (15)

where ĝ(𝑡) is to estimate u𝑎𝑑 (𝑡) by using FNN which is equipped with 𝑜-ℎ-ℎ-𝑘 topology, and 𝑜 is the input
variables number, ℎ is the fuzzy rules number, 𝑘 is the number of output variables. The input and output
vectors of FNN are q(𝑡) = [𝑞1(𝑡), 𝑞2(𝑡), . . . , 𝑞𝑜 (𝑡)]T and ĝ(𝑡) = [𝑔̂1(𝑡), 𝑔̂2(𝑡), . . . , 𝑔̂𝑘 (𝑡)]. The input vector q(𝑡)
are {x(𝑡), u𝑑𝑐 (𝑡)}, dint(𝑡), u∗(𝑡)(:= u𝑑𝑐 (𝑡)) according to Equation (12). The dynamic of dint(𝑡) is obtained when
u∗(𝑡) is set to zero according to Equation (4).

Then,
g(𝑡) = ĝ(𝑡) + 𝜺(𝑡) = W(𝑡)T𝝋

(
q(𝑡); C(𝑡),𝚯(𝑡)

)
+ 𝜺(𝑡), (16)

where W(𝑡) = [w1(𝑡),w2(𝑡), . . . ,w𝑘 (𝑡)]T denotes a vector of unknown weight matrix.

𝝋(·) = [𝜑1(·), 𝜑2(·), . . . , 𝜑ℎ (·)]T is a bounded continuous regressor which is defined as

𝜑𝑙 (𝑡) = exp
(
− (q(𝑡) − c𝑙 (𝑡))T𝚺−2

𝑙 (𝑡) (q(𝑡) − c𝑙 (𝑡))
)
, (17)

whereC(𝑡) = [c1(𝑡), c2(𝑡), . . . , cℎ (𝑡)] and𝚯(𝑡) = [𝝈1(𝑡),𝝈2(𝑡), . . . ,𝝈ℎ (𝑡)], c𝑙 (𝑡) = [𝑐1𝑙 (𝑡), 𝑐2𝑙 (𝑡), . . . , 𝑐𝑜𝑙 (𝑡)]T

and 𝝈𝑙 (𝑡) = [𝜎1𝑙 (𝑡), 𝜎2𝑙 (𝑡), . . . , 𝜎𝑜𝑙 (𝑡)]T (𝑙 = 1, 2, . . . , ℎ) are the vectors of centers and widths, 𝜑𝑙 (·) is the
activation function of the 𝑙th fuzzy rule in normalized layer, 𝚺𝑙 (𝑡) = diag(𝜎1𝑙 (𝑡), 𝜎2𝑙 (𝑡), . . . , 𝜎𝑜𝑙 (𝑡)). All these
parameters are bounded over the compact set Γq ∈ R𝑜 and the width of a fuzzy set is positive, and 𝜺(𝑡) satisfies
‖𝜺(𝑡)‖ ≤ 𝜀0(𝑡), 𝜀0(𝑡) is an unknown bound parameter. Considering the characteristics of the data-driven
model using a neural network, the predictor using FNN can uniformly approximate the continuous function
g(𝑡) with a proper number of fuzzy rules by

g(𝑡) = W∗(𝑡)T𝝋
(
q(𝑡); C∗(𝑡),𝚯∗(𝑡)

)
+ 𝜺∗(𝑡), (18)

where W∗(𝑡), C∗(𝑡), and𝚯∗(𝑡) are the ideal weight, centers, and widths matrix of SOFNN, 𝜺∗(𝑡) is the approx-
imation errors for the case W(𝑡) = W∗(𝑡), C(𝑡) = C∗(𝑡) and𝚯(𝑡) = 𝚯∗(𝑡). The optimal parameters of SOFNN
over the compact set Γq can be described as{

W∗(𝑡),C∗(𝑡),𝚯∗(𝑡)
}
= arg min

[
max
q∈Γq



ĝ(𝑡) − g(𝑡)


] . (19)
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Thestructure ofNNor FNN in previous studies associatedwith the design of the controller is always predefined
with prior knowledge or trials and errors. Besides, it also maintains constant except for the parameters of the
controller updated by adaptive laws. This fact may lead to inaccurate approximation for BWWTPwith obvious
dynamics and serious disturbances due to mismatched fuzzy rules.

As to FNN, it needs enough fuzzy rules to cover the dynamics of systems, which also brings the risk of structural
redundancy. Therefore, the choice of fuzzy rules without prior knowledge is difficult. To deal with the chal-
lenge, there are two criteria, i.e., its empirical error and structural complexity associated with its performance
that can be used for optimizing the FNN’s structure. The empirical error is

𝜔1(𝑡𝑔) = 𝜺(𝑡)T𝜺(𝑡), (20)

where 𝑡𝑔 represents the number of sampling intervals. Correspondingly, the structural complexity of FNN is
defined as:

𝜔2(𝑡𝑔) =
√
𝑜ℎ(𝑡𝑔) log 𝑛 − 2 log ℎ(𝑡𝑔)√

𝑛
, (21)

where 𝑛 is the discrete-time performed during the control process, and ℎ(𝑡𝑔) is the fuzzy rules number at
𝑡𝑔 . The construction of the structural complexity Equation (21) integrates the local Rademacher complexity
with the 𝐿1-metric capacity and the Structural Risk Minimization (SRM) principle [36], which is employed to
minimize the empirical risk over the 𝑛th hypothesis space. Based on the 𝐿1-metric capacity, the main term√
𝑜ℎ(𝑡𝑔) log 𝑛 is used to accurately characterize the contribution of the fuzzy rules number ℎ(𝑡𝑔) and the input

dimension 𝑜 to the structural complexity. Among them, log 𝑛 is based on the sample size dependent boundary
of local Rademacher complexity, reflecting the impact of the sample scale on the upper bound of complexity.
Besides, the penalty term −2 log ℎ(𝑡𝑔) is inspired by the information theoretic criteria. It suppresses the rule
redundancy in the form of a negative logarithm. The normalization factor 1/√𝑛 balances the complexity term
with the convergence rate of the generalization error, ensuring that the structural complexity is controllable as
the sample size increases.

To achieve accurate approximation and compact structure, it is critical to find the optimal ℎ(𝑡𝑔) by

ℎ(𝑡𝑔) = arg min
q∈Γq

(
𝜔1(𝑡𝑔), 𝜔2(𝑡𝑔)

)
. (22)

Different from the parameters shown in Equation (19), the update of the fuzzy rules number is discrete. It is
challenging to conduct when the output should be smooth and stable. To remove this obstacle, a continuous
function 𝜅(𝑡𝑔) is introduced to replace ℎ(𝑡𝑔) in [𝑡𝑔, 𝑡𝑔 + 1). It satisfies the condition 𝜅(𝑡𝑔) = ℎ(𝑡𝑔). According
to the structural risk evaluation [25], assuming that the object of optimization for ℎ(𝑡𝑔) is a linear regression
function between 𝜔1(𝑡𝑔) and 𝜔2(𝑡𝑔), and 𝜔1(𝑡𝑔) remains constant with proper initialization of parameters in
[𝑡𝑔, 𝑡𝑔 + 1), the derivative of 𝜅(𝑡𝑔) to the error of approximation can be given as

¤𝜅(𝑡𝑔) =
√
𝑜 log 𝑛/𝑛𝜅(𝑡𝑔)/2 − 2/

√
𝑛𝜅(𝑡𝑔). (23)

This derivative reflects the impact of fuzzy rules number on the FNN’s performance. It can be employed to
direct the update of fuzzy rules. Then, the SOFNN is built as:
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(1) Adding Fuzzy Rule: When the derivative satisfies

¤𝜅(𝑡𝑔) < 𝛾1, (24)

where 𝛾1 is a threshold value, a new fuzzy rule is inserted into FNN. The parameters of this rule will be set

𝒄𝑛𝑒𝑤 =𝒒(𝑡),𝝈𝑛𝑒𝑤 = ℎ−1
ℎ∑
𝑖=1

𝝈𝑖 (𝑡),w𝑛𝑒𝑤 = 𝜺(𝑡) exp
(
𝒒(𝑡), 𝒄𝑛𝑒𝑤 ,𝝈𝑛𝑒𝑤

)
,

exp
(
𝒒(𝑡), 𝒄𝑛𝑒𝑤 ,𝝈𝑛𝑒𝑤

)
=

ℎ∑
𝑖=1



𝒒(𝑡) − 𝒄𝑛𝑒𝑤


2/2



𝝈𝑛𝑒𝑤

2
,

(25)

where 𝒄new, 𝝈new and wnew represent the center, width and weight of the new rule.

(2) Pruning Fuzzy Rule: If the derivative meets

¤𝜅(𝑡𝑔) ≥ 𝛾2, 𝜑 𝑗 (𝑡) = min
𝑙=1,..., 𝑗 ,...,ℎ

𝜑𝑙 (𝑡), (26)

where 𝛾2 > 0 is a predefined threshold. The 𝑗 th rule with the minimum 𝜑 𝑗 (𝑡) will be pruned. The parameters
of the 𝑖th rule (the 𝑖th rule is nearest to the 𝑗 th rule with the smallest Euclidean distance) are updated as

c𝑖 (𝑡 + 1) = c𝑖 (𝑡),𝝈𝑖 (𝑡 + 1) = 𝝈𝑖 (𝑡),

w𝑖 (𝑡 + 1) = I +
w 𝑗 (𝑡) exp(q(𝑡), c 𝑗 (𝑡),𝝈𝑗 (𝑡))
‖w𝑖 (𝑡) exp(q(𝑡), c 𝑗 (𝑡),𝝈𝑗 (𝑡))‖

,
(27)

where c𝑖 (𝑡 + 1) and 𝝈𝑖 (𝑡 + 1) are the centers and the width of the 𝑖th rule after the structure has been adjusted,
c𝑖 (𝑡) and 𝝈𝑖 (𝑡) are the centers and the width of the 𝑖th rule before the structure has been adjusted, w𝑖 (𝑡 + 1)
and w𝑖 (𝑡) are the weights of the 𝑖th rule after and before the structure had been adjusted, and all elements of
vector I is 1.

Remark 3: The criterion [25] is introduced to evaluate the effectiveness of fuzzy rules. It is used to optimize
the number of fuzzy rules by balancing the approximation error and structure complexity. With a compact
structure, FNN’s generality will be enhanced during approximation for BWWTP, which can strengthen the
robustness of RMTC.

3.4. Adaptive strategy
To accomplish the optimization of parameters in Equation (19) an adaptive strategy is developed to obtain
adaptation laws of parameters W(𝑡), C(𝑡), 𝚯(𝑡) by using the projection modification. Firstly, we consider the
Lyapunov candidate function as

𝑉2(𝑡) =
1
2

s(𝑡)Ts(𝑡) + 1
2

e(𝑡)Te(𝑡)

+ 1
2𝜂𝑎

W̃(𝑡)TW̃(𝑡) + 1
2𝜂𝑏

C̃(𝑡)TC̃(𝑡)

+ 1
2𝜂𝑐

𝚯̃(𝑡)T𝚯̃(𝑡),

(28)

where W̃(𝑡), C̃(𝑡) and 𝚯̃(𝑡) are estimation error of parameters, and W̃(𝑡) = W(𝑡) −W∗(𝑡), C̃(𝑡) = C(𝑡) −C∗(𝑡),
𝚯̃(𝑡) = 𝚯(𝑡) −𝚯∗(𝑡). 𝜂𝑎 , 𝜂𝑏 and 𝜂𝑐 are the constants.
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The time derivative of 𝑉2(𝑡) is
¤𝑉2(𝑡) = s(𝑡)T¤s(𝑡) + e(𝑡)T ¤e(𝑡) + 1

𝜂𝑎
W̃(𝑡)T ¤̃W(𝑡)

+ 1
𝜂𝑏

C̃(𝑡)T ¤̃C(𝑡) + 1
𝜂𝑐

𝚯̃(𝑡)T ¤̃𝚯(𝑡),
(29)

Combining with Equation (9), Equation (10), and Equation (14), it has
¤𝑉2(𝑡) = −s(𝑡)T (𝜺(𝑡) + d(𝑡) + 𝑣sign(s(𝑡))

)
− e(𝑡)T𝚲e(𝑡)

− e(𝑡)T ( ¤x𝑑 (𝑡) + 𝑣sign(s(𝑡)) + d(𝑡)
)

+ 1
𝜂𝑎

W̃(𝑡)T ¤̃W(𝑡) + 1
𝜂𝑏

C̃(𝑡)T ¤̃C(𝑡) + 1
𝜂𝑐

𝚯̃(𝑡)T ¤̃𝚯(𝑡),
(30)

Based on Equation (16) and Equation (18), the estimated error 𝜺(𝑡) is

𝜺(𝑡) = W̃(𝑡)T𝝋(𝑡) + C̃(𝑡)TQ1W(𝑡)
+ 𝚯̃(𝑡)TQ2W(𝑡) + 𝚫(𝑡),

(31)

where
Q1 =

[
𝜕𝜑1(𝑡)
𝜕C(𝑡) , . . . ,

𝜕𝜑𝑜 (𝑡)
𝜕C(𝑡)

]
, Q2 =

[
𝜕𝜑1(𝑡)
𝜕𝚯(𝑡) , . . . ,

𝜕𝜑𝑜 (𝑡)
𝜕𝚯(𝑡)

]
, (32)

and 𝚫(𝑡) is the vector of higher-order terms of the Taylor series and is defined as

𝚫(𝑡) = W(𝑡)T𝝋̃(𝑡) + W̃(𝑡)T𝝋̃(𝑡) + 𝜺∗(𝑡). (33)

Substituting Equation (31) into Equation (30), Equation (30) can be rewritten as
¤𝑉2(𝑡) = −s(𝑡)T (d(𝑡) + 𝜐 sign(s(𝑡)) + 𝚫(𝑡)

)
− e(𝑡)T ( ¤x𝑑 (𝑡) + d(𝑡) + 𝜐 sign(s(𝑡))

)
− e(𝑡)T𝚲e(𝑡)

+ W̃(𝑡)T
(

1
𝜂𝑎

¤̃W(𝑡) − 𝝋(𝑡)s(𝑡)
)

+ C̃(𝑡)T
(

1
𝜂𝑏

¤̃C(𝑡) − W(𝑡)s(𝑡)Q1(𝑡)
)

+ 𝚯̃(𝑡)T
(

1
𝜂𝑐

¤̃𝚯(𝑡) − W(𝑡)s(𝑡)Q2(𝑡)
)
.

(34)

The adaptation laws of parameters are thus selected as
¤̃W(𝑡) = 𝜂𝑎𝝋(𝑡)s(𝑡), (35)

¤̃C(𝑡) = 𝜂𝑏W(𝑡)s(𝑡)Q1(𝑡), (36)
¤̃𝚯(𝑡) = 𝜂𝑐W(𝑡)s(𝑡)Q2(𝑡). (37)

Taking Equation (35), Equation (36), and Equation (37) into Equation (34) yields
¤𝑉2(𝑡) = −s(𝑡)T (d(𝑡) + 𝜐 sign(s(𝑡)) + 𝚫(𝑡)

)
− e(𝑡)T ( ¤x𝑑 (𝑡) + d(𝑡) + 𝜐 sign(s(𝑡))

)
− e(𝑡)T𝚲e(𝑡)

≤ −s(𝑡)T (𝚫(𝑡) + d(𝑡) + 𝜐 sign(s(𝑡))
)

− e(𝑡)T ( ¤x𝑑 (𝑡) + d(𝑡) + 𝜐 sign(s(𝑡))
)
.

(38)
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Applying Equation (11), if it satisfies that 𝜐 > ‖x¤𝑑 (𝑡)‖ and 𝜐 > ‖𝚫(𝑡)‖, it has
¤𝑉2(𝑡) ≤ −s(𝑡)T (𝚫(𝑡) + d(𝑡) + 𝜐 sign(s(𝑡))

)
− e(𝑡)T ( ¤x𝑑 (𝑡) + d(𝑡) + 𝜐 sign(e(𝑡))

)
≤ −s(𝑡)T (𝜐 sign(s(𝑡))) − e(𝑡)T (𝜐 sign(s(𝑡)))
≤ 0.

(39)

Based on Equation (39), 𝚫(𝑡) is the remainder term of approximation and is generated from the estimation of
uncertain dynamics. Therefore, the selection of control gain 𝑣 should be considered to take the external distur-
bances and uncertainties into account. Once the control gain 𝑣 is enough large, there will be ¤𝑉2(𝑡) < 0. Then,
e(𝑡) can converge to zero. However, the chattering phenomenon may arise. Therefore, the adaptive parameter
𝜍 (𝑡) is to regulate the direct controller and the approximate controller. Then, an optimization technique is
designed to adjust the adaptive parameter 𝜍 (𝑡)

J(𝑡) = 𝑣u(𝑡)Tu(𝑡) + (1 − 𝑣)e(𝑡)Te(𝑡), (40)

where 𝑣 (0 < 𝑣 < 1) is a weighting factor used to balance the control input term u(𝑡)Tu(𝑡) and the tracking error
term e(𝑡)Te(𝑡) in the objective function J(𝑡). When 𝑣 is large, the objective function emphasizes suppressing
fluctuations in the control input. This can reduce the chattering phenomenon that may be caused by SMC,
making the control action smoother. When 𝑣 is small, the objective function emphasizes reducing the tracking
error. This can improve the system’s tracking accuracy of the reference trajectory.

A feasible point 𝜍∗(𝑡) for the optimization problem in Equation (40) is said to be the optimal solution if and
only if there exists no other feasible point 𝜍 (𝑡)

J𝑖 (𝜍∗(𝑡)) ≤ J𝑖 (𝜍 (𝑡)), (41)

where 𝑖 = 1, 2, . . . , 𝑛. 𝜍∗(𝑡) = arg min𝜍∗ (𝑡)∈Ω 𝑓
J(𝑡) the optimal solution 𝜍∗(𝑡) is over the compact set Ω 𝑓 ∈ <.

The gradient algorithm is used to deal with this optimization problem. The derivative of J(𝑡) is given as

𝜕J(𝑡)
𝜕𝜍 (𝑡) = 2𝑣u(𝑡)T 𝜕u(𝑡)

𝜕𝜍 (𝑡) + 2(1 − 𝑣)e(𝑡)T 𝜕e(𝑡)
𝜕𝜍 (𝑡) . (42)

From Equation (8), it will be 𝜕u(𝑡)
𝜕𝜍 (𝑡) = [𝜆 𝜕e(𝑡)

𝜕𝜍 (𝑡) − u𝑎𝑑 (𝑡)]/𝑣. Equation (41) can be rewritten as

𝜕J(𝑡)
𝜕𝜍 (𝑡) =

2𝑣
𝜐

[
𝜆u(𝑡) + (1 − 𝑣)𝜐

𝑣
e(𝑡)

]T
𝜕e(𝑡)
𝜕𝜍 (𝑡)

− 2𝑣
𝜐

u(𝑡)Tu𝑎𝑑 (𝑡),
(43)

The minimization of J(𝑡) is regarded as 𝜕J(𝑡)
𝜕𝜍 (𝑡) = 0. Equation (43) will be[

𝜆Tu(𝑡) + (1 − 𝑣)𝜐
𝑣

e(𝑡)
]T
𝜕e(𝑡)
𝜕𝜍 (𝑡) = u(𝑡)Tu𝑎𝑑 (𝑡), (44)

where
u(𝑡)Tu𝑎𝑑 (𝑡) =

1
𝜐

(
u𝑑𝑐 (𝑡)Tu𝑎𝑑 (𝑡) − 𝜍 (𝑡)u𝑎𝑑 (𝑡)Tu𝑎𝑑 (𝑡)

)
. (45)
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Figure 3. The flowchart of RMTC for BWWTP.

Suppose that lim𝑡→0
𝜕e(𝑡)
𝜕𝜍 (𝑡) = 0, and 𝜍 (𝑡) is calculated by

𝜍 (𝑡) = u𝑑𝑐 (𝑡)Tu𝑎𝑑 (𝑡)
u𝑎𝑑 (𝑡)Tu𝑎𝑑 (𝑡)

. (46)

Figure 3 provides a summary of the primary RMTC steps.

Remark 4: For this proposed RMTC, the high control accuracy with suitable approximation performance
can be obtained by felicitously adjusting the adaptive parameter 𝜍 (𝑡). Based on this adaptive strategy, 𝜍 (𝑡)
can balance the performance of the direct controller and the approximate controller, which maintain control
accuracy and avoid serious chattering problems.
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Remark 5: At the initial moment of the control system, the controller has not yet begun dynamic adjustment.
At thismoment, the tracking error e(𝑡) is determined by the initial state and has not yet established a connection
with the adaptive parameter 𝜍 (𝑡). The sensitivity of the error to the parameter 𝜕e(𝑡)

𝜕𝜍 (𝑡) can be considered zero.
Therefore, this characteristic at the initial moment is used as a simplification condition (i.e. lim𝑡→0

𝜕e(𝑡)
𝜕𝜍 (𝑡) = 0)

to simplify the deduction of the adaptive parameter 𝜍 (𝑡).

3.5. Stability analysis of RMTC
For the proposed RMTC, the stability of the control law is a critical topic that requires thorough examination,
since it is essential for successful applications. The stability of the proposed controller is analyzedwith sufficient
conditions and parameters selection method.

Theorem. Consider the system given as Equation (2) with the control law as Equation (9). Suppose the num-
ber of fuzzy rules is ℎ, and the structure of SOFNN is adjusted according to Equation (25), Equation (26),
Equation (27), and Equation (28), and its parameters are selected with Equation (36), Equation (37), and
Equation (38). Besides, assume the following condition holds

1
𝜅1 − 1

< 𝛾1 <
𝜅2

𝜅2 − 1
< 𝛾2 <

16
𝑜 log 𝑛

, (47)

where 𝜅1 = 𝑒
1
2

(√
𝑙 (𝑛)+1−

√
𝑙 (𝑛)

)√
𝑜 log 𝑛, and 𝜅2 = 𝑒

1
2

(√
𝑙 (𝑛)−

√
𝑙 (𝑛)−1

)√
𝑜 log 𝑛. Then, the stability of RMTC under

disturbances can be guaranteed.

Proof. The candidate Lyapunov function is considered as follows

𝑉3(𝑡) = 𝑉2(𝑡) +
1
2
Γ1,ℎ (𝑡) +

1
2
Γ2,ℎ (𝑡), (48)

where Γ1,ℎ (𝑡) and Γ2,ℎ (𝑡) are the empirical error and the structural complexity according to Equation (21) and
Equation (22), respectively. Once the fuzzy rules are added or pruned, the estimation error 𝜺̃(𝑡) will be

𝜺̃(𝑡) = ĝ(q(𝑡); ℎ̄(𝑡)), (49)

where ℎ̄(𝑡) is the number of fuzzy rules after its adding or pruning. Based on Equation (25) and Equation (28),
whatever the fuzzy rule is added or deleted in [𝑡𝑔, 𝑡𝑔 + 1], the output of approximation maintains an equivalent
that satisfies

Γ1,ℎ (𝑡𝑔 + 1) − Γ1,ℎ (𝑡𝑔) = 𝜺̃(𝑡𝑔 + 1)T𝜺̃(𝑡𝑔 + 1) − 𝜺̃(𝑡𝑔)T𝜺̃(𝑡𝑔)
= 0.

(50)

Correspondingly, during the phase of fuzzy rule addition, the variation of structural complexity is

Γ2,ℎ (𝑡𝑔 + 1) − Γ2,ℎ (𝑡𝑔) =
√
ℎ(𝑡𝑔 + 1)𝑜 log 𝑛 − 2 log

(
ℎ(𝑡𝑔) + 1

)
√
𝑛

−
√
ℎ(𝑡𝑔)𝑜 log 𝑛 − 2 log ℎ(𝑡𝑔)√

𝑛
.

(51)

With the condition of Equation (47), Equation (51) satisfies

Γ2,ℎ (𝑡𝑔 + 1) − Γ2,ℎ (𝑡𝑔) ≤
2
√
𝑛

(
log 𝜅1 − log

𝛾1 + 1
𝛾1

)
< 0. (52)
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Besides, once a fuzzy rule is pruned, the variation of structural complexity will be

Γ2,ℎ (𝑡𝑔 + 1) − Γ2,ℎ (𝑡𝑔) ≤
2
√
𝑛

(
log

1
𝜅1

− log
𝛾2 − 1
𝛾2

)
< 0. (53)

According to the agreement between 𝑡𝑔 and 𝑡, the variation of empirical error and structural complexity can
be rewritten by

Γ1,ℎ̄ (𝑡) − Γ1,ℎ (𝑡) = 0,
Γ2,ℎ̄ (𝑡) − Γ2,ℎ (𝑡) < 0,

(54)

where Γ1,ℎ̄ (𝑡) and Γ2,ℎ̄ (𝑡) is structural complexity after the structure of FNN changes.

Therefore, the difference of Lyapunov function 𝑉3(𝑡) at 𝑡 = 0 to 𝑡 = 𝑛 is

𝑉3(𝑛) −𝑉1(0) = 𝑉3(𝑛) −𝑉2(𝑛) +𝑉2(𝑛) −𝑉1(0)
= Γ1,ℎ̄ (𝑡) − Γ1,ℎ (𝑡) + Γ2,ℎ̄ (𝑡)

− Γ2,ℎ (𝑡) +𝑉2(𝑛) −𝑉1(0).
(55)

By substituting Equation (36), Equation (37), Equation (38), Equation (51) and Equation (54) into Equa-
tion (55), it will be

𝑉3(𝑛) −𝑉1(0) < 𝑉2(𝑛) −𝑉1(0)
≤ −s(𝑡)T (𝚫(𝑡) + dext(𝑡) + 𝜐I

)
− e(𝑡)T ( ¤x𝑑 (𝑡) + dext(𝑡) + 𝜐I

)
.

(56)

Note that W̃(𝑡), C̃(𝑡) and 𝚯̃(𝑡) are boundedwhen the initial conditions including s(0) = 0, W̃(0) = 0, C̃(0) = 0
and 𝚯̃(0) = 0 are bounded. Considering a special 𝐿2 tracking performance∫ 𝑛

0
s(𝑡)Ts(𝑡)𝑑𝑡 +

∫ 𝑛

0
e(𝑡)Te(𝑡)𝑑𝑡 ≤ s(0)Ts(0) + e(0)Te(0) + 1

𝜂𝑎
W̃(0)TW̃(0)

+ 1
𝜂𝑏

C̃(0)TC̃(0) + 1
𝜂𝑐

𝚯̃(0)T𝚯̃(0),
(57)

where 𝑛 ∈ [0,∞). Assume ‖ ¤x(𝑡)‖ ∈ 𝐿2 [0, 𝑛), ‖𝚫(𝑡)‖ ∈ 𝐿2 [0, 𝑛), the 𝐿2 tracking performance can be given by

sup
𝚫(𝑡)∈𝐿2 [0,𝑛)

∫ 𝑛
0 s(𝑡)Ts(𝑡)𝑑𝑡 +

∫ 𝑛
0 e(𝑡)Te(𝑡)𝑑𝑡∫ 𝑛

0 𝚫(𝑡)T𝚫(𝑡)𝑑𝑡
≤ 1. (58)

From 𝑡 = 0 to 𝑡 = 𝑛, it will be

𝑉3(𝑛) −𝑉1(0) ≤ −1
2

∫ 𝑛

0
s(𝑡)Ts(𝑡)𝑑𝑡 − 1

2

∫ 𝑛

0
e(𝑡)Te(𝑡)𝑑𝑡

+ 1
2

∫ 𝑛

0
‖𝚫(𝑡)‖2𝑑𝑡 + 1

2

∫ 𝑛

0
‖ ¤x𝑑 (𝑡)‖2𝑑𝑡 +

∫ 𝑛

0
‖dext(𝑡)‖2𝑑𝑡.

(59)

Because of 𝑉1(𝑇) ≥ 0 and ‖dext(𝑡)‖ ≤ 𝜀𝑑 , it will be∫ 𝑛

0
s(𝑡)Ts(𝑡)𝑑𝑡 +

∫ 𝑛

0
e(𝑡)Te(𝑡)𝑑𝑡 ≤ 2𝑉1(0) +

∫ 𝑛

0
‖𝚫(𝑡)‖2𝑑𝑡

+ 2
∫ 𝑛

0
‖dext(𝑡)‖2𝑑𝑡 +

∫ 𝑛

0
‖ ¤x𝑑 (𝑡)‖2𝑑𝑡.

(60)
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It can be seen that the right side of Equation (60) is bounded since 𝑉1(0), ‖𝚫(𝑡)‖, and ‖x¤ (𝑡)‖ are all finite. It
will be

lim
𝑡→∞

‖s(𝑡)‖ = 0, lim
𝑡→∞

‖e(𝑡)‖ = 0. (61)

By using Barbalat’s lemma, Equation (61) shows that the global stability of RMTC is guaranteed by the Lya-
punov theorem if and only if the condition in Equation (47) holds. Consequently, the control system exhibits
asymptotic stability. Furthermore, e(𝑡) will approach zero in accordance with SMC theory.

Remark 6: In RMTC, the disturbance bound 𝜀𝑑 is often conservative since the feasibility of the control may be
destroyed if the disturbances exceed the predefined bound. In this paper, the predefined bound of unknown
external disturbances always exists, which ensures the result of Equation (61) is guaranteed. So, the proposed
RMTC also ensures robust stability if the disturbances do not exceed the predefined bound.

Remark 7: In distributed control architectures at large-scale WWTPs, RMTC faces challenges with compu-
tational load and inter-unit coordination. These challenges can be addressed through the following two ap-
proaches. Firstly, an adaptive event-triggering strategy can be designed based on the approximation error of
SOFNN and the state error of the RMTC system [43]. This strategy dynamically adjusts thresholds to reduce
the frequency of SOFNN parameter updates and communication between processing units, thereby alleviating
overall computational and transmission loads. Secondly, each processing unit can be treated as an intelligent
agent. A predefined time Nash equilibrium search architecture can be introduced into RMTC under an un-
balanced directed graph [44]. This method dynamically solves the Nash equilibrium between subsystems using
a predefined time estimator and achieves global coordination through neighborhood information exchange.
Meanwhile, this method maintains the robustness of RMTC against external disturbances and the uncertainty
compensation ability of SOFNN. Finally, combining the Lyapunov method ensures the stability of the dis-
tributed closed-loop system, thereby achieving efficient and robust collaborative control at the plant level.

4. ILLUSTRATED EXAMPLES
4.1. Experiment setup
To illustrate that the RMTC method is applicable, a small-scale experiment platform was built according to
an actual BWWTP. The main purpose of establishing a small-scale experimental platform is to evaluate and
validate the efficacy of RTMC techniques in actual wastewater treatment plants. The experimental platform is
built based on the actual BWWTP. Its core control system includes an inverse sludge control system and an
aeration control system, which manage the operation of the return sludge pump and air pump respectively.
An industrial control computer (Pentium 4 processor with a frequency of 2.6 GHz) serves as the control core,
integrating modules such as monitoring, display, list, report, operation, and printing to coordinate the entire
control process and handle data. The platform is equipped with drive motors, which are responsible for closed-
loop control execution, I/O data acquisition, alarm setting, and network communication. Among them, the
air pump controlled by the drive motor is specifically used to regulate the dissolved oxygen concentration in
the aerobic zone, ensuring it stays within the target range. All components work together to achieve precise
control of the wastewater treatment process. The proposed tracking control algorithm is programmed with
MATLAB version 7.01 and was run on a Pentium 4 with a clock speed of 2.6 GHz and 1 GB of RAM, under
a Microsoft Windows XP environment. The control system would regulate SNO and So at desired levels. The
sampling interval was fixed at 15 min, and the system executed the control actions with a time step of 2 h.

Several common indices will be used to assess the effectiveness of RMTC:

(1) 𝐸𝐼 𝐴 = 1
𝑇

∫ 𝑇
0 |𝑒𝑡 (𝑡) |𝑑𝑡 (mg/L), the integrated absolute errors (mg/L), where 𝑇 represents the sampling size

of the concerned experimental segment.
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Figure 4. (A) Tracking the performance of 𝑆𝑂 in case I; (B) Tracking the performance of 𝑆𝑁𝑂 in case I.

(2) 𝐸𝐼𝑆𝐷 = 1
𝑇

∫ 𝑇
0 |𝑒𝑡 (𝑡) |2𝑑𝑡 (mg/L), the integrated square differential errors over the concerned experimental

segment.

(3)𝑈𝑟𝑚𝑠 =
(

1
𝑇

∫ 𝑇
0 |𝑢𝑡 (𝑡) |2𝑑𝑡

)1/2
(mg/L), the root mean square value.

4.2. Experimental results
Case I: In case I, the data of 24 h are used to perform the control of aeration and sludge recycle flow rate. The
sensor noise in the third aerobic compartment is changed from 0 to 0.1 mg/L.

The set-point changes of 𝑆𝑂 and 𝑆𝑁𝑂 are put into the control system to identify its performance. The set-points
of 𝑆𝑂 are set to 2.0 mg/L from 00:00 to 12:00, 2.1 mg/L from 12:00 to 16:00, 1.9 mg/L from 16:00 to 20:00,
2.0 mg/L from 20:00 to 24:00. The set-points of 𝑆𝑁𝑂 are set to 1.0 mg/L from 00:00 to 12:00, 1.1 mg/L from
12:00 to 16:00, 1.0 mg/L from 16:00 to 20:00, 0.9 mg/L from 20:00 to 24:00. The initial structure of SOFNN is 2-
6-6-2. The initial value 𝜎 = 2.5 is applied to every hidden neuron. And the initial weights are taken randomly
in the interval [−0.5, 0.5]. The other controller parameters are: 𝑣 = 2, 𝜆 = 6 𝛿 = 0.16, 𝜂1 = 𝜂2 = 𝜂3 = 0.0121,
𝜅1 = 0.232 and 𝜅2 = 1.215. The results of RMTC are displayed in Figure 4, Figure 5 and Figure 6. In particular,
the control results of 𝑆𝑂 and 𝑆𝑁𝑂 are shown in Figure 4. Figure 5 show the control actions of 𝑆𝑂 and 𝑆𝑁𝑂 . The
dynamic of sliding mode s(𝑡) and adaptive parameter 𝜍 (𝑡) is displayed in Figure 6.

From the graphics in Figure 4, the behavior of the whole system using RMTC is observable (purple line), it is
very close to the set points (black line). The control errors of RMTC can be achieved within a small region. In
Figure 4, the outputs of RMTC can track the set points too. The curves of control errors of 𝑆𝑁𝑂 demonstrate
that RMTC can obtain small errors in the 𝑆𝑁𝑂 control. From Figure 5, the control inputs of RMTC tend to be
smoother than the control inputs using the direct control and the approximate controller, which means that
the chattering problem can be attenuated. In addition, Figure 6 shows that RMTC can find the appropriate
values of the adaptive parameter following the dynamic aeration and sludge recycling.

To assess the efficacy of RMTC, its findings are comparedwith several pioneeringworks including, the SMC [19],
the SMC based on a disturbance observer (SMOC) [28], the NMPC [45], the SMC based on a fuzzy neural
network observer (SMCFNO) [34], and the observer-based sliding mode controller with self-structuring FNN
(SFNN) identifier (OFNSMC) [35]. The parameters, including the control gains and initial structure of these
control methods, are the same as RMTC. Other parameters are defined as in the original paper. The statistical
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Figure 5. (A) (a) The dynamic of 𝐾𝐿𝑎5 (m3/h); (b) The dynamic of 𝐾𝐿𝑎5 (m3/h) using direct controller; (c) The dynamic of 𝐾𝐿𝑎5 (m3/h)
using approximate controller. (B) (a) The dynamic of𝑄inter (m3/h); (b) The dynamic of𝑄inter (m3/h) using direct controller; (c) The dynamic
of 𝑄inter (m3/h) using approximate controller.

Figure 6. The dynamic of sliding mode 𝑠 (𝑡 ) and adaptive parameter 𝜍 (𝑡 ).

analysis of RMTC and the other controllers is given in Table 1.

Compared to SMCFNO and OFNSMC, the proposed RMTC achieves the most compact structure. The small-
est 𝐼 𝐴𝐸 and error in Table 1 indicate that the tracking performance of RMTC is the best among these different
methods. The smallest 𝐸𝐼 𝐴 and 𝐸𝐼𝑆𝐷 show that RMTC can realize a preferable response. Therefore, it can
be concluded that RMTC can obtain ideal performance concerning dynamic aeration and sludge recycling
than the other control strategies. It should be noted that this proposed RMTC demonstrates the robustness.
Moreover, the smallest root-mean-square values of control input also indicate that the chattering problem of
control action is decreased obviously and the results of RMTC are smoother than the other methods.
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Table 1. The comparison of tracking performance

Controller
𝑺𝑶 𝑺𝑵𝑶 (mg/L)

Num. 𝑬𝑰𝑨 (mg/L) 𝑬𝑰𝑺𝑫 (mg/L) 𝑼𝒓𝒎𝒔 (mg/L) Num. 𝑬𝑰𝑨 (mg/L) 𝑬𝑰𝑺𝑫 (mg/L) 𝑼𝒓𝒎𝒔 (mg/L)

RMTC 9 0.018 0.032 0.31 8 0.013 0.028 44.9
SMC [19] - 0.728 0.117 0.78 - 0.861 0.980 82.3
SMOC [28] - 0.232 0.058 0.53 - 0.292 0.049 51.2
NMPC [45] - 0.021 0.039 0.45 - 0.614 0.613 82.8
SMCFNO [34] 12 0.031 0.053 0.47 10 0.123 0.044 51.7
OFNSMC [35] 11 0.027 0.049 0.46 10 0.051 0.035 49.7

Figure 7. (A) Tracking the performance of 𝑆𝑂 in case II; (B) Tracking the performance of 𝑆𝑁𝑂 in case II.

Case II: The data of the last 48 hours, including the dry and rain conditions, are used to perform the control
of aeration and sludge recycle flow rate. The disturbances contain the rain events, as well as the decreasing
nitrification and denitrification.

The rain event is at 9:00 on the second day. The decreasing nitrification is denoted by the specific growth rate
of autotrophs which changes from 0.5 to 0.63 day−1 with a linear fashion; and the decreasing denitrification is
described by the specific growth rate of heterotrophs that ranges from 0.24 to 0.36 day−1 with a linear fashion.
Meanwhile, the sensor noise and set-point changes of 𝑆𝑂 and 𝑆𝑁𝑂 are put into the control system according
to case I.

The initial structure of SOFNN is 2-6-6-2. The initial value 𝜎 = 2.5 is applied to every hidden neuron. Ad-
ditionally, the initial weights are taken randomly in the interval [−0.5, 0.5]. The other parameters are: 𝑣 = 2,
𝜆 = 6, 𝛿 = 0.16, 𝜂1 = 𝜂2 = 𝜂3 = 0.0121, 𝜅1 = 0.232 and 𝜅2 = 1.215. The results of RMTC are given in
Figure 7, Figure 8 and Figure 9. Figure 7 show the control results of 𝑆𝑂 and 𝑆𝑁𝑂 . It can be seen that the curve
of 𝑆𝑂 and 𝑆𝑁𝑂 still tracks the set points very well despite the existence of the rain event. The dynamics of 𝐾𝐿𝑎5
and 𝑄𝑖𝑛𝑡𝑒𝑟 , using RMTC, the direct controller, and the approximate controller, are presented in Figure 8. The
curve of control input produced by RMTC tends to be flat, which means that both the control efforts of direct
and approximate controllers complement each other to obtain smooth control output. The dynamic of sliding
mode s(𝑡) and adaptive parameter 𝜍 (𝑡) is presented in Figure 9, which explains that the adaptive parameter
can be achieved following dynamic aeration and sludge recycling.

In addition, the comparison of RMTC with other controllers is given in Table 2. The smallest 𝐸𝐼 𝐴, 𝐸𝐼𝑆𝐷 , and
𝑈𝑟𝑚𝑠 in Table 2 indicate that the tracking performance of RMTC is superior among these methods. Although
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Figure 8. (A) (a) The dynamic of 𝐾𝐿𝑎5 (m3/h); (b) The dynamic of 𝐾𝐿𝑎5 (m3/h) using direct controller; (c) The dynamic of 𝐾𝐿𝑎5 (m3/h)
using approximate controller. (B) (a) The dynamic of𝑄inter (m3/h); (b) The dynamic of𝑄inter (m3/h) using direct controller; (c) The dynamic
of 𝑄inter (m3/h) using approximate controller.

Figure 9. The dynamic of sliding mode 𝑠 (𝑡 ) and adaptive parameter 𝜍 (𝑡 ).

the accuracy and stability are influenced by the rain event, uncertainties, sensor noise, and set-point changes,
the output of RMTC remains precise and stable with the least fuzzy rules. In addition, because the set points are
maintained well, the smallest 𝐸𝐼 𝐴 and 𝐸𝐼𝑆𝐷 in Table 2 demonstrate that RMTC has a preferable response. Con-
sequently, RMTC exhibits superior control performance in dynamic aeration and sludge recycling compared
to other approaches.

Case III: In this case, the data of the last 72 h is used to analyze the control of aeration and sludge recycle
flow rate. The influent disturbances include the rain and storm events, the decreasing nitrification and the
decreasing denitrification, as well as the set-point changes and measurement noises.
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Table 2. The comparison of tracking performance

Controller
𝑺𝑶 𝑺𝑵𝑶 (mg/L)

Num. 𝑬𝑰𝑨 (mg/L) 𝑬𝑰𝑺𝑫 (mg/L) 𝑼𝒓𝒎𝒔 (mg/L) Num. 𝑬𝑰𝑨 (mg/L) 𝑬𝑰𝑺𝑫 (mg/L) 𝑼𝒓𝒎𝒔 (mg/L)

RMTC 10 0.058 0.047 0.21 9 0.014 0.017 42.9
SMC [19] - 0.663 0.532 0.69 - 4.361 3.488 105.0
SMOC [28] - 0.263 0.218 0.56 - 0.434 0.508 82.5
NMPC [45] - 0.119 0.098 0.32 - 0.528 0.711 79.7
SMCFNO [34] 14 0.108 0.105 0.47 12 0.137 0.404 64.8
OFNSMC [35] 12 0.076 0.048 0.35 11 0.047 0.103 50.1

Figure 10. (A) Tracking the performance of 𝑆𝑂 in case III; (B) Tracking the performance of 𝑆𝑁𝑂 in case III.

The rain and storm events are launched from 9:00 to 20:30 on the second day, respectively. The decreasing
nitrification and the decreasing denitrification are shaped according to case II. The set-points are provided the
same as in case I.

The random measurement noises are set to the range of [−0.017, 0.017]. As to self-organizing FNN, the
structure is initialized as 2-6-6-2, and the weights w are taken randomly in the interval [−0.5, 0.5]. The initial
value 𝜎 = 2.5 is applied to every hidden neuron of SOFNN.The other controller parameters are chosen as: 𝑣 =
0.26, 𝜆 = 5, 𝛿 = 0.18, 𝜂1 = 𝜂2 = 𝜂3 = 0.0078, 𝜅1 = 0.317 and 𝜅2 = 2.905.

The experiment results are presented in Figure 10, Figure 11 and Figure 12. Figure 10 shows that the curves of
𝑆𝑂 and 𝑆𝑁𝑂 track the set points under the condition of serious rain and storm events. It can be noticed that
the behavior of RMTC, even if large disturbances, remains satisfactory. Compared to SMC, in Figure 11, the
control inputs of RMTC associated with 𝐾𝐿𝑎5 and 𝑄𝑖𝑛𝑡𝑒𝑟 tend to be smoother than the control inputs of the
direct controller or the approximate controller. It proves that the chattering has been attenuated by the adaptive
strategy of RMTC. Furthermore, according to Figure 12, the sliding mode s(𝑡) and the adaptive parameter of
RMTC can be self-tuned following dynamic aeration and sludge recycling.
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Figure 11. (A) (a) The dynamic of 𝐾𝐿𝑎5 (m3/h); (b) The dynamic of 𝐾𝐿𝑎5 (m3/h) using direct controller; (c) The dynamic of 𝐾𝐿𝑎5 (m3/h)
using approximate controller. (B) (a) The dynamic of𝑄inter (m3/h); (b) The dynamic of𝑄inter (m3/h) using direct controller; (c) The dynamic
of 𝑄inter (m3/h) using approximate controller.

Table 3. The comparison of tracking performance

Controller
𝑺𝑶 𝑺𝑵𝑶 (mg/L)

Num. 𝑬𝑰𝑨 (mg/L) 𝑬𝑰𝑺𝑫 (mg/L) 𝑼𝒓𝒎𝒔 (mg/L) Num. 𝑬𝑰𝑨 (mg/L) 𝑬𝑰𝑺𝑫 (mg/L) 𝑼𝒓𝒎𝒔 (mg/L)

RMTC 10 0.038 0.037 0.191 9 0.017 0.052 31.4
SMC [19] - 0.812 0.552 0.572 - 0.705 0.943 51.8
SMOC [28] - 0.154 0.107 0.491 - 0.473 0.504 42.1
NMPC [45] - 0.087 0.065 0.262 - 4.870 2.551 66.3
SMCFNO [34] 15 0.231 0.099 0.459 13 0.150 0.150 41.2
OFNSMC [35] 11 0.069 0.066 0.350 12 0.056 0.103 39.8

The details of the comparisons in terms of 𝑁𝑢𝑚., 𝐸𝐼 𝐴𝐸 , 𝐸𝐼𝑆𝐷 , and𝑈𝑟𝑚𝑠 are shown in Table 3. The least 𝑁𝑢𝑚.,
𝐸𝐼 𝐴 and 𝐸𝐼𝑆𝐷 are obtained by RMTC compared to other control strategies. The values of 𝐸𝐼 𝐴 vary from 0.030
mg/L to 0.040 mg/L under different scenarios. These results indicate that the proposed RMTC holds high-
quality tracking performance and robustness against the disturbances. Consequently, the proposed RMTC in
this case exhibits superior control performance for dynamic aeration and sludge recycling compared to other
control techniques.

4.3. Analysis of experimental results
The experiments are performed to demonstrate the viability of RMTC for WWTP. The dynamic nature of
WWTP is characterized by diverse physical and biological processes with significant external disturbances,
complicating the regulation of 𝑆𝑂 and 𝑆𝑁𝑂 in BWWTP. Therefore, RMTC can obtain superior control perfor-
mance associated with 𝐸𝐼 𝐴𝐸 , 𝐸𝐼𝑆𝐷 , and𝑈𝑟𝑚𝑠 in different cases (see Figure 4, Figure 7 and Figure 10). Further-
more, the results in Table 1, Table 2 and Table 3 demonstrate that RMTC can effectively suppress the external
disturbances and uncertainties. Although the chattering problem derived from the introduction of SMC im-
pedes its application, RMTC still suppresses the oscillation of control input with the design of SOFNN and
furthermaintains the smoothness of performance. An adaptive technique is developed to enhance the adaptive
capacity to mitigate the chattering phenomenon and maintain steady-state control performance.

5. CONCLUSIONS
In this study, an RMTC is designed to realize an effective control performance for BWWTP. The outcomes
of experiments have shown that RMTC is effective. The results show that RMTC performs better than other
controlmethods. The accuracy and smoothness of control output can be improved for the BWWTP.The details
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Figure 12. The dynamic of sliding mode 𝑠 (𝑡 ) and adaptive parameter 𝜍 (𝑡 ).

can be summarized as follows:

(1) This proposed RMTC can provide a framework to improve the robust performance for tracking multiple
variables. This control strategy can obtain good robustness for both the external disturbances and uncertainties
of BWWTP.

(2)The control gain of RMTC, adjusted by an adaptive strategy with both the direct controller and the approx-
imate controller, can maintain the steady-state control performance under different operational conditions.

(3) Sufficient conditions and parameters are provided for RMTC based on the stability analysis, which allows
the proposed RMTC to be applied in the real BWWTP. Experimental experiments demonstrate that RMTC is
an effective instrument for BWWTP.

Furthermore, the proposed RMTC will be applied to different kinds of BWWTP and other fields.
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