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Abstract

With the ongoing evolution of modern power grids, power flow calculation, which is the cor-
nerstone of power system analysis and operation, has become increasingly complex. While
promising, existing data-driven methods struggle with key challenges: poor generalization
in data-scarce scenarios, efficiency bottlenecks when integrating physical laws, and a fail-
ure to capture higher-order interactions within the grid. To address these challenges, this
paper proposes a Spatial Multi-scale Reservoir Computing framework that seamlessly in-
corporates functional matrix and physical information to solve power flow calculation. The
framework utilizes parallel readout layer parameters to construct the functional matrix and
integrates physical information to create a multi-scale information processing mechanism
and readout constraints. By improving the reservoir computing model, the framework also
combines the reservoir paradigm with the inherent physical characteristics of power grids
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while maintaining computational efficiency. Experimental results demonstrate that the pre-
sented framework achieves exceptional performance across various IEEE bus systems, show-
casing superior generalization in data-scarce scenarios, as well as improvement in computa-
tional speed, prediction accuracy, and robustness, while ensuring the feasibility of the output
results.

1. INTRODUCTION

With the evolution of the economy and the profound changes in the energy generation and consumption, the
scale and structure of modern power grids have become increasingly diverse, and the operational characteristics
of the system have become more complex, while also facing greater uncertainties 2. Power flow calculation, as
a fundamental component of power system analysis and operation, is also a prerequisite for advanced applica-
tions such as stability analysis and optimal dispatching, playing a critical role in ensuring the safe and economical
operation of power grids(34]. However, in the face of highly nonlinear modern power grids, some traditional
numerical methods or heuristic methods often have problems such as non-convergence or low computational
efficiency when solving power flow, which make them face considerable challenges in computation and decision
support (561,

To address these challenges, researchers have increasingly focused on the application of artificial intelligence, es-
pecially machine learning and deep learning, in power system analysis and power flow calculations (78], These

methods have shown significant potential to improve computational speed and handle complex nonlinear
relationships. Some of the early data-driven models faced challenges such as limited generalization, inadequate
consideration of underlying physical mechanisms, and insufficient accounting for the local-global topological

interdependence they entail, especially when applied to highly nonlinear and dynamically evolving complex

systems such as power grids[10-11]. Later, with the rise of the graph neural and physics-informed approaches,
researchers have sought to integrate the physical mechanisms or topology of power grids with data-driven
models[2], but these also introduce the challenge of balancing model complexity and computational efficiency.

Moreover, due to the complex and special nature of the electrical environment, models sometimes also face

challenges in robustness and data scarcity[13].

Recently, a computational framework known as reservoir computing (RC) has attracted significant attention
in the study of complex systems[1415]. This paradigm circumvents the need for backpropagating error signals,
thereby enhancing both robustness and training efficiency. Owing to the high-dimensional and nonlinear dy-
namics of the reservoir, RC can effectively extract rich and distinguishable dynamic features from the system,
even with limited historical datal'¢l. The RC paradigm has seen some exploratory applications in power sys-
tems[17], which are typical complex dynamical systems, but RC’s use for analyzing power flow remains quite
limited.

Motivated by these challenges, this paper proposes the Spatial Multi-scale Reservoir Computing (SMsRC) frame-
work to improve standard RC for power flow calculation. It has three key innovations: first, a functional matrix
is introduced to deterministically encode each bus’s role, overcoming the limitations of random input weights;
second, a spatial multi-scale analysis captures complex dependencies from higher-order, non-local neighbors;
third, physical information is incorporated as a constraint on the readout layer to ensure outputs obey funda-
mental power flow laws. The main contributions are summarized as follows:

o Considering the advantages of the RC in efficiency and stability, especially for limited-data scenarios, a novel
spatial multi-scale reservoir model is proposed and integrated with physical mechanisms to construct a power
flow solving framework named SMsRC.
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o Three core innovations are introduced in the SMsRC framework. First, a functional matrix replaces random
input weights to encode each bus’s role, providing data-driven priors. Second, a multi-scale spatial structure
captures complex dependencies from higher-order and non-local neighbors for a fuller system representation.
Third, physical constraints are applied directly to the RC readout layer, ensuring outputs follow basic power flow
laws while maintaining efficiency.

o The performance of the SMsRC framework is validated in solving the power flow across different IEEE bus
systems. Compared with other data-driven methods, particularly in the few-shot scenario, the SMsRC demon-
strates stronger generalizability, achieving faster training and prediction while ensuring accuracy. Meanwhile,
SMsRC shows robustness for diverse power grid scenarios.

The remainder of this article is organized as follows. Section 2 reviews the related work. Section 3 introduces
the preliminary concepts and problem definitions. Section 4 outlines the proposed SMsRC framework in detail.
Section 5 presents the experimental setup along with the results, and finally, Section 6 concludes the paper with
discussions.

2. RELATED WORK

Current methods for power flow calculation fall into three categories: traditional numerical methods, heuristic
search methods, and data-driven methods.

2.1. Traditional numerical methods

Numerical methods model power grid operational constraints and objective functions as mathematical equa-
tions, deriving optimal flow solutions via numerical iterations['#. Examples include the Newton-Raphson,
Gauss-Seidel, and fast-decoupled power flow methods, etc.[]. Additionally, to improve the convergence,
Niu et al. [20] designed methods based on Taylor series expansion and improved Newton methods. Montoya et al. [21]
proposed backward/forward sweep methods based on graph theory and improved algorithms based on rectan-
gular coordinates, improving calculation speed and accuracy under specific conditions. Tang et al. [22] developed
an Alternating Current optimal power flow calculation method based on the Quasi-Newton method. Despite
these advancements, fundamentally, the non-linear and non-convex nature of the alternating current optimal
power flow (AC-OPF) problem means they are computationally intensive, highly sensitive to initial values, and
can easily get trapped in local optima, failing to find a global-like solution. This results in a lack of convergence
and robustness, rendering them inadequate for the fast-timescale control of modern complex power systems.
To address these convergence bottlenecks and sensitivity to initial conditions, heuristic search strategies were
introduced to enhance global optimization capabilities.

2.2, Heuristic search methods

Researchers have also explored heuristic search methods for power flow calculation. These methods use novel
search mechanisms to enhance exploration and exploitation, improving convergence and accuracy. They are
typically used for multi-objective optimization problems difficult for traditional techniques[2324]. The genetic
algorithm was among the first heuristic methods applied to power flow[25]. Others include teaching-learning
optimization, metaheuristic algorithms, and differential evolution algorithms (26271, etc., all of which are used to
solve optimal power flow problems involving both continuous and discrete control variables. However, these
methods present trade-offs. While often more robust in avoiding poor local optima compared to numerical
methods, they are notoriously computationally expensive and time-consuming[28l. Their performance is sensi-
tive to the initial encoding of the problem and the specific design of the fitness function, including the penalty
mechanisms for handling operational constraints. And they face persistent challenges in generalizing effec-
tively to high-dimensional nonlinear systems. These computational bottlenecks have motivated the emergence
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Table 1. Comparisons of characteristics and limitations among different power flow calculation methods

Category Representative meth- Characteristics & limitations Evolution & superiority of SM-
ods (pain points) sRC

Traditional Newton-Raphson, Char: Solves mathematical equa- SMsRC replaces the rigid it-

numerical Gauss-Seidel,  Fast- tions based on physical laws via it- erative solving process with

methods decoupled methods erations a learned non-linear mapping,

(Rule-based)

(e'g"[ls,w,zo])

Limits: Computationally inten-
sive; highly sensitive to initial val-
ues; prone to non-convergence
in complex, non-convex AC-OPF
problems.

avoiding non-convergence is-
sues while maintaining phys-
ical feasibility through con-
strained readout layers

Heuristic Genetic  Algorithm  Char: Global optimization Leveraging the echo state
search (GA), PSO, Differen- mechanisms; effective for discrete  property of Reservoir Com-
methods tial Evolution variables puting (RC), SMsRC achieves
(Evolutionary) (e.g.,[2526:27]) Limits: Extremely computa- extremely fast training and
tionally expensive and time- inference speeds, addressing
consuming; performance is the computational bottleneck
sensitive to encoding and fitness of heuristic search methods
function design
Existing DNN, GNN, PINN Char: Fast inference; automatic ~Addressing data-driven gaps:
data-driven (e.g.,[32331]) feature extraction from data 1. Functional matrix:
methods Limits: Poor generalization Replaces random weights
(Machine learning) in data-scarce scenarios; often to encode bus roles
neglects high-order topological (Determinis-tic vs. Random)
dependencies; struggles to strictly 2. Spatial multi-scale:
guarantee physical consistency Captures long-range/high-
(feasibility) order dependencies  often
missed by standard GNNs
3. Physical constraints:
Directly integrates power laws
into the readout to ensure
valid solutions
Proposed SMsRC (This paper) ~ Char: A spatial multi-scale reser- Synthesis: SMsRC combines
framework voir computing framework inte- the efficiency of RC with the

grated with functional matrix and
physical information

rigour of physical laws. It
demonstrates superior robust-
ness and accuracy, especially in
few-shot scenarios where pure
data-driven methods fail

of data-driven methods, which aim to learn complex mappings directly from historical data without explicit
iterative optimization.

2.3. Data-driven methods

With the rapid advancement of deep learning technologies and the growing complexity of modern power grids,
there has been increasing research interest in data-driven approaches. These methods are capable of automati-
cally learning feature patterns directly from data, without the need for precise prior knowledge [293°]. Currently,
the models applied to power flow are primarily based on deep neural networks (DNNs) or graph neural networks
(GNNs), as well as physics-informed neural networks expanded on this basis(3!]. Hansen ef al. [32] developed
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an end-to-end framework based on line GNNs to balance the power flow in energy grids. Lopez-Garciaet al. 3]
developed a typed GNN with linear complexity that solves the power flow problem through an unsupervised
method of minimizing the violation of physical laws. In addition, ensuring feasible solutions is crucial in power
flow problems. Some studies verify or refine model outputs using additional optimizers or classifiers 23], while
others enhance accuracy and feasibility by incorporating physical information 34]. However, these approaches
often rely on complex penalty-based loss functions to address the limitations of general models such as DNNs or
GNNs [35], which can increase computational cost, complicate gradient calculation, and sometimes lead to pa-
rameter sensitivity or unstable outputs. These observations motivate our proposed SMsRC framework that can
organically integrate physical laws with efficient learning paradigms to simultaneously ensure computational
speed and solution feasibility.

To highlight the research gap, Table 1 compares existing methods with the proposed SMsRC framework. SMsRC
addresses previous limitations by integrating physical constraints and functional priors, balancing efficiency,
generalization, and physical consistency.

3. PRELIMINARIES AND PROBLEM FORMULATION

To rigorously formulate the power flow solving problem addressed in this paper, this section introduces the the-
oretical and physical foundations alongside the mathematical definition. Specifically, Section 3.1 first outlines
the basic principles of RC, which serves as the core computational engine of the proposed framework. Subse-
quently, Section 3.2 describes the physical characteristics and governing equations of the power flow in power
grids, defining the key variables and node types. Finally, based on the computational paradigm introduced
in Section 3.1 and the system variables defined in Section 3.2, Section 3.3 formally presents the mathematical
formulation of the data-driven power flow calculation problem.

3.1. Reservoir computing (RC)

RC, as a machine learning paradigm that has gained attention in the field of complex systems in recent years, has
its core idea in performing nonlinear transformations with the help of a randomly connected neural network
(i.e., the reservoir), and then achieving the output of specific tasks by training the weights of the readout layer [3¢].

Echo State Network (ESN), as a prominent implementation of RC, features a basic architecture comprising three
core parts: the input layer, the reservoir, and the readout layer. Operations related to these three parts mainly
include initializing the input matrix Win e rNN and the reservoir adjacency matrix W e rN-*V-, updating
the reservoir state, and training the readout layer weights Wout e rM*N-_ N, N,, and N, represent the input
dimension, the number of reservoir nodes, and the output dimension, respectively. Traditionally, Wi and
W are fixed after initialization and are typically randomly sampled from a uniform distribution, followed by
appropriate sparsification and scaling. In this work, the traditional initialization approach is improved through
the construction of a functional matrix, which will be discussed in detail later. A key characteristic of ESN is the
“Echo State Property”, which ensures that the state of the reservoir is determined primarily by the input rather
than by the initial conditions[37]. This is typically achieved by setting the spectral radius p of W to a value close
to, but less than 1.

For the problem of the power flow calculation, which is a system of nonlinear equations, the training process of
the ESN can be characterized using [3839]:
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r(r+1)
. (1—a)r(z)m.tanh(Winx+Wr(t)), r=1; W
(1 -a)r@) +a - tanh(Wr(r)), r>1,
y = Woulr(r), (2)
()< [ e L 2
wout _YTR (R'R+4I)7". (4)

where r(1) e ™ is the reservoir state vector, x € R is the input vector, and « € (0,1] is the leakage rate. rmax =7 is
the predefined number of iterations in the reservoir, WUt is the output weight matrix, and y € r™ is the output
vector. Assuming that there are » training samples, the state matrix R = [r1(7).....,ry(7)]" and the target matrix
Y = [y1.....y~]" can be constructed. 7 WO‘“) is the objective function for the ridge regression, where s is the
regularization parameter, and | - | denotes the Frobenius norm.

3.2. Power flow

In power system operations, two primary power flow models are widely used: direct current optimal power flow
(DC-OPF) and AC-OPE. Although the DC-OPF model is relatively simple to compute, its precision is compro-
mised due to the variations in reactive power and voltage magnitude. In contrast, the AC-OPF model considers
more comprehensive system characteristics, providing a more accurate description of the actual system’s oper-
ational state. Therefore, this study adopts AC-OPF as the foundational model.

Under steady-state conditions, buses in a power grid can be classified into three types: PQ buses, PV buses, and
slack bus. Each type of bus is characterized by distinct known and unknown parameters. Specifically, PQ buses
correspond to load nodes, with known active power p and reactive power ¢, and unknown voltage magnitude v
and stage angle ¢; PV buses correspond to generator nodes, with known active power p and voltage magnitude
v, and unknown reactive power ¢ and stage angle o; slack bus is the sole balance node in the system, with known
voltage magnitude v and stage angle ¢ serving as the global system reference, and unknown active power p and
reactive power Q.

The AC-OPF problem seeks to minimize the operational cost of the system while adhering to various physical
and operational constraints [40];

Nﬁ
min f (P%,0%) = 3" fh (P§) + f§ (0f) ©
i=1
subject to:
N
P —pl= Z ViVj (Gij cOS 6;j + Bijsingy;) ,i=1...Np, ©
jev
N
0f-0f = Z ViVj (Gij sin6;; - Bi; cos;;).i=1...Np, 7
Jjev
Plg,min <SPS PO o] Ng, (8)
Qf,min SQ{E SQ?*maX,i:L...,Ng, (9)
Vimin <V <V =1 N, (10)
l6:] < 7%, (i, j) € €. =

where ~, and N, represent the numbers of buses and generators in the system, respectively. The functions f (pf)
and f; (0f) denote the cost functions associated with the active and reactive power of the generator i, respectively.
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& represents the set of all transmission lines. ¢;; is the stage angle of the transmission line ¢, j), where ¢;; = 6; - 6;.
G;; and B;; denote the conductance and susceptibility of the transmission line (, j). P¢ (0%) and P¢ (0¢) represent
the generation and load values of active (reactive) power on the bus i. Equations (6) and (7) represent the
power balance constraints, reflecting Kirchhoff’s current law. Equations (8)-(11) specify the operational limits
for generator active power, reactive power, bus voltage, and stage angle differences, ensuring the system operates
within a safe and stable range.

3.3. Problem formulation
This study aims to develop a power flow solving framework based on the RC paradigm, integrating physical
functional information of the power grid to enrich the priors. The problem can be formally defined as follows:

Y =7X,P), (12)

where 7 is the power flow solution function to be designed, X € rRV*2V is the input matrix consisting of the
known attribute values of all buses in the power grid, # represents the additional physical information of the
system, and Y e R¥*2M» is the output matrix composed of the unknown attribute values. ~ represents the number
of samples and v, is the number of buses.

More specifically, each row of the input matrix X corresponds to a system state and can be expressed as:

X =[x 1,020 xi2n, ] - (13)

where x;5; 1 and x; o; can represent the two known attribute values of the j-th bus in the i-th sample. For PQ
buses, these values are p and ¢; for PV buses, they are P and v; and for the slack bus, they are v and o.

The structure of the output matrix Y follows a similar structure but includes the unknown values for all buses:

yi = [yi,l’yi,Q’ e ’)’i,QN,,] ’ (14)

where y, 5; 1 and y, 5; can represent the two unknown attribute values of the j-th bus in the i-th sample. For PQ
buses, these values are V and §; for PV buses, they are ¢ and é; and for slack bus, they are # and 0.

4. PROPOSED FRAMEWORK

While data-driven methods show promise for power flow calculations, they often struggle to balance computa-
tional efficiency with physical consistency, especially under data-scarce conditions. To bridge these gaps, this
paper proposes the SMsRC framework, which customizes the RC paradigm by deeply integrating it with power
grid physics. Distinct from generic data-driven models, SMsRC introduces three problem-oriented innovations:
(1) a Functional Matrix replaces random initialization to explicitly encode the heterogeneous functional roles of
grid buses; (2) a Spatial Multi-scale mechanism is constructed to capture both local and global topological de-
pendencies essential for power flow distribution; and (3) Physical Constraints are enforced in the readout layer
to ensure solution feasibility while retaining RC’s rapid training advantages, avoiding the instability of complex
penalty-based loss functions.

The framework aims to learn the solution function 7 in Eq. (12) by utilizing additional system information
P = {Py, Py, pp. Pv. Px}, comprising the admittance matrix Py, the topological adjacency matrix Py, the bus-type
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Figure 1. Schematic diagram of the power flow solving framework SMsRC. (a) Driving information and IEEE14 bus system configuration
with known/unknown variables. (b) Parallel Echo State Network for initial state learning. (c) Extraction of functional vectors via parameter
compression. (d) Identification of higher-order neighbors via node-pair prediction losses. (e) Architecture of the Spatial Multi-scale Reservoir
Computing. (f) Physical constraint module for readout layer solving. (g) Final feasible power flow solution.

vector py,, the nominal voltage vector p, and the equivalent reactance vector py. Furthermore, Y is subdivided
into intermediate variables Y and the final feasible power flow solution Y,,¢, where Y s depends on Y. It is
formulated as:

pf>

Yyt = Fomsre (X2, WSMS), (15)

where WSMs denotes the final parameters to be trained in the framework and 75y rc represents the solution
function of presented SMsRC framework.

The schematic diagram of presented SMsRC framework is presented in Figure 1. To better illustrate, the IEEE14
bus system is considered, as shown in Figure 1(a). A set of driving data, consisting of the known variable values
of each bus, together with a set of physical information #, is available. The rectangular box next to each bus
displays four variables: p;,0;.v;,6;, where a gray background indicates unknown values, and a blue background
denotes known values. By applying parallel learning to all buses as shown in Figure 1(b), two sets of auxiliary
information are derived, respectively, as illustrated in Figure 1(c) and (d). Through compression of the weight
parameter matrix in Figure 1(c), the functional vector for each bus is obtained, and ultimately the functional
vectors of all buses form the functional matrix. Through the Bus-Pair loss (BPLoss) in Figure 1(d), higher-order
neighbor information of the buses is extracted, which, combined with physical mechanisms, establishes spatial
multi-scale information. In Figure 1(e), the reservoir model, now equipped with spatial multi-scale information
and the functional matrix, performs linear regression again. Coupled with the physical constraint module in
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Figure 1(f) to reconstruct the readout layer, the feasible solution is obtained in Figure 1(g), where the orange
background indicates the final predicted values. In sum, this framework can be divided into three computational
stages: (A) Parallel learning auxiliary information; (B) Reconstructing input matrix and input information, and
(C) Multi-scale RC with constrained readout layer, which are described as follows.

4.1. Parallel learning auxiliary information

This stage focuses on learning two types of essential auxiliary information for the model: functional feature
vectors and higher-order neighbors. The process consists of three steps. First, a parallel ESN architecture is used
to generate bus-specific prediction outputs. Second, the resulting parameters are compressed into functional
vectors that characterize the unique functional role of each bus. Finally, prediction losses between bus pairs are
analyzed to identify higher-order neighbors-buses that exert significant influence despite not being directly
connected.

4.1.1. Generating bus-specific prediction outputs via ESNs

First, the conventional ESNs are employed, where each of the v, power grid buses corresponds to an independent
reservoir (see Figure 1(b)). The weighted adjacency matrix W of the reservoir is then reconstructed as a Watts-
Strogatz network [41] W, based on the original initialization. All reservoirs share a common input matrix Win

and W5, resulting in a total of N, reservoirs R} = {rp.....ry, 1}. And a mask matrix M = [mg:...:my, 4] is
introduced to filter the original input, ensuring that each reservoir only receives information relevant to its
corresponding bus. Then R, undergoes parallel training. This approach leverages local information from a
single bus to attempt to predict the global state of all buses. More precisely, the iterative update of the reservoir
state r; for bus i is given by:

ri(r+ ].)
(1 -a)r; (1) t=1; (16)
= +a-tanh (Win (xom,»)+WSr,-(t)),
(1 = a)r;i(r) + « - tanh(Wr; (1)), > 1.

The purpose here is to observe the global state from the perspective of a single local bus with a certain bias.

A set of readout layer weight matrices Wou = (WQU,..., W2 |} can be obtained. Wput e rM>V- corresponding
to each bus’s reservoir exhibits a sparse and inconsistent structure, demonstrating functional localization. As
illustrated in Figure 2, the readout layer weights corresponding to buses 1, 2, 3, 8, 9, and 12 are displayed. One
can observe that, while all reservoirs in the parallel architecture remain consistent, sharing Win and Ws, different
buses activate distinct functional partitions within the reservoirs.

4.1.2. Constructing functional feature of each bus via compression operation

Based on above characteristics, WUt is further compressed into a functional feature vector wf e 1>V, defined
as the functional feature of the role the bus i plays in the global system, as demonstrated in Figure 1(c). The
compression operation is performed to maintain dimensional consistency when subsequently concatenating
and reconstructing the multi-scale reservoir input matrix that facilitates a deeper understanding of the role of
each bus within the system.
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Figure 2. Schematic diagram of functional localization. Visualization of the readout layer weights of the parallel reservoirs corresponding to
buses 1, 2,3, 8,9, and 12 in the IEEE14 bus system. For this test case, the output dimension is 28, and the number of nodes in each reservoir
is 56.

4.1.3. Identifying higher-order neighbors via prediction loss

To uncover deep relationships between different buses, that is, to determine the potential higher-order neighbor
information for each bus, the BPLoss metric is introduced to evaluate the loss of each bus relative to others.
Define BPLoss; ; e RN»*N» as the loss corresponding to bus ; within the prediction of the global state, based on the
information from local bus i:

t
100% 2 [Yiu = (WU ri(n),
BPLoss; j = E ’ .
0S5S;,j 9 & Vir ( )

where 32 | indicates that the number of unknown attributes for each bus is 2.
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Based on the BPLoss; ;, the higher-order neighbor set is determined as follows. First, define the threshold for
each bus as 7H, = min, 1, (BPLossi ;), where N1 is the topological first-order neighbor set of the bus i. 74 is the
minimum value in the BPLoss of bus i to itself and its first-order neighbors. Then, the higher-order neighbor
set is defined as A" = {j | BPLossj; <TH;,j ¢ Nil,i # j}. As shown in Figure 1(d), the BPLossg ; of bus 8 in the IEEE14
system with respect to other buses is illustrated. BPLossgg is marked in red, and the BPLoss of its first-order
neighbors is marked in green. The minimum value among the first-order neighbors {3,6,9,13} and bus 8 itself,
i.e., min; (3680913 (BPLoss&j), is defined as the threshold 7Hg, represented by a red dashed line. Finally, buses
marked in yellow {5,7,10} with BPLossg ; are below THg, and bus 8 is identified as a higher-order neighbor of
buses {5,7,10}.

4.2. Reconstructing input matrix and input information

This stage utilizes the two types of auxiliary information from the previous stage to construct two key com-
ponents: the functional matrix W! and the spatial multi-scale information xSMs. First, the functional matrix
is assembled to serve as a functionally-aware input mapping for the subsequent reservoirs. Second, physics-
informed equivalent transformations are used to generate XSMs, ensuring rational feature aggregation across
bus types and enriching the model with prior knowledge.

4.2.1. Constructing the functional matrix

The functional feature vectors w! of all buses are concatenated into an initial functional matrix Wf= (wf wf. ...
wh, .wi 7 e R2VN  The compression operation in the first stage has ensured that the dimensionality of Wt
is the same as that of Win. Then, through normalization and threshold truncation operations, Wf is further
adjusted to match the distribution range and sparsity of Win, resulting in the final functional matrix W', which
serves as the reconstructed input matrix for the final spatial multi-scale reservoir. These normalization and
truncation operations preserve the classic initialization form of the reservoir input matrix. On this basis, rather
than completely random sampling, the weights are now derived from the functional matrix W', which guides the
information from each bus to different functional partitions’ 42! within the reservoir, thus guiding the iterative

updates of the reservoir in a targeted manner.

4.2.2. Constructing the spatial multi-scale information

Bus information is passed and aggregated based on the neighbor information of buses. However, since the
types and attribute values of buses and their neighbors may differ, direct aggregation and summation could
lead to inaccuracies or distortions in the information, potentially misleading the model. To address this, the
equivalent conversion value based on physical mechanisms is incorporated to ensure physical consistency and
validity during the passing process. First, an influence weight w;; is calculated using the impedance matrix Z of
the power grid, namely:

s 1
- , 18
"= 1 2 (18)

k#i

where Z;; represents the element in the impedance matrix from bus i to bus ;. The parameter s controls the reso-
lution of the generated spatial multi-scale information, which is set to 0.9 empirically. Equation (18) addresses
that a smaller impedance implies a stronger influence.

In addition to impedance-based weights, equivalent values are also calculated by simplified power equations
using the nominal voltage v2°™m and the reactance x. For directly connected buses, the reactance values from
the branch data are utilized. For non-directly connected buses, the imaginary part of the impedance matrix
is utilized. Then, the corresponding information aggregation methods are applied for different types of buses.
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Specifically, the p feature of PV and PQ buses, the ¢ feature of PQ buses, and the v feature of PV buses are
respectively aggregated as:

P(1+1):P(1)+ Z W; - P+ Z Wj~Pj, (19)
[ENPQ JENPV
ol =00y 3 w0+ Y w05, (20)
iENpQ JENPV
v+ -y S w[-(v,-,—v(l))+ >owy v, (21)
ieNpy JENPQ

2
2 _(ynom
where 074 = w and vi9 = vrom 4 228 Np and Apy denote the set of neighbors (both first-order and

higher-order neighbors) of the PQ and PV buses, respectively, and w; and w, are the corresponding influence
weights. X serves as the original values, and the superscript “eq” indicates equivalent values.

There is only one slack bus in a grid, with unique attribute values that serve as a reference for other buses, so
no specific aggregation method is applied to it. Existing studies show that graph message passing often suffers
from over-smoothing beyond 2-3 layers[#3l. Considering this and the moderate scale of the power grids in
this work, this work set the number of aggregation rounds to 2 to balance information utilization and over-
smoothing. The spatial multi-scale input set xSMs = {X X1, X! is generated through an iterative aggregation
process. Specifically, X(1) is obtained by applying the aggregation rules defined in Egs. (19)-(21) to the original
input X; subsequently,X(2) is obtained by applying the same aggregation rules to X(1). This iterative process
is analogous to the message-passing mechanism in GNNs, where each aggregation step integrates neighbor
information into a higher-order representation.

4.3. Multi-scale RC with physically constrained readout layer

In the third stage, the spatial multi-scale RC (SMsRC) is constructed based on the functional matrix and spatial
multi-scale information, as shown in Figure 1(e). To ensure the output solution conforms to actual power grid
operation rules without needing an additional optimizer, a physical constraint module is integrated with the
readout layer of the SMsRC. The previously improved RC, the efficient training of the RC readout layer, and the
physical constraint module together enable the SMsRC framework to both ensure the feasibility of the output
and maintain efficiency and precision.

First, the data of each scale in XSMs are respectively mapped to the corresponding reservoirs using the same
functional matrix WY, thus forming three reservoirs denoted as ®5Ms = {f,, f,,, f.3}, as illustrated in Figure 1(e).
Then, these three reservoirs are connected to a single readout layer for an overall linear regression, which is not
only more efficient but also compliant with the computational paradigm of the RC. At this time, the state matrix
R in Eq. (3) is replaced by the more information-rich RSMs = [r%MS(T) ,,,,, r,SVMS(T)]T, with

r,SMs (1) = [frl (Ws,Wf’,T, X)

’ ’ T (22)
£ (W3, W 7. X) £ (WS, WE 7. XP))|
Now, the spatial multi-scale readout layer weights WSMs can be solved by using ridge regression, i.e.,
J(WSN[S) _ Hth _ RSMsWySMs 12:+ﬁHW{SMs i (23)

It should be noted that the values obtained are not the final results, but the intermediate variable Y., which
represents the values of ¥ and 4 for all buses. To ensure the feasibility of the solutions and their compliance
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with the power grid, additional physical constraints are applied at the readout layer. Specifically, based on the
admittance matrix Py, the variables are reconstructed using the following power flow equations[4°l:

\A/j (G,‘j COSéij+Bij siné,-j), (24)

p ‘7 Z a,-j
7
Qi \A/,-Za,-j\A/j (G,’j Sinéij—B,-j COS&,’j). (25)
7

where G is the real part of the admittance matrix, B is the imaginary part, and this process also adheres to
the constraints in Eqs. (6)-(11). Meanwhile, the physical constraint module maintains a low coupling with the
overall framework. Finally, the unknown values are obtained for all buses, forming the feasible power flow
solution Y .

To further assist the explanation and improve readability, Figure 3 provides a comprehensive flowchart that
summarizes the key functional modules and their associated equations across Sections 4.1-4.3. This visual
overview clarifies how each stage transforms input data through specific mathematical operations to produce
the final feasible power flow solution.

Section 4.1: Section 4.2: Section 4.3:
Parallel learning auxiliary information Reconstructing input matrix and input information Multi-scale RC with physical constrained readout layer
Stage A Stage B Stage C
/_,@ Functional Matrix W* Normalization and |- - -~ Eiobal Ridde
Vectors. Eq. (18) Threshold Truncation H—
Input: S i Multi-Scale Eq. (23 Output:
System State X ——» |Paralel PN Resonict ——»{ Feasible Solution
Physical Info P <. ({19) HpPINg) Physical Yo
High-Order | Spatial Multi-Scale | ‘ Eq. (22) e
i Input i i-Scale Input X SMs i
£q.(17) | escoren || ‘ Eqs. (24)25)

Figure 3. Flowchart summarizing the key components and equations in Sections 4.1-4.3. Section 4.1 (Stage A): Parallel learning extracts
functional vectors via reservoir state evolution (Eg. 16) and identifies higher-order neighbors via Bus-Pair loss (Eq. 17). Section 4.2 (Stage B):
Constructs the functional matrix (Eqg. 18) and generates spatial multi-scale input via physics-informed aggregation (Egs. 19-21). Section 4.3
(Stage C): Trains multi-scale reservoir (Eq. 22) with ridge regression (Eq. 23) and applies physical power flow constraints (Egs. 24 and 25)
to ensure feasible solutions.

4.4. Algorithm pseudocode

The entire SMsRC can be summarized in Algorithm 1. The algorithm takes input sample data and physical
information and outputs the corresponding power flow solution. In the first stage, by initializing the global
input matrix Win and the reservoir adjacency matrix Ws, the reservoir is constructed for each bus in the system
and executed in parallel, and then the readout layer matrix and higher-order neighbors of each bus are identified.
In the second stage, the input matrix is reconstructed using the functional matrix, and based on the number of
known attribute values « for each bus, the spatial multi-scale input information xSMs is constructed according
to Egs. (19)-(21). In the third stage, the readout layer weights of the spatial multi-scale reservoir are trained,
and the solution is reconstructed under physical constraints to obtain the final output.

5. EXPERIMENTS

5.1. Experimental setup

5.1.1. Systems and data

Since the relatively simple structure of IEEE14 system, it is used in Figures 1 and 2, to illustrate the main process
of SMsRC. However, it is not included in the main experiments, as its limited complexity makes it difficult to
clearly differentiate the performance of various methods. Therefore, the main results are performed in four stan-
dard power grid models widely used in the electric power field, i.e., IEEE39, IEEE57, IEEE118, and IEEE300
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Algorithm 1 SMsRC for Power Flow Solving.

Input: X e RV2Vo, = (Py, Py, Py, Pv. Px}
Output: Y e RV¥2N
1: /*Stage 1: Parallel Mining */

Initialize global Win, Ws
Construct M, R,
// i =1 to N, Parallel jobs
R, — r,(1) — Eq. (16)
Wout — Ridge regression to solve Wout
fori=0ton,-1do

for j=0ton,-1do

Eq. (17)

end for

NI ={j | BPLoss; ; <TH;,j ¢ N'.i # j}
. end for
: /* Stage 2: Reconstruct Information */
. Wf « Concatenate wf — Compress Wout
: Wf — Normalize and truncate Wf
Towj e Eq.(18)
: fork=1to2do
fori=0ton,-1do

XSMs  Egs. (19)-(21)
end for
. end for
: /* Stage 3: Solving Under Physical Constraints */
: Construct R5Ms = (f.; f.5.f.3}
. RSMs  pSMs(7)  Eq. (22)
. WSMs _ Eq. (23)
: Y, — Eqgs. (24) and (25) « Y, — WSMs . RSMs

Y ® N DR RN

NONONN N NN = R e e e e e e e
QA U A W N = O 0V N U W N = O

systems[#4]. Detailed physical information about the system is obtained using tools such as pypower or pan-
dapower 5], and power flow samples, including intermediate variables Yvt and feasible power flow solutions
Ypf, are generated by randomly varying initial values across different grids.

5.1.2. Environment and parameters

The framework is implemented using PyTorch 2.3 and Python version 3.9.19. All experiments are conducted
on a CentOS Linux 7.5 machine equipped with a NVIDIA A100-40G GPU, running CUDA version 11.4. The
main hyperparameters of the RC model are empirically configured. Specifically, the reservoir size v, is set to
4 x Ny, the reservoir sparsity is 0.1, and the reservoir spectral radius is 0.9. The iteration steps 7 are set to 5, the
leakage rate o is 0.9, and the regularization parameter g is 1 x ¢ 6.

5.1.3. Baseline methods for comparison

Since the presented SMsRC is a data-driven methodology based on RC for power flow approximation, the
comparison is made with recent data-driven models and other RC-based approaches. Direct comparisons with
numerical or heuristic methods are less relevant in this context, as those serve as direct solvers rather than
learned approximators.
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Figure 4. Comparison of MSE performance across four power grids. (A) IEEE39 bus system. (B) IEEE57 bus system. (C) IEEET18 bus system.
(D) IEEE300 bus system. Shaded areas indicate the Standard Deviation (STD). Insets show magnified results for training set ratios of 50%-

90% for clearer presentation.

« FCN: A method based on fully connected feedforward neural networks for generating power flow solu-

tions [46];

o GNN: A method based on graph neural networks for predicting power flow solution [47];

« ESN: A classical RC approach employing echo state networks to generate power flow solutions [38];

o GraphRC: A RC-based method combined with graph domains, applied to perform power flow calculations [48];

o Paralle]lRC: A RC-based method with a parallel architecture designed for solving power flow solutions in

grids[+°];

« PIGN4PF: A physics-informed graph neural network tailored for power flow calculations [5°];

o PINN4PF: A physics-informed neural network architecture specifically for power flow calculations [51;
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Since methods based on the RC paradigm typically employ ridge regression for solving, to ensure fair evaluation,
the outputs of all methods in subsequent experiments are evaluated using the mean square error (MSE) metric.

5.2. Main results

Figure 4 compares the MSE performance of different approaches across four power grids. Several conclusions
can be drawn. First, the presented SMsRC framework outperforms other methods, particularly when the train-
ing set ratio is below about 50%. Even as the proportion of the training set increases, SMsRC maintains a
leading position in most cases, with only a few instances where its performance is matched or slightly surpassed
by PINN4PF or PIGN4PE. However, the standard deviation (STD) of SMsRC is smaller than that of PINN4PF
and PIGN4PF, indicating better stability. Furthermore, as demonstrated in the next section, SMsRC also excels
in computational efficiency compared to these methods.

Second, under data scarcity conditions, RC paradigm shows significant accuracy advantages over non-RC-based
methods. This phenomenon can be explained from both architectural and theoretical perspectives. Architec-
turally, RC only trains the linear readout layer while keeping the reservoir weights fixed, which fundamentally
reduces the number of learnable parameters and thus the sample complexity required for reliable generaliza-
tion (52531, Theoretically, the reservoir serves as a high-dimensional nonlinear projection that maps input sig-
nals into a rich feature space where different system states become linearly separable [3*54], This “separation
property” enables the simple linear readout to distinguish complex patterns even with limited training sam-
ples. Furthermore, the fading memory property (echo state property) of the reservoir ensures that the network
state is primarily determined by recent input history rather than requiring extensive data to learn temporal de-
pendencies[37]. Recent studies have further demonstrated that RC can achieve effective predictions even from
partial or incomplete observations[5%], supporting its robustness in data-scarce scenarios. Consequently, while
deep learning methods typically require large datasets for backpropagation-based gradient descent to converge
reliably, RC circumvents this bottleneck through its fixed reservoir structure and linear training paradigm.

Third, for RC-based methods, when the amount of data is already sufficient, simply increasing the training sam-
ples does little to improve the performance of these models. However, the accuracy of GraphRC and ParallelRC
is unsatisfactory, particularly when the training set ratio is higher. This can be attributed to their simple focus
on individual nodes and their surroundings, while neglecting higher-order and system-wide information. Al-
though this approach may be sufficient for local-related tasks, power flow calculations require a comprehensive
understanding of interactions among bus nodes and the systems overall physical characteristics. Additionally,
their incorporation of physical mechanisms is relatively limited.

5.3. Parameter complexity and stable efficiency
First, as summarized in Table 2, this work analyzes the parameter complexity of each method under identical
experimental settings, considering factors such as the number of neurons per layer or module and the number
of grid buses. The table explicitly presents the parameter count expressions for each method, where » represents
the number of buses. It can be observed that, aside from ESN, the basic RC model, SMsRC exhibits superior
parameter efficiency compared to the other models.

Then, by fixing the training set ratio at 70%, the comparison of different methods in terms of efficiency with
stability and precision is visually presented in Figure 5. It is clear that RC-based methods offer advantages
in computational efficiency (i.e., lower running time) and stability (i.e., more consistent MSE values), while
physics-informed methods excel in average prediction accuracy. The presented SMsRC framework effectively
balances both, particularly standing out as the top performer in terms of both MSE and computational speed
on the larger-scale IEEE300 system.
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Table 2. Comparison of parameter quantity for different methods. The last column represents the degree of improvement or decrease

relative to the SMsRC
Methods  Parameter count Comparison
FCN 20012 + 30n -76%
PINN4PF 20042 + 30n -76%
GNN 296n2 + 14n -83.8%
PIGN4PF 29642 + 14n -83.8%
ESN 1612 +200%
GraphRC 12852 -62.5%
ParallelRC  128x2 -62.5%
SMsRC 48n2 +128n /
A IEEE39 B IEEE57
_
107! A 107 1 "
w 8 - w
0 ) 0
= = -
- 4
FCN ParallelRC . FCN ParallelRC
® GNN ©  PINN4PF T o 8*17 e onN ©  PINN4PF
6x1072 ESN PIGN4PF ESN PIGN4PF P
GraphRC @ SMsRC GraphRC @ SMsRC :
16-1 160 161 16-1 160 161
Time (seconds) Time (seconds)
C |Eee118 D |eee300
s~
‘ 2x107!
107!~
o - L
n 0
2 2 -
1071 -
FCN ParallelRC FCN ParallelRC
6x1072{ @ GNN » PINN4PF ® GNN © PINN4PF
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Time (seconds) Time (seconds)

Figure 5. Comparison of efficiency, stability, and accuracy with a fixed training set ratio of 70%. (A) IEEE39 bus system. (B) IEEE57 bus
system. (C) IEEE118 bus system. (D) IEEE300 bus system. Each cluster comprises 100 independent experiments, plotting running time
(x-axis) against MSE (y-axis) to demonstrate computational speed and solution consistency.
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Figure 6. Average MSE of various ablation methods across different datasets. (A) IEEE39 bus system. (B) IEEE57 bus system. (C) IEEET18
bus system. (D) IEEE300 bus system. The ablation settings are defined as: “w/0 FM" (without functional matrix), “w/0 MS" (without spatial
multi-scale mechanism), “w/o0 PI" (without physical information integration), and “w/0 HB" (without higher-order neighbor mining).

5.4. Ablation experiments

The ablation experiments are conducted on the proposed SMsRC framework, as shown in Figure 6. In these
experiments, “w/o FM” denotes the ablation of the functional matrix, meaning the random input matrix ini-
tialization method is retained. “w/o MS” represents the ablation of the spatial multi-scale component, which
effectively reduces the three reservoirs in Figure 1(e) to a single reservoir while maintaining the same total num-
ber of reservoir nodes, and it includes “w/o PI” and “w/o HB” “w/o PI” indicates that the framework does not
incorporate physical information and relies solely on sample data, with spatial multi-scale information aggrega-
tion limited to a simple summation of neighboring attributes. Last, “w/o HB” signifies that the framework no
longer uses higher-order neighbor information of buses, considering only topologically first-order neighbors.

In terms of prediction accuracy, the functional matrix and spatial multi-scale are the most critical contributors
to the framework, followed by higher-order neighbors and physical information. Additionally, spatial multi-
scale and physical information can further enhance stability in data-scarce scenarios. This is evidenced by the
steeper curves for the “w/o PI” and “w/o MS” ablation studies, signifying a less stable model transition from

data scarcity to normal conditions, and the “w/o MS” setup typically performs worst when the amount of data
is minimal.
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Figure 7. Case analysis of IEEE39 system located in New England. (A) The geographical distribution and connection relationships of 39 buses
(Map data ©OpenStreetMap contributors). Green nodes are the direct neighbors of bus 17, and red nodes are the higher-order neighbors
of bus 17 identified by SMsRC. (B-D) denote the absolute errors between the model outputs and the true system values for o, © and v,
respectively.

From a theoretical standpoint, the ablation results validate that each proposed component contributes to en-
hanced data efficiency in distinct ways. The functional matrix, by encoding deterministic bus-specific roles
rather than random weights, provides structured inductive biases that reduce the hypothesis space the model
must explore, thereby requiring fewer samples to identify correct mappings[38l. The spatial multi-scale mecha-
nism aggregates information from higher-order neighbors, effectively increasing the information content avail-
able per sample by exploiting the inherent correlations in the power grid topology[55]. Finally, the integration
of physical information acts as domain-specific regularization, constraining the solution space to physically
plausible outputs and preventing overfitting in low-data regimes(5¢]. These three mechanisms synergistically
enhance the framework’s sample efficiency, enabling robust performance even when only limited operational
data is available.

5.5. Case analysis

Finally, a case study conducted on the 39-bus system in New England is presented in Figure 7. Specifically,
Figure 7B-D shows the absolute errors between the model outputs and the true system values: (b) ¢ values for
all buses, (c) ¢ values for the PV buses, and (d) v values for the load (PQ) buses. All of them again address the
great performance of the presented SMsRC approach. Figure 7A also highlights the higher-order neighbors of
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bus 17 identified by SMsRC, i.e., buses 11, 29, 33, and 38. Among them, bus 11 is a potentially influential node
that may not be intuitively apparent, while buses 29, 33, and 38 are situated in the three generation areas closest
to bus 17. Their strong influence on bus 17 aligns well with practical system behavior.

6. CONCLUSIONS

In this work, we leverage the RC paradigm, proposing a SMsRC framework that integrates a functional matrix
and physical information. The framework is structured into three main computational stages: parallel learn-
ing of auxiliary information, reconstructing the input matrix and input information, and a spatial multi-scale
reservoir with a physically constrained readout layer. Together, these stages form a complete and robust power
flow solution approach. The main experiments conducted on four standard IEEE bus systems comprehensively
validate the effectiveness and advantages of the SMsRC as a power flow solver in terms of computational efhi-
ciency, accuracy, generalizability, and robustness. Ablation experiments also validate the critical role of each
component.

In future work, we aim to further enhance the presented framework from other perspectives. However, there are
still some limitations in this work that merit further investigation. First, regarding the mining of higher-order
relationships, the current framework relies on the BPLoss metric. While effective, this metric infers dependen-
cies indirectly based on pairwise prediction errors, and may not fully capture the complex, multi-way interac-
tions inherent in power grid topologies as explicitly as advanced graph-theoretic tools such as hypergraphs or
motifs. Second, although the framework demonstrates robustness in data-scarce scenarios, the current study
primarily focuses on power flow calculations under steady-state conditions. It has not yet addressed the power
flow solvability under scenarios involving dynamic or uncertain factors, such as time-varying load fluctuations,
renewable energy intermittency, or extreme events including complex perturbations and cascading failures. In-
corporating such factors into the physical constraints would require extending the current static constraint for-
mulation to probabilistic or time-dependent forms, for example, by introducing stochastic programming or ro-
bust optimization techniques within the readout layer. Addressing these limitations by integrating hypergraph
theory, developing uncertainty-aware physical constraints, and extending the framework to dynamic resilience
analysis will be the focus of our future research.
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