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Abstract
Accurate, computationally deployable constitutive models are required for reliable finite
element (FE) simulations of metallic hot deformation. This study develops a knowledge-
distilled artificial neural network (KD-ANN) constitutive model for β-C titanium alloy using
24 flow-stress curves measured at 800-1,050 °C and strain rates of 0.01-10 s-1. An Extra
Trees  model  serves  as  the  teacher,  while  a  compact  multilayer  perceptron  provides  a
continuous constitutive mapping with explicit derivative evaluation for FE implementation.
The student is trained using experimental and teacher supervision, weighted Huber loss,
curve-balanced  weighting  and  enhanced  weighting  in  the  low-strain  region.  Following
preliminary  teacher-algorithm  and  student-configuration  screening,  temperature-wise
predictive  performance  is  evaluated  using  curve-grouped  leave-one-temperature-out
validation.  In each fold,  all  four curves at the target temperature are held out,  while the
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fold-specific  KD-ANN and  modified  Johnson–Cook  (J–C) models  are  fitted  using  only  the  retained  temperature
conditions.  Across  the  six  held-out-temperature  folds,  KD-ANN  achieves  mean  values  of  the  coefficient  of
determination = 0.984, root mean square error = 11.40 MPa and mean absolute error (MAE) = 9.21 MPa, compared
with 0.960, 17.12 and 12.58 MPa, respectively, for the modified J–C model. Sequential ablation and targeted control
experiments show that the joint use of experimental stresses and teacher-generated targets produces the largest
incremental  improvement  within  the  tested  training  framework.  The  trained  student  network  is  implemented  in
Abaqus through a VUHARD user subroutine. For the fold in which the lower-boundary temperature of 800 °C is held
out  from  model  fitting  and  validation,  the  FE  load–displacement  predictions  yield  a  mean  MAE  of  0.729  kN,
compared with 1.213 kN for the modified J–C model. These results demonstrate improved prediction of complete
flow curves at unseen temperatures within the investigated range and support the use of KD-ANN as a constitutive
input for hot-compression simulations.

INTRODUCTION
High-strength near-β titanium alloys are increasingly used in aerospace structures because they combine

high specific strength, good fatigue resistance, and attractive damage tolerance under demanding service

conditions
[1-5]

. Among them, β-C (Ti-3Al-8V-6Cr-4Mo-4Zr) is a representative high-strength alloy for

heavily loaded forged and rolled components
[6,7]

. However, its hot workability is highly sensitive to

deformation temperature, strain, and strain rate, so a narrow process window may readily lead to unstable

flow, microstructural heterogeneity, and property fluctuations
[8-10]

. During hot deformation, work hardening,

dynamic recovery (DRV), and thermally activated softening evolve concurrently, giving rise to a strongly

nonlinear flow response
[11,12]

. Therefore, an accurate constitutive description is a prerequisite for reliable

finite element (FE) simulation, process optimization, and microstructure control during hot compression,

forging, and rolling of this alloy.

Phenomenological constitutive models such as Arrhenius-type, Zener–Hollomon (Z–H), and Johnson–Cook

(J–C) models remain the most widely used approaches in thermomechanical simulation because of their

compact forms and relatively convenient calibration procedures
[13-19]

. Nevertheless, their predefined analytical

structures inevitably simplify the coupling among strain, strain rate, and temperature. When deformation

conditions span a broad range or when local softening behavior becomes pronounced, fixed-form

constitutive models may fail to reproduce the detailed evolution of flow curves, and parameter identification

can become sensitive to data dispersion and fitting strategy. Even recent efforts to improve parameter-

identification procedures or optimize J–C constants for titanium alloys still remain within the framework of

prescribed constitutive models, which limits their flexibility in describing complex nonlinear responses

across the full processing domain
[20]

.

In this context, artificial neural network (ANN) constitutive models have attracted growing attention because

they can learn nonlinear mappings directly from experimental data without imposing a rigid functional form

in advance
[21-24]

. Previous studies have demonstrated that ANN-based models can predict flow stress more

accurately than conventional constitutive models for magnesium alloys, titanium alloys, and Al-Zn-Mg

alloys under hot-working conditions
[25]

. More recent machine-learning studies on complex alloys have

further confirmed that data-driven models can achieve markedly improved predictive accuracy over

traditional approaches when evaluated by standard statistical metrics
[26,27]

. In constitutive modeling, ANN-

based models exhibit excellent fitting capability. More importantly, they are capable of capturing the

complex couplings among thermomechanical variables, which are difficult to be analytically described by

conventional phenomenological constitutive models.

*Correspondence to: Assoc. Prof. Jinhu Zhang, Prof. Hao Wang, Institute of Metal Research, Chinese Academy of Sciences, Shenyang
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Table 1. The composition of β-C titanium alloy (mass fraction, %)

Ti Al V Cr Mo Zr C O H N

Bal. 3.46 8.08 6.04 3.94 3.92 0.02 0.10 0.001 0.014

Despite these advantages, a conventional ANN trained only by minimizing pointwise stress error does not

automatically satisfy the requirements of a high-quality constitutive law for process simulation
[28,29]

. First,

numerical agreement in stress magnitude does not guarantee correct local slope evolution, even though the

local slope of the flow curve is closely related to the competition between strain hardening and flow

softening. Second, the constitutive model must be continuous, numerically stable, portable, and equipped

with a consistent procedure for derivative evaluation if it is to be embedded into FE user subroutines. Pantalé
et al. showed that ANN flow laws can be implemented efficiently in Abaqus/Explicit , but such

implementation places stringent requirements on derivative evaluation and parameter portability
[30]

.

Accordingly, the central challenge is not merely to build a more accurate regressor, but to construct an ANN

constitutive model that simultaneously offers high fidelity, physical consistency, and engineering

deployability. This challenge is especially relevant for β-C titanium alloy. A recent physics-aided machine-

learning study on β-C titanium alloy demonstrated that combining data-driven learning with constitutive

knowledge can significantly improve predictive accuracy and generalizability over conventional hot-

deformation models. At the same time, recent work
[10]

 on β-C titanium alloy developed a physics-aided

machine-learning framework that combines the Z–H equation with a neural network to improve the

predictive accuracy and generalization of constitutive analysis, further demonstrating the potential of

integrating physical constitutive knowledge with machine learning. However, for practical forming

simulation, there remains a clear need for an ANN constitutive framework that not only improves prediction

accuracy, but also preserves the compactness, differentiability, and robustness compactness, explicit

derivative evaluation, and robustness required for direct FE implementation.

To address this need, the present study develops a knowledge-distilled ANN (KD-ANN) constitutive

framework for the hot deformation of β-C titanium alloy based on Gleeble compression data. A knowledge

distillation strategy is employed so that a compact student network can inherit the fidelity of a more

expressive teacher model in capturing local responses while retaining the continuity, explicit derivative

evaluation, and parameter portability required for constitutive embedding. In this way, the proposed model

is designed to outperform conventional phenomenological equations and baseline ANN formulations not

only in stress prediction, but also in curve-shape fidelity, physical plausibility, and numerical robustness. On

this basis, the trained KD-ANN is exported as a constitutive kernel for finite-element simulation and

compared with a conventional J–C model to assess its engineering applicability. The objective of this work is

therefore twofold: to establish a high-accuracy and FE-friendly ANN constitutive model for β-C titanium

alloy, and to demonstrate that this new model can provide a more reliable material description for finite-

element simulation. The present study is expected to offer a practical route for bridging advanced data-

driven constitutive modeling and process-level simulation, thereby supporting the optimization of hot-

deformation process parameters for high-strength titanium alloys.

MATERIALS AND METHODS
The β-C titanium alloy studied in this paper was provided by the Institute of Metal Research, Chinese

Academy of Sciences. The original ingot of the alloy was prepared by the vacuum arc remelting (VAR)

process, and after cogging, it was further processed into cylindrical specimens with a diameter of 8 mm and a

height of 12 mm. The chemical composition is listed in Table 1.
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Figure 1. Initial microstructure of specimen: (A) the inverse pole figure map, (B) grain-boundary map and (C) phase map.

As shown in Figure 1, the initial microstructure displays a typical equiaxed‑β grain structure, where

high‑angle grain boundaries (HAGBs) dominate the grain boundaries, while low‑angle grain boundaries

(LAGBs) are rarely observed.

In this study, isothermal hot-compression tests were conducted on a Gleeble 3800 thermomechanical

simulator to obtain the flow curves of the β-C titanium alloy under different deformation conditions.

Graphite foil was placed between the specimen end faces and anvils to minimize interfacial friction. Spot-

welded thermocouples were attached to the specimens for real-time temperature monitoring. Under vacuum

conditions, the specimens were heated to the prescribed deformation temperatures at a rate of 5 °C/s and

held for 300 s prior to deformation to ensure temperature homogenization. The deformation temperatures

ranged from 800 to 1,050 °C at 50 °C intervals, and four strain rates of 0.01, 0.1, 1, and 10 s
-1
 were employed.

Each specimen was compressed to a 50% reduction in height. Subsequently, the true stress‑strain curves were

obtained, and the J–C model and the KD‑ANN constitutive model were constructed respectively for fitting

analysis of these curves. The established J–C model, KD‑ANN model and the specific fitting procedure will

be elaborated in detail in Section “RESULTS AND DISCUSSION” below.

The hot compression simulation was performed in Abaqus/Explicit under quasi-static conditions. In this

case, the specimen was modeled under isothermal and quasi-static conditions, with the temperature assumed

to remain spatially uniform and constant throughout deformation. The deformation field was determined by

the FE solution rather than prescribed to be uniform, and thermal effects such as heat conduction,

convection, and radiation were neglected. Abaqus/Explicit solves the dynamic equilibrium equations. Under

the quasi-static loading condition adopted in this study, inertial effects were assumed to be negligible, and

the mechanical response can therefore be approximated by the static equilibrium equation:

The total strain can be decomposed into elastic strain, plastic strain and thermal strain.

where ε, ε , εp
 and εt

 represent the total strain tensor, elastic strain tensor, plastic strain tensor and thermal

strain tensor, respectively. Plastic yielding was expressed by the von Mises yield criterion

.σ = 0                                                                                       (1)∇

ε = εⅇ  + εp
 + εt

                                                                                (2)

f = σ
eq

 - σ
y
 ≤ 0, σ

eq
 (3)=

√
3
2

s : s

ⅇ
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Figure 2. Flow curves under different experimental conditions: (A) 800 °C, (B) 850 °C, (C) 900 °C, (D) 950 °C, (E) 1,000 °C, (F) 1,050
°C.

where f is the yield function, σ
eq

 is the equivalent stress, σ
y
 is the yield stress, and s is the deviatoric stress

tensor. Under the ideal hot compression condition, the temperature was assumed to remain spatially

uniform and constant throughout the deformation process.

RESULTS AND DISCUSSION
Target dataset

Figure 2 presents the flow curves of β-C alloy obtained by the hot compression tests. The flow curves

displayed similar shapes over the investigated temperature range. At the onset of deformation, the flow stress

increased rapidly with strain. This increase is mainly associated with work hardening caused by dislocation

accumulation and interactions. With further straining, thermally activated recovery and recrystallization

increasingly offset work hardening. The flow stress therefore declined after reaching the peak stress and

gradually approached a quasi-steady state. This post-peak softening is consistent with the occurrence of

dynamic recovery and dynamic recrystallization (DRX)
[31-33]

. Our previous microstructural and electron

backscatter diffraction (EBSD) analyses of the β-C alloy provided direct evidence for these softening

processes. Post-deformation microstructures, grain-boundary misorientation distributions, and dislocation-

density analyses identified DRV and DRX as important mechanisms during hot deformation. The relative

contributions of discontinuous dynamic recrystallization (DDRX) and continuous dynamic recrystallization

(CDRX) varied with strain rate: higher strain rates promote the occurrence of CDRX, while DDRX

dominates under relatively low strain‑rate conditions. At a given strain rate and strain, the flow stress

decreased with increasing deformation temperature. Elevated temperatures promote dislocation annihilation

and rearrangement, as well as recovery and recrystallization. These processes reduce the resistance to plastic

deformation and account for the lower flow stress. The abrupt terminal decrease observed at 10 s
-1

 results

from rapid deceleration and unloading of the Gleeble actuator near the prescribed displacement, rather than

from intrinsic material softening. Therefore, this terminal unloading segment is excluded from model

training and quantitative evaluation.



Page 6 of 23 Zhao et al. J. Mater. Inf. 2026, 6, 49

Figure 3. Schematic architecture of the KD-ANN model. KD-ANN: Knowledge-distilled artificial neural network; MLP: multilayer
perceptron; ReLU: rectified linear unit.

Overall architecture of the KD-ANN

The flow stress of the β-C titanium alloy during hot compression is jointly governed by strain, strain rate,

and deformation temperature, and is further influenced by the coupled effects of work hardening, DRV, and

DRX. Consequently, its stress response exhibits pronounced nonlinear characteristics. Therefore, a

constitutive model suitable for finite-element implementation in the present study should satisfy three

essential requirements. First, it should accurately predict the flow-stress level over a wide range of hot-

deformation conditions. Second, it should adequately preserve the local features of the flow curves,

particularly the stress evolution during the low-strain regime and the subsequent softening stage. Third, the

model should provide a continuous stress response and an explicit procedure for evaluating the required

partial derivatives, facilitating implementation in the VUHARD user subroutine of Abaqus/Explicit.

Based on the above considerations, this study adopts a modeling strategy that combines a high-accuracy

teacher model with a deployable student model, as schematically illustrated in Figure 3. An Extra Trees

model, which exhibits superior pointwise prediction capability, is then introduced as the teacher model to

capture complex local response characteristics. Subsequently, knowledge distillation is employed to transfer

the local structural information learned by the teacher model to a compact feedforward multilayer

perceptron (MLP) student model. This strategy transfers the teacher predictions to a compact student

network that provides a continuous stress mapping and explicit derivative evaluation for FE implementation.

We use a curve-grouped leave-one-temperature-out validation strategy to evaluate the ability of KD-ANN to

predict flow behavior at previously unseen deformation temperatures. The dataset contains 24 complete

flow-stress curves obtained at six temperatures (800, 850, 900, 950, 1,000 and 1,050 °C), with four strain rates

examined at each temperature. A complete flow-stress curve, defined by a unique temperature–strain-rate

combination, serves as the minimum unit for data partitioning. All strain–stress observations from the same

curve are therefore assigned to a single data subset, preventing correlated neighboring points from appearing

in both the training and test sets.

For each data point, the model input features are defined as follows:

X 
i
 = [ε

i
, lnε

i
, T

i
]

T
 (4)¤
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The validation procedure comprises six folds, with each temperature used once as the held-out test

condition. In each fold, all four curves measured at the target temperature are reserved as an independent

test set. The remaining 20 complete curves, corresponding to the other five temperatures, are further

partitioned at the curve level into 16 training curves and 4 validation curves. No complete curve contributes

observations to more than one subset.

KD-ANN is reinitialized and trained independently in each fold, resulting in six separately trained models.

In each fold, 16 complete curves are used for parameter estimation, while four additional curves are used for

internal validation and hyperparameter selection. The four curves at the held-out temperature are used

exclusively for testing and do not participate in parameter estimation, model validation or teacher-target

generation. The teacher-algorithm type was determined through preliminary screening using the complete

experimental dataset, as described in Section “Teacher–student model and knowledge distillation”. After

Extra Trees was selected, both the teacher and student models were reinitialized and independently trained

within each leave-one-temperature-out fold.

The natural logarithm of strain rate lnε
i
 was adopted instead of the raw strain rate, since the experimental

strain rates span multiple orders of magnitude; logarithmic transformation helps balance the scale of input

variables. Subsequently, all input features and the output flow stress were normalized via the Min-Max

scaling method based on statistical parameters derived from the training set:

Teacher–student model and knowledge distillation

Introducing a teacher model is not merely an additional predictive module; instead, it constructs supervision

signals with richer feature information to enhance the student model’s capacity to characterize and fit

complex rheological behaviors during hot compression. Conventional MLPs only adopt discrete

experimentally measured flow stresses as training labels, with the optimization objective restricted to

minimizing the global prediction error. Consequently, such models tend to prioritize fitting data regions

with abundant samples and mild stress evolution, while failing to accurately capture intense work hardening

at low strains, local abrupt variations near peak stress, and subtle curvature changes of stress curves in the

dynamic softening stage.

To address this limitation, a knowledge distillation strategy is adopted in this work to establish a dual-model

framework consisting of a teacher model and a student neural network. Specifically, a high-precision

machine learning model with excellent predictive performance is selected as the teacher to extract implicit

local rheological features hidden in experimental data and output soft supervision labels. A compact MLP is

used as the student model to learn jointly from experimental stress values and teacher predictions,

combining stress-prediction accuracy with a continuous constitutive representation suitable for FE

implementation.

The teacher model is expected to generate high-accuracy soft targets that preserve the local variations in the

experimental flow-stress response. To identify a suitable teacher algorithm and examine the basic student-

network configuration, a preliminary model-screening experiment was conducted using the full

experimental dataset. All experimental data points were randomly divided into an 80% training subset and a

20% test subset, and all candidate models were evaluated using the same data partition. The root mean

square error (RMSE) is used as the principal criterion for teacher-model selection and is defined as:

x̃ij =
xij − xmin

j

xmax
j − xmin

j
, 𝝈̃i =

𝝈i − 𝝈min

𝝈max − 𝝈min (5)

RMSE =

√√√
1
N

N∑
i=1

(𝜎i − 𝜎̂i)2 (6)

¤
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Figure 4. Preliminary performance comparison of candidate teacher algorithms and student-network configurations using an 80/20
pointwise split of the complete dataset. These results are used only for model screening and do not represent the final leave-one-
temperature-out generalization performance. KNN: K-nearest neighbors; MLP: multilayer perceptron; ReLU: rectified linear unit; ML:
machine learning; RMSE: root mean square error.

The results presented in Figure 4 show that Extra Trees yields the lowest prediction error among the

candidate machine-learning algorithms and is therefore selected as the teacher algorithm for the subsequent

knowledge-distillation framework. The Extra Trees model trained during this preliminary comparison is

used solely to identify the teacher algorithm and is not carried forward into the leave-one-temperature-out

evaluation. Once the teacher algorithm is determined, its model parameters are reinitialized in each

validation fold, and a new Extra Trees model is trained exclusively on the corresponding training subset. The

resulting predictions at the original training coordinates are then used as soft targets for the student network.

Thus, neither the fitted teacher model nor information from the held-out temperature is transferred to the

training process of the corresponding fold. It should also be noted that the results in Figure 4 are used only

for preliminary algorithm and network-configuration screening and do not represent the final generalization

performance of KD-ANN. Therefore, the RMSE values shown in Figure 4 should not be directly compared

with the leave-one-temperature-out metrics reported in the subsequent sections.

Nevertheless, because the preliminary screening employed an 80/20 pointwise split of the complete dataset,

the teacher-algorithm and basic student-architecture choices were informed by data from all six

temperatures. These choices were therefore not made completely independently of the subsequently held-out

temperature data. Although the teacher and student models are newly fitted within each leave-one-

temperature-out fold, the preliminary selection procedure may introduce some model-selection optimism.

Consequently, the leave-one-temperature-out results evaluate the out-of-sample performance of the selected

modeling configuration rather than providing a fully independent evaluation of the entire algorithm- and
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architecture-selection process. The preliminary screening results in Figure 4 and the subsequent

temperature-wise validation results therefore serve different purposes and are interpreted separately.

Despite its high predictive accuracy, Extra Trees is a tree-based ensemble algorithm that produces piecewise-

constant prediction functions without global continuous differentiability. It therefore cannot be expressed

directly as an explicit differentiable constitutive equation or readily integrated into FE material subroutines.

Consequently, Extra Trees is used exclusively as the teacher model in the knowledge-distillation framework

rather than as the final constitutive model. The prediction output of the teacher model for an arbitrary input

sample x
i
 is defined as:

where F
ET

 denotes the trained Extra Trees teacher model, and σ
i

T
 represents the soft label output by the

teacher model.

A feedforward fully connected MLP with rectified linear unit (ReLU) hidden-layer activations and a linear

output layer is selected as the student model. The network defines a continuous, piecewise-affine mapping in

the normalized input space and is differentiable almost everywhere, allowing its forward calculation and

derivative evaluation to be exported to Fortran. This MLP is established to characterize the nonlinear

mapping between hot deformation parameters and flow stress, which is formulated as follows:

where θ denotes all trainable network parameters. The student network adopts a 3–64–32–1 topology,

consisting of an input layer with three neurons, two hidden layers containing 64 and 32 neurons,

respectively, and a single-neuron output layer for predicting flow stress. Including weights and biases, the

student network contains 2,369 trainable parameters. Its forward propagation process is expressed as:

where x is the normalized input vector, h
1
 and h

2
 are the outputs of the two hidden layers, and σ is the

normalized stress predicted by the student network. The matrices W
1
, W

2
 and W

3
, together with the bias

vectors b
1
, b

2
 and b

3
, are the trainable network parameters.

In Equation (9), ϕ denotes the ReLU activation, ϕ(z) = max(0, z). Its derivative is 1 for z > 0 and 0 for z <​ 0; at

z = 0, a slope of zero is assigned as a numerical convention. The same convention is used in the exported

VUHARD implementation. Stress derivatives are evaluated by the chain rule, accounting for input

normalization, the logarithmic strain-rate transformation, and output rescaling.

Considering the uneven number of data points contained in different flow curves, a curve balance weight

(w
i

curve
) is introduced in this work to prevent curves with more sampling points from dominating the training

process. Meanwhile, the low-strain region corresponds to the critical deformation stage at the initial forming

period and exerts a remarkable influence on the subsequent load–displacement response. Accordingly, a low-

strain enhancement weight is further proposed:

𝜎T
i = FET (xi) (7)

𝜎̂ = f𝜃 (𝜀, ln ¤𝜀,T) (8)

[h1 = 𝜙 (W1x̃ + b1)] [h2 = 𝜙 (W2h1 + b2)] [𝜎̃ = W3h2 + b3] (9)

wi = wcurve
i

[
1 + 𝛽 exp

(
−𝜀i
𝜏

)]
(10)

˜ ˜
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where w
i
 is the final weight assigned to the i-th training sample, w

i

curve
 denotes the curve-balancing weight

used to prevent curves containing more data points from dominating the training process, and ε
i
 is the true

strain corresponding to the i-th sample. The parameter β controls the magnitude of the additional weighting

in the low-strain region, while τ controls the rate at which this enhancement decays with increasing strain. At

ε
i
 = 0, the enhancement factor reaches its maximum value of 1 + β; as strain increases, the exponential term

gradually approaches zero and w
i
 approaches w

i

curve
.

To improve robustness against local experimental fluctuations and samples with relatively large residuals, the

Huber loss is used for supervision based on the experimental stresses. The Huber loss combines the

characteristics of the mean squared error and mean absolute error. For small residuals, it adopts a quadratic

form to provide smooth gradients and accurate fitting. For large residuals, it changes to a linear form to

reduce sensitivity to outliers. For the residual:

the Huber loss is defined as:

where δ is the transition threshold between the quadratic and linear regions. A smaller value of δ increases

robustness to large residuals, whereas a larger value makes the loss behave more similarly to the mean

squared error. The weighted Huber loss for supervision using the experimental ground-truth stresses is

expressed as:

whereas the weighted consistency loss between the student-network predictions and teacher-generated

targets is defined as:

The final knowledge-distillation objective is then formulated as:

here, 
true

 is the weighted supervised loss between the student predictions and experimentally measured

stresses, 
teacher

 is the weighted consistency loss between the student and teacher predictions, and 
distill

 is the

final knowledge-distillation loss. The subscript i indexes the training samples, σ
i
 is the experimentally

measured flow stress, σ
i
 is the flow stress predicted by the student network, and σ

i

T
 is the soft target generated

by the Extra Trees teacher model. The denominator Σ
i
w

i
 normalizes each loss term with respect to the total

sample weight. The distillation coefficient λ
d
 ∈ [0, 1] regulates the relative contributions of experimental

supervision and teacher guidance.

After training, the input and output normalization parameters were exported together with the network

weights and biases for implementation in the Fortran VUHARD subroutine.

𝑟𝑖 = 𝜎𝑖 − 𝜎̂𝑖 (11)

Huber𝛿 =

{ 1
2𝑟

2
𝑖 , |𝑟𝑖 | ≤ 𝛿

𝛿(|𝑟𝑖 | − 1
2𝛿), |𝑟𝑖 | > 𝛿

(12)

ℒtrue =
∑

i wiHuber𝛿 (𝜎i − 𝜎̂i)∑
i wi

(13)

ℒteacher =

∑
i wi

(
𝜎̂i − 𝜎T

i
)2∑

i wi
(14)

ℒdistill = (1 − 𝜆d)ℒtrue + 𝜆dℒteacher (15)

ℒ

ℒ ℒ

ˆ
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Prediction accuracy: modified J–C model vs. KD-ANN model

To ensure a fair comparison with the KD-ANN model, the modified J–C model is evaluated using exactly the

same curve-grouped leave-one-temperature-out protocol. In each fold, all four flow-stress curves at one

deformation temperature are retained as the common independent test set, whereas only the curves obtained

at the remaining five temperatures are used for parameter identification. The modified J–C model is

recalibrated independently in each fold, and no data point from the held-out temperature is involved in the

fitting procedure. The parameter-identification procedure follows that described in Ref.
[8]

. The resulting fold-

specific constitutive equations for the independently held-out temperatures of 800, 850, 900, 950, 1,000 and

1,050 °C are given in Equations (16)-(21), respectively.

σ = (102.22 - 134.98ε + 108.49ε2
)(1.12 + 0.57 lnε*

)exp[(8.53
-5
(lnε*

)
2
 - 3.94

-4
lnε*

 - 3.70e
-3
)(T - 850)]   (16)

σ = (135.91 - 121.78ε + 77.82ε2
)(1 + 0.44lnε*

)exp[(3.01
-5
(lnε*

)
2
 + 6.84

-5
lnε*

 - 4.36e
-3
)(T - 800)] (17)

σ = (135.91 - 121.78ε + 77.82ε2
)(1 + 0.44lnε*

)exp[(5.70
-5
(lnε*

)
2
 -1.27

-4
lnε*

 -4.19e
-3
)(T - 800)] (18)

σ = (135.91 - 121.78ε + 77.82ε2
)(1 + 0.44lnε*

)exp[(5.46
-5
(lnε*

)
2
 -1.19

-4
lnε*

 -4.14e
-3
)(T - 800)] (19)

σ = (135.91 - 121.78ε + 77.82ε2
)(1 + 0.44lnε*

)exp[(4.28
-5
(lnε*

)
2
 -3.55

-5
lnε*

 -4.27e
-3
)(T - 800)] (20)

σ = (135.91 - 121.78ε + 77.82ε2
)(1 + 0.44lnε*

)exp[(7.50
-5
(lnε*

)
2
 -2.01

-5
lnε*

 -4.36e
-3
)(T - 800)] (21)

here, ε*
 = ε/ε0 is the normalized strain rate, where ε is the current strain rate and ε0 = 0.01 is the reference

strain rate.

To quantitatively assess the predictive performance of the developed models, the coefficient of determination

(R
2
) and mean absolute error (MAE) are adopted as evaluation metrics, together with the aforementioned

RMSE
[34-36]

. The definitions of these indicators are given as follows:

Figure 5 compares the experimental and predicted stresses obtained using the modified J–C model under

curve-grouped leave-one-temperature-out validation. Averaged across the six held-out temperature folds,

the model achieves an R
2
 of 0.960, an RMSE of 17.12 MPa and an MAE of 12.58 MPa. The predictions

capture the overall flow-stress response of complete curves at unseen temperatures, although accuracy varies

among folds. The largest RMSE and MAE occur at 800 °C, while the lowest R
2
 is observed at 1,050 °C.

Overall, the modified J–C model reproduces the general stress response of the complete flow curves at

unseen temperatures, although its predictive accuracy varies among the held-out temperature conditions.

Figure 6 shows the predictions of KD-ANN under leave-one-temperature-out validation. In each validation

fold, all four flow curves at the target temperature are excluded from training and validation and are used

exclusively for testing. KD-ANN achieves R
2
 values of 0.978-0.991, RMSE values of 7.57-14.83 MPa and MAE

values of 5.79-12.21 MPa. Averaged across the six held-out temperatures, R
2
, RMSE and MAE reach

approximately 0.984, 11.40 and 9.21 MPa, respectively. The highest R
2
 is obtained at 900 °C (R

2
 = 0.991),

whereas the lowest RMSE and MAE are achieved at 1,050 °C (7.57 and 5.79 MPa, respectively). Even at the
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Figure 5. Predictive performance of the modified J–C model across different held-out temperatures: (A) 800 °C, (B) 850 °C, (C) 900 °C,
(D) 950 °C, (E) 1,000 °C, (F) 1,050 °C. J–C: Johnson–Cook; R2: coefficient of determination; RMSE: root mean square error; MAE: mean
asbsolute error.

lower boundary of 800 °C, KD-ANN maintains an c of 0.985, with RMSE and MAE values of 14.46 and

11.18 MPa. The close alignment of most predictions with the identity line indicates that the model preserves

the principal stress response when complete curves at the target temperature are unavailable during model

development.

The relative gains shown in Figure 7 further quantify the predictive advantage of KD-ANN under the unified

leave-one-temperature-out protocol. Positive gains are obtained for all three metrics at each investigated

temperature. On average, KD-ANN increases R
2
 by 23.3 × 10

-3
 and reduces RMSE and MAE by 32.0% and

25.7%, respectively. The largest improvements occur at 1,050 °C, where R
2
 increases by 72.8 × 10

-3
, while

RMSE and MAE decrease by 60.6% and 48.8%, respectively. At 950 °C, the MAE reduction is relatively

modest at 1.9%. Nevertheless, KD-ANN still increases R
2
 by 7.9 × 10

-3
 and reduces RMSE by 14.3% under this

condition.

The improvements at 800 and 1,050 °C are particularly relevant because these temperatures represent the

lower and upper boundaries of the investigated domain. At 800 °C, KD-ANN increases R
2
 by 23.2 × 10

-3
 and

reduces RMSE and MAE by 37.4% and 37.7%, respectively. At 1,050 °C, the corresponding reductions reach

60.6% and 48.8%. The consistent gains at both intermediate and boundary temperatures indicate that KD-

ANN captures transferable relationships among strain, strain rate, temperature and flow stress. These results

support its generalization to complete deformation curves at unseen temperatures and its short-range

extrapolation at the boundaries of the investigated temperature range.
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Figure 6. Predictive performance of the KD-ANN model across different held-out temperatures: (A) 800 °C, (B) 850 °C, (C) 900 °C, (D)
950 °C, (E) 1,000 °C, (F) 1,050 °C. KD-ANN: Knowledge-distilled artificial neural network; R2: coefficient of determination; RMSE: root
mean square error; MAE: mean absolute error.

Figure 7. Predictive performance gains of KD-ANN over the J–C model at different held-out temperatures. KD-ANN: Knowledge-distilled
artificial neural network; J–C: Johnson–Cook; R2: coefficient of determination; RMSE: root mean square error; MAE: mean absolute error.

Notably, both KD-ANN and the modified J–C model are evaluated using the same curve-grouped leave-one-

temperature-out protocol. In each fold, both models are developed exclusively from the five retained

temperatures and then used to predict the complete flow-stress curves at the held-out temperature. Under

this identical evaluation setting, KD-ANN achieves higher R
2
 values and lower RMSE and MAE values across

all six temperatures. Its consistent advantage at both intermediate and boundary temperatures indicates a
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Table 2. Configurations and results of the sequential ablation study under curve-grouped leave-one-temperature-out validation

Model Experimental-label loss
Curve
balancing

Low-strain
weighting

Teacher-target loss
RMSE
(MPa)

MAE
(MPa)

R2

Original MLP MSE No No No 22.37  19.17   0.932

Weighted MLP MSE Yes Yes No 21.12   16.66 0.942

KD-ANN without
teacher

Weighted Huber Yes Yes No 17.87 14.39  0.958

Complete KD-
ANN

Weighted Huber Yes Yes
Weighted teacher-
target MSE 11.40 9.21 0.984

RMSE: Root mean square error; MAE: mean absolute error; R2: coefficient of determination; MLP: multilayer perceptron; MSE: mean squared error;
KD-ANN: knowledge-distilled artificial neural network.

stronger ability to capture the nonlinear relationships among strain, strain rate, temperature and flow stress.

Overall, these results demonstrate that KD-ANN provides greater predictive accuracy and transferability

than the modified J–C model under previously unseen temperature conditions.

Additional leave-one-strain-rate-out validation is conducted to assess generalization along the strain-rate

dimension [Supplementary Material 1]. Predictive accuracy decreased when an entire strain-rate condition

was excluded, particularly near the boundaries of the investigated range. This weaker performance is likely

associated with the limited experimental sampling along the strain-rate dimension. Thus, the favorable

temperature-wise results should not be interpreted as equally strong generalization to unseen strain rates.

Future work will include more closely spaced strain-rate conditions to improve and reassess this capability.

Ablation analysis of the KD-ANN framework

To evaluate the incremental effects of the components used in the proposed KD-ANN framework, a

sequential ablation study was conducted under the same curve-grouped leave-one-temperature-out

validation protocol. All configurations used the same 3–64–32–1 MLP architecture and identical curve

partitions. Therefore, the comparisons concern differences in the training objectives and weighting strategies

rather than changes in network depth or width. The reported metrics are the arithmetic means of the

corresponding results obtained from the six held-out-temperature folds.

Four configurations were considered in the sequential ablation. The original MLP was trained using the

conventional MSE objective without curve-balancing or low-strain weighting. The weighted MLP retained

the MSE objective but introduced curve-balancing and low-strain weights. KD-ANN without teacher

supervision replaced the MSE objective with the weighted Huber loss while retaining both weighting

strategies. The complete KD-ANN further incorporated the teacher-target consistency loss. The components

included in each configuration are summarized in Table 2.

The original MLP achieved an RMSE of 22.37 MPa, an MAE of 19.17 MPa and an R
2
 of 0.932. Introducing

the curve-balancing and low-strain weighting strategies reduced the RMSE and MAE to 21.12 and

16.66 MPa, respectively, while increasing R
2
 to 0.942. These changes correspond to reductions of 5.6% in

RMSE and 13.1% in MAE, indicating a moderate incremental benefit from the weighting strategy.

KD-ANN without teacher supervision achieved an RMSE of 17.87 MPa, an MAE of 14.39 MPa and an R
2
 of

0.958. Relative to the weighted MLP, the RMSE and MAE decreased by 15.4% and 13.6%, respectively. The

complete KD-ANN achieved the lowest errors, with an RMSE of 11.40 MPa, an MAE of 9.21 MPa and an R
2

of 0.984. Compared with KD-ANN without teacher supervision, the complete model reduced RMSE and

MAE by 36.2% and 36.0%, respectively. Relative to the original MLP, the corresponding reductions were

49.0% and 52.0%.

https://file.oaecenter.com/published/pdf/44528d89a22589dac0a41b2f3d7003b7/1792997374/jmi6052-SupplementaryMaterials.pdf
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Table 3. Training objectives and purposes of the model configurations used in the teacher-supervision control experiments

Configuration Training objective Purpose

Conventional MLP
Conventional experimental-label
training

Baseline MLP performance

A: No-teacher KD student H(y) Performance without auxiliary teacher supervision

B: Teacher-only pseudo-label MLP M(yT)
Performance when the student is trained exclusively using teacher
predictions

C: Complete KD-ANN 0.65H(y) + 0.35M(yT) Performance under joint experimental and teacher supervision

D: Experimental-target control 0.65H(y) + 0.35M(y)
Effect of using the same mixed-loss structure without teacher-
generated targets

MLP: Multilayer perceptron; KD-ANN: knowledge-distilled artificial neural network.

Table 4. Predictive performance of the teacher-supervision control configurations under curve-grouped leave-one-temperature-out
validation

Configuration RMSE (MPa) MAE (MPa) R2

Conventional MLP

A: No-teacher KD student

B: Teacher-only pseudo-label MLP

C: Complete KD-ANN

D: Experimental-target control

RMSE: Root mean square error; MAE: mean absolute error; R2: coefficient of determination; MLP: multilayer perceptron; KD-ANN: knowledge-
distilled artificial neural network.

Because the components were introduced sequentially, the observed increments depend on the components

already included in the preceding configuration. The sequential ablation therefore supports the progressive

construction of the complete framework but does not provide an order-independent decomposition of the

contribution of each component.

To examine teacher supervision more directly, additional targeted control experiments were conducted using

the same student architecture, curve partitions, weighting strategies and validation procedure. In each fold,

the Extra Trees teacher was trained exclusively using the 16 training curves, and its predictions at the original

training coordinates were used as soft targets. The validation and held-out test curves were not used to fit the

teacher, generate training targets or update the student-model parameters.

Let H
(y)

 denote the weighted Huber loss between the student prediction and the measured stress y, and let

M
(Z )

 denote the weighted MSE between the student prediction and target z. Four matched student

configurations were compared. Configuration A used only the experimental-label Huber loss. Configuration

B was trained exclusively against the teacher-generated targets. Configuration C represented the complete

KD-ANN and combined experimental and teacher supervision. Configuration D retained the same mixed-

loss structure and weighting coefficients as Configuration C but replaced the teacher targets with measured

stresses. The training objectives and purposes of these configurations are summarized in Table 3.

Here, y
T
 denotes the prediction generated by the fold-specific Extra Trees teacher. Configuration B is an MLP

student trained against teacher-generated pseudo-labels rather than the Extra Trees model itself.

Configuration D controls for the effect of introducing an additional MSE term without using teacher-

generated targets.

The predictive performance of the control configurations is summarized in Table 4. All reported values are

the arithmetic means across the six held-out-temperature folds.

22.37 19.17 0.932

17.87 14.39 0.958

16.03 11.87 0.966

11.40 9.21 0.984

22.84 20.25 0.935
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The teacher-only pseudo-label MLP improved upon both the conventional MLP and the no-teacher KD

student, indicating that the teacher predictions provide a useful supervisory signal. However, teacher-only

training did not reproduce the performance of the complete KD-ANN. Compared with Configuration B,

Configuration C reduced RMSE and MAE by approximately 28.9% and 22.4%, respectively. This comparison

indicates that joint supervision using experimental stresses and teacher-generated targets is more effective

than exclusive imitation of the teacher.

Configuration D achieved an RMSE of 22.84 MPa, an MAE of 20.25 MPa and an R
2
 of 0.935. Under the same

mixed-loss structure, replacing the auxiliary experimental target with the teacher-generated target reduced

RMSE and MAE by approximately 50.1% and 54.5%, respectively. The comparison between Configurations

C and D therefore supports an additional predictive benefit from using teacher-generated targets within the

joint-supervision objective.

The teacher targets are generated only at the original training coordinates and introduce no additional

experimental observations or deformation conditions. Although the results demonstrate the predictive

benefit of the complete teacher-supervised configuration, they do not fully distinguish genuine knowledge

transfer from possible smoothing, pseudo-label or loss-interaction effects. Accordingly, the present results

are interpreted as evidence supporting the practical value of the joint training formulation rather than proof

of a unique underlying mechanism. Further controlled experiments and additional hot-compression data

will be used in future work to examine these effects separately.

Overall, the sequential ablation and targeted control experiments show that the performance of KD-ANN

arises from the combined effects of its training components. The weighting and Huber-based student-

training strategies provide progressive improvements over the original MLP, while the joint use of

experimental stresses and teacher-generated targets produces the largest incremental gain under the present

validation protocol.

Although validation-based early stopping, checkpoint selection and complete-curve holdout mitigate the risk

of overfitting, they cannot demonstrate its complete absence. The present dataset contains only 24 distinct

temperature–strain-rate conditions, and observations along each flow curve are correlated rather than

independent experimental replicates. Therefore, the present validation supports the temperature-wise

predictive capability of the selected model configuration but does not establish unrestricted generalization

beyond the sampled thermomechanical domain. The validated application range is limited to temperatures

of 800-1,050 °C, strain rates of 0.01-10 s
-1
, and the investigated strain range. Predictions outside these ranges

should be treated cautiously until additional independent experimental data become available.

Comparative FE simulation of J–C and KD-ANN constitutive models

Since the data measured by the Gleeble system is typically obtained under the assumptions of negligible

interfacial friction and no temperature gradient, the FE model in this study was also established under

idealized hot-compression conditions to verify the applicability of the proposed machine learning-based

constitutive model. Specifically, the specimen–anvil contact was treated as approximately frictionless, and the

temperature field within the specimen was assumed to remain spatially uniform, so that the constitutive

response could be evaluated under idealized hot-compression conditions. The reaction force–displacement

curve obtained from the FE simulation was then compared with the rheological response output by the

Gleeble system. If the two curves show consistent profiles and similar evolution trends, it indicates that the

proposed machine learning constitutive model can provide reliable predictions under idealized conditions

and is therefore feasible and applicable for FE simulations.
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Figure 8. (A) Schematic diagram of the isothermal hot compression model; (B) FE meshing of the model. FE: Finite element.

For the FE validation at 800 °C, the fold-specific KD-ANN student model obtained from the leave-one-

temperature-out fold in which 800 °C served as the held-out test temperature was employed. In this fold, all

four flow-stress curves measured at 800 °C were excluded from teacher and student training and validation

and were used exclusively for independent testing. The FE model of isothermal hot compression is shown in

Figure 8, where Figure 8A presents the schematic diagram of the isothermal hot compression model and

Figure 8B shows the geometric meshing of the model. Following the method proposed by Pantalé et al.
[30]

, the

corresponding KD-ANN student model was implemented in Abaqus/Explicit through the VUHARD user

subroutine to simulate the isothermal compression process at all four experimental strain rates. For

comparison, the modified J–C model was also incorporated into the same FE framework, while all other

geometric, contact, meshing, and boundary conditions were kept identical. The dies were modeled as rigid

bodies, whereas the specimen was defined as a deformable body with an initial temperature of 800 °C.

Because the simulation was conducted under idealized isothermal hot-compression conditions, no heat

transfer coefficient was applied between the specimen and the anvils. A small friction coefficient of 0.01 was

introduced at the specimen–anvil interface solely to improve numerical stability and avoid severe mesh

distortion and non-convergence that may occur under a strictly frictionless condition. Owing to its very

small magnitude, the associated frictional effect was considered negligible, and the contact condition was

therefore regarded as approximately frictionless. The specimen was discretized using C3D8RT hexahedral

elements with a mesh size of 0.5 mm.

The contour maps of equivalent strain and equivalent stress obtained from FE simulations are presented in

Figures 9 and 10, respectively. It can be seen that, under the same deformation temperature and strain rate,

the overall deformation characteristics predicted by the KD-ANN constitutive model and the J–C

constitutive model are highly consistent when used as material inputs in the FE analysis. The equivalent

strain predicted by both models is mainly concentrated in the central region of the specimen, exhibiting a

distinct layered distribution along the height direction, whereas the equivalent strain near the upper and

lower end faces is relatively small. This is mainly because the heat transfer between the specimen and the

anvils is not considered in the present simulation, and the friction coefficient is set to a low value, resulting in

a relatively weak constraint at the end faces. As a result, the overall deformation of the specimen is more

uniform, and no pronounced barreling is observed.

Further comparison of the equivalent stress distribution shows that the stress fields predicted by the two

constitutive models exhibit essentially the same distribution pattern: the equivalent stress is relatively low in

the end regions of the specimen, whereas the central region and its vicinity show a higher stress level,
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Figure 9. Distribution of equivalent strain from ideal compression FE simulations predicted by the KD-ANN and J–C constitutive models.
FE: Finite element; KD-ANN: knowledge-distilled artificial neural network; J–C: Johnson–Cook; FEM: finite element method.

indicating that the load during plastic deformation is mainly concentrated within the specimen interior. As

the strain rate increases, the equivalent stress inside the specimen shows an overall upward trend, suggesting

that the material exhibits a certain degree of strain-rate sensitivity under high strain-rate conditions. Overall,

both the ANN constitutive model and the J–C constitutive model are able to capture the macroscopic

deformation behavior of the specimen and the distribution characteristics of the flow field during hot

compression.

Figure 11 compares the experimentally measured load–displacement curves with the FE predictions obtained

using the modified J–C and KD-ANN constitutive models at 800 °C. Both models reproduce the overall

evolution of the experimental load, including its rapid increase during the initial loading stage and

subsequent variation with displacement. Nevertheless, the KD-ANN-based simulations show closer

agreement with the experimental curves across the four strain rates. At 0.01, 0.1, 1 and 10 s
-1

, the MAEs

obtained using KD-ANN are 0.293, 0.238, 0.698 and 1.686 kN, respectively, whereas those obtained using the

modified J–C model are 0.513, 1.014, 1.608 and 1.716 kN, respectively. The corresponding mean MAEs over

the four deformation conditions are 0.729 kN for KD-ANN and 1.213 kN for the modified J–C model. These

results demonstrate that the KD-ANN constitutive model provides a more accurate description of the
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Figure 10. Distribution of equivalent stress from ideal compression FE simulations predicted by the KD-ANN and J–C constitutive models.
FE: Finite element; KD-ANN: knowledge-distilled artificial neural network; J–C: Johnson–Cook; FEM: finite element method.

experimentally observed load response over the investigated range of strain rates.

The improvement is particularly pronounced at strain rates of 0.1 and 1 s
-1
, where KD-ANN more accurately

captures the experimental load evolution throughout the principal deformation stage. At 10 s
-1

, the

experimental load drops abruptly near the end of the test because the Gleeble servo-control system initiates

rapid deceleration and unloading as the actuator approaches the prescribed displacement. This terminal

decrease is therefore an equipment-control response rather than an intrinsic material response and cannot be

reproduced by the constitutive model. The corresponding unloading data are excluded from the error

evaluation, and the comparison is restricted to the effective loading stage. Within this range, the two models

exhibit comparable errors, although KD-ANN still yields a slightly lower MAE. Overall, the close agreement

between the KD-ANN-driven FE predictions and the experimental measurements confirms that the model

can be successfully implemented in an Abaqus material subroutine and retains strong generalization

capability when predicting structural responses at a deformation temperature entirely excluded from model

development.

Combined with the equivalent strain and stress distributions, the load–displacement results show that both

the KD-ANN and modified J–C constitutive models reproduce the overall macroscopic deformation

characteristics of the specimen during hot compression. However, the KD-ANN-based simulations exhibit
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Figure 11. Comparisons of the forming load of the predicted values by KD-ANN constitutive model and the modified J–C constitutive
model. KD-ANN: Knowledge-distilled artificial neural network; J–C: Johnson–Cook; MAE: mean absolute error.

consistently closer agreement with the experimental load–displacement curves across the four strain rates.

This improvement arises from the enhanced ability of KD-ANN to represent the nonlinear dependence of

flow stress on strain, strain rate and temperature, thereby providing a more accurate prediction of the

structural load response throughout the principal deformation stage and at large displacements.

Notably, all experimental curves at 800 °C are excluded from model training and validation. The agreement

obtained at this completely unseen temperature therefore demonstrates not only the successful

implementation of KD-ANN in Abaqus but also its extrapolation capability at the FE level. Compared with

the modified J–C model, KD-ANN reduces the mean MAE of the predicted load from 1.213 to 0.729 kN.

Further comparisons at the intermediate temperature of 900 °C and the upper-boundary temperature of 
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1,050 °C [Supplementary Material 2] show that KD-ANN generally retains closer agreement with the

experimental load–displacement curves than the modified J–C model. These results demonstrate that KD-

ANN provides a more accurate and reliable constitutive description for FE simulations of the high-

temperature compression of the investigated alloy, supporting its application in hot-deformation prediction

and process-parameter optimization.

CONCLUSIONS
A KD-ANN constitutive model is developed for the hot deformation of β-C titanium alloy. The main

conclusions are as follows:

(1) Under the same curve-grouped leave-one-temperature-out validation protocol, KD-ANN achieves mean

values of R
2
 = 0.984, RMSE = 11.40 MPa and MAE = 9.21 MPa, compared with 0.960, 17.12 MPa and 12.58

MPa, respectively, for the modified J–C model. This matched-fold comparison demonstrates that the selected

KD-ANN configuration predicts complete flow-stress curves at held-out temperatures more accurately than

the modified J–C model.

(2) The sequential ablation analysis shows that the weighting strategy and Huber-based student-training

formulation progressively improve the baseline MLP. The targeted control experiments further show that the

joint use of experimental stresses and teacher-generated targets produces the largest incremental

improvement under the tested training protocol.

(3) For the fold in which all 800 °C curves are excluded from model fitting and validation, the KD-ANN-

based FE simulations reproduce the experimental load–displacement curves with a mean MAE of 0.729 kN,

compared with 1.213 kN for the modified J–C model.

This result supports the temperature-boundary predictive capability of the selected KD-ANN configuration

and verifies its successful implementation as a differentiable constitutive input in Abaqus. Overall, KD-ANN

provides an accurate and computationally deployable constitutive framework for β-C titanium alloy, with

demonstrated temperature-wise predictive capability under the reported validation protocol.
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