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Abstract
This paper addresses the robust cooperative control problem of heterogeneous unmanned
aerial vehicles (UAVs) and unmanned surface vehicles (USVs) under actuator faults and
complex environmental disturbances. A heterogeneous fixed-time prescribed performance
formation control framework is proposed to ensure precise coordination among the vehi-
cles. Specifically, a disturbance observer-based fixed-time control law is developed for USV
formation control, employing a leader-follower topology. Simultaneously, a fixed-time pre-
scribedperformance control strategy basedon error transformation is designed for theUAVs
to ensure convergence within specified performance boundaries. To enhance system re-
silience, a disturbance observer is designed for the USV formation system to handle com-
plex marine environmental disturbances. Meanwhile, for the UAV subsystem, an adaptive
fault-tolerant mechanism is integrated to estimate and compensate for loss of actuator effi-
ciency and bias faults. Lyapunov stability analysis theoretically proves that all tracking errors
in the closed-loop system converge to a small neighborhood of the origin within a fixed time,
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independent of the initial system states. The simulation results validate the effectiveness of the proposed formation

methods.

1. INTRODUCTION

Unmanned systems have become crucial components in military and civilian applications, as well as in rescue
and detection operations, owing to the rapid development of automation technologies [1,2]. Their primary ad-
vantages lie in reducing human intervention, improving system autonomy, mitigating operational risks, and
ensuring personnel safety. With the constant growth of automation technologies for unmanned surface vehi-
cles (USVs), the role of USVs in marine equipment ecosystems and civilian/military applications has become
increasingly significant [3,4].

Although individual unmanned systems have advantages in particular missions, their operational capability and
effectiveness are inherently restricted [5,6]. Therefore, researchers are increasingly focusing on the cooperative
formation control of multiple unmanned systems to enhance multi-task collaboration capabilities. The most
significant issue in USV formation control is the acquisition and processing of information. Collaborative for-
mation is usually based on state information [via Global Navigation Satellite System (GNSS)/Inertial Navigation
System (INS)] and neighbor information (via radar/SLAM), both of which are often limited by environmental
adaptability, line-of-sight, and signal coverage [7].

In contrast, unmanned aerial vehicles (UAVs) possess distinct operational advantages, such as high maneuver-
ability, rapid response capability, and most importantly, a wide and unobstructed top-down view [8,9]. When
UAVs are integrated with USVs, the resulting heterogeneous UAV-USV system combines the complementary
strengths of both domains: the UAV serves as an aerial monitor providing a global view, while the USV forma-
tion functions as a mobile base offering endurance and payload support [10]. Such cross-domain cooperation
can significantly improve the autonomy and operational effectiveness of maritime missions [11,12].

Nevertheless, despite extensive research on cooperative control, achieving reliable formation control under
harsh marine conditions remains challenging. In general, available control methods can be categorized into
three groups according to their design objectives and operational characteristics:

First, regarding convergence performance, traditional cooperative controls largely rely on asymptotic stabil-
ity or finite-time stability. For example, studies in [13,14] addressed consensus problems and derived sufficient
conditions for exponential or asymptotic convergence. Although these methods are theoretically sound, the
settling time is heavily dependent on the initial states of the system [15–17]. In emergency maritime rescue sce-
narios, where initial position errors are often random and large, such dependence can lead to unacceptable long
convergence times [18]. Although finite-time control provides improved performance, the upper limit of the
settling time still depends on the initial conditions. In contrast, fixed-time stability ensures that the settling
time is bounded by a constant independent of the initial states. Recent advancements in this field have been
achieved in the case of general multi-agent systems (MASs). As an illustration, earlier work has already ex-
amined fixed-time group consensus for MASs with nonlinear dynamics and uncertainties [19], and formulated
fixed-time group tracking control methods to address unknown underlying nonlinear dynamics [20]. Although
these sophisticated methods offer a solid theoretical basis for handling nonlinearities and uncertainties, their
application to heterogeneous cross-domain marine systems (e.g., UAV-USV), particularly in the presence of
simultaneous actuator failures and stringent performance requirements, remains insufficiently explored [21].

Second, regarding constraint handling and safety, optimization-based methods such as model predictive con-
trol (MPC) and control barrier functions (CBFs) are widely used. Studies in [22,23] have shown the usefulness
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of MPC and CBF in constraint handling and collision avoidance. However, these methods are computation-
ally intensive and require accurate global models, which can be impractical when considering resource-limited
embedded systems. Prescribed performance control (PPC) provides a computationally efficient alternative by
converting constrained tracking errors into unconstrained forms. Although a recent review [24] examined the
concept of PPC inUAV-USV systems, further investigation is still required to guarantee strictly limited transient
performance in heterogeneous systems under fault conditions.

Third, regarding robustness against faults and disturbances,marine systems are subject to various sources of
uncertainty. Traditional robust control approaches generally treat actuator failures and environmental forces as
bounded lumped disturbances [25,26]. Such passive approaches are conservative because the controller cannot
actively identify particular actuator faults (e.g., efficiency loss [27] or bias) and thus cannot provide specific com-
pensation, which can cause formation degradation [28,29]. Although some disturbance observers [30] and resilient
control mechanisms [31–33] have been proposed, effective methods specifically designed to address complex hy-
drodynamic coupling and heterogeneous faults in UAV-USV systems remain insufficiently investigated [34–38].

Motivated by the above observations, this paper addresses the problem of heterogeneous UAV-USV formation
control subject to strict time constraints, actuator faults, and environmental disturbances. A hierarchical
leader-follower architecture [39] is adopted, where the USV formation acts as a mobile reference, while the UAV
tracks the center of the formation. The objective is to design a unified control framework that guarantees: (1)
Formation establishment within a user-defined fixed time; (2) Strict adherence to safety performance bounds;
and (3) Active resilience against mechanical failures and environmental interference.

The main contributions of this paper are summarized as follows:

1. A Heterogeneous Fixed-Time Control Framework: An inclusive cooperative control framework is de-
signed to integrate leader-follower fixed-time convergence control for the USV subsystem with fixed-time
PPC for the UAV subsystem. The proposed framework guarantees accurate USV formation geometry and
effective UAV tracking of the formation center within a predictable time, irrespective of the initial errors.

2. Active Fault Tolerance with Disturbance Decoupling: By integrating adaptive estimation with distur-
bance observers, the proposed method actively distinguishes and compensates for actuator efficiency
loss/bias faults and lumped environmental disturbances. This strategy significantly reduces the conser-
vatism compared to passive robust controls.

3. Guaranteed Transient Performance: By introducing prescribed performance functions (PPFs) and error
transformation techniques, the transient overshoot and steady-state tracking errors of the UAV are strictly
constrained within predefined boundaries, ensuring safe cross-domain tracking.

4. Robust USV Formation: A fixed-time disturbance observer is specifically employed for the USV subsys-
tem to counteract harsh environmental disturbances, ensuring the stability of the mobile base.

2. METHODS

Before presenting the dynamic models, the control objectives and constraints are explicitly defined to clarify the
research motivation. Consider a heterogeneous system composed of 𝑁 follower USVs and 1 follower UAV, with
a leader USV providing the reference trajectory. Let 𝜼𝑖 and 𝜼𝑑,𝑖 denote the actual and desired positions of the
𝑖-th USV, respectively. Let 𝑒𝑎,𝑘 [where 𝑘 ∈ {𝑥, 𝑦, 𝑧}] denote the UAV tracking error along each axis relative to the
formation center.
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The primary control objective is to design distributed control laws 𝝉𝑖 for the USVs and 𝑼𝑢𝑎𝑣 for the UAV, such
that the following operational requirements are simultaneously satisfied:

1. Objective 1: Fixed-Time Formation Convergence. The position tracking error of the USV formation
must converge to a small neighborhood of the origin within a user-defined fixed time 𝑇𝑚𝑎𝑥 , independent
of the initial system states. Mathematically, this is expressed as:

lim
𝑡→𝑇𝑚𝑎𝑥

‖𝜼𝑖 (𝑡) − 𝜼𝑑,𝑖 (𝑡)‖ ≤ 𝜖1, ∀𝜼𝑖 (0) ∈ R3 (1)
where 𝜖1 is a sufficiently small positive constant.

2. Objective 2: Prescribed Performance Constraint (Safety). For the UAV, to ensure flight safety and tran-
sient performance, the tracking error 𝑒𝑎,𝑘 (𝑡) must strictly evolve within a predefined “funnel” envelope
bounded by the performance function 𝜌𝑘 (𝑡):

−𝛿𝑘 𝜌𝑘 (𝑡) < 𝑒𝑎,𝑘 (𝑡) < 𝛿𝑘 𝜌𝑘 (𝑡), ∀𝑡 ≥ 0 (2)
where 𝛿𝑘 ∈ (0,1] is a tuning parameter and 𝜌𝑘 (𝑡) is a strictly decreasing positive function.

3. Objective 3: Active Fault Tolerance. The heterogeneous systemmust maintain stability and performance
despite the presence of time-varying actuator faults. The fault model is defined as:

𝑢𝑘 (𝑡) = 𝜌𝑘 (𝑡)𝑈𝑘 (𝑡) + 𝑐𝑘 (𝑡) (3)
where 𝜌𝑘 ∈ (0,1] represents the unknown efficiency loss factor, and 𝑐𝑘 denotes the unknown bias fault. The
controller must adaptively estimate and compensate for these faults online.

Assumption 1. The desired trajectory of the leader USV and the formation geometry are smooth and bounded,
and their time derivatives exist and remain bounded.

2.1. USV model
Consider a heterogeneous system consisting of one leader USV, multiple follower USVs, and one follower UAV.
The coordinate systems of the heterogeneous UAV-USV cooperative system are illustrated in Figure 1. Let the
position vector of the 𝑖-th USV in the inertial coordinate system be defined as 𝜼𝑖 = [𝑥𝑖 , 𝑦𝑖 , 𝜓𝑖]𝑇 , where 𝑥𝑖 , 𝑦𝑖 , and
𝜓𝑖 represent the position coordinates and heading angle, respectively. The velocity vector in the body-fixed
coordinate system is defined as 𝒗𝑖 = [𝑢𝑖 , 𝑣𝑖 , 𝑟𝑖]𝑇 , where 𝑢𝑖 , 𝑣𝑖 , and 𝑟𝑖 represent the surge velocity, sway velocity, and
yaw rate, respectively. The kinematic model of the USV is given by:

¤𝜼𝑖 = 𝑹(𝜓𝑖)𝒗𝑖 (4)

The rotation matrix is expressed as follows:

𝑹(𝜓𝑖) =


cos𝜓𝑖 − sin𝜓𝑖 0
sin𝜓𝑖 cos𝜓𝑖 0

0 0 1

 (5)

The dynamics equation is given by:
𝑴𝑖 ¤𝒗𝑖 + 𝑪𝑖 (𝒗𝑖)𝒗𝑖 + 𝑫𝑖𝒗𝑖 = 𝝉𝑖 + 𝜹𝑖 (6)

Remark 1 (Justification of the asymmetric fault-tolerant strategy for heterogeneous systems):
In this study, the fault-tolerant strategy is designed asymmetrically, which is entirely consistent with the hetero-
geneous nature of the UAV-USV cooperative system. In such a heterogeneous framework, the agents exhibit
fundamentally different dynamic sensitivities and vulnerabilities, necessitating tailored resilient mechanisms.
On one hand, UAVs are highly dynamic and rely entirely on continuous active thrust to counteract gravity;
even minor degradation in actuator efficiency can lead to immediate altitude divergence and catastrophic fail-
ure (as demonstrated in the simulations). Therefore, theUAV subsystem strictly requires an active fault-tolerant
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Figure 1. Overall framework of the heterogeneous UAV-USV formation system under complex marine environments, illustrating the leader-
follower topology, environmental disturbances (wind, waves), and actuator faults affecting the agents. UAV: Unmanned aerial vehicle; USV:
unmanned surface vehicle.

strategy, where actuator faults (efficiency loss and bias) are explicitly modeled and adaptively compensated. On
the other hand, USVs are supported by natural buoyancy, operate at low speeds, and possess inherently large in-
ertia. Minor actuator degradation in USVs manifests as sluggishness rather than an immediate loss of stability.
Therefore, based on practical engineering considerations and to avoid unnecessary over-parameterization of
the control law, a robust passive fault-tolerant strategy is adopted for the USVs. Any deviation or degradation
in the USV actuators is mathematically incorporated into the bounded lumped disturbance term 𝛿𝑖 . The pro-
posed fixed-time disturbance observer [Equations (27) and (28)] is specifically designed with high robustness
to actively observe and reject this lumped term, which includes environmental forces and potential actuator
variations. By combining active adaptive fault tolerance for the UAV with robust passive disturbance rejection
for the USVs, the overall framework achieves comprehensive resilience. This asymmetric design is practically
efficient and aligns well with the overall fault-tolerant theme of this heterogeneous cooperative control study.

where 𝑴𝑖 ∈ R3×3 is the positive-definite inertia matrix that includes the added mass; 𝑪𝑖 (𝒗𝑖) ∈ R3×3 is the Coriolis
and centripetal matrix; and 𝑫𝑖 ∈ R3×3 represents the linear hydrodynamic damping matrix. The vector 𝝉𝑖 =

[𝜏𝑖𝑢, 𝜏𝑖𝑣 , 𝜏𝑖𝑟 ]𝑇 denotes the control input, and 𝜹𝑖 represents the lumped disturbances, including wind, wave, and
current disturbances, as well as unmodeled dynamics. Considering the low-speed motion characteristics and
geometric symmetry of the USV, the system matrices are specifically defined as follows:

𝑴𝑖 = diag{𝑚11, 𝑚22, 𝑚33} (7)
𝑫𝑖 = diag{𝑑11, 𝑑22, 𝑑33} (8)

𝑪𝑖 (𝒗𝑖) =


0 0 −𝑚22𝑣𝑖

0 0 𝑚11𝑢𝑖

𝑚22𝑣𝑖 −𝑚11𝑢𝑖 0

 (9)
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2.2. UAV Model
Let the position of the UAV in the inertial coordinate system be 𝑷 = [𝑥, 𝑦, 𝑧]𝑇 , and its velocity be 𝒗 = [ ¤𝑥, ¤𝑦, ¤𝑧]𝑇 . The
dynamic model is described as follows:

¥𝑥
¥𝑦
¥𝑧

 =
𝑇

𝑚


cos 𝜙 sin 𝜃 cos𝜓 + sin 𝜙 sin𝜓

cos 𝜙 sin 𝜃 sin𝜓 − sin 𝜙 cos𝜓
cos 𝜃 cos 𝜙

 −
1
𝑚


𝑛𝑥 ¤𝑥
𝑛𝑦 ¤𝑦
𝑛𝑧 ¤𝑧

 −

0
0
𝑔

 (10)

where 𝑥, 𝑦, 𝑧 represents the UAV position in the inertial frame; 𝑚 is the mass of the UAV; 𝑛𝑥 , 𝑛𝑦 , 𝑛𝑧 are the aero-
dynamic damping coefficients; 𝜙, 𝜃, 𝑎𝑛𝑑𝜓 denote the roll, pitch, and yaw angles, respectively; 𝑇 is the total thrust;
and 𝑔 is the gravitational acceleration. To facilitate the design of the control loop, a virtual control input vec-
tor 𝑼 = [𝑈𝑥 ,𝑈𝑦 ,𝑈𝑧]𝑇 is introduced. Since the UAV cannot directly generate horizontal thrust, the virtual control
inputs calculated by the position controller must be converted into the desired thrust 𝑇 and desired attitude an-
gles 𝜙𝑑 and 𝜃𝑑 through attitude inversion. These quantities serve as reference inputs for the inner-loop attitude
controller. The mapping relationship between the virtual control inputs and the physical quantities is defined
as follows: 

𝑈𝑥 = (cos 𝜙 sin 𝜃 cos𝜓 + sin 𝜙 sin𝜓) 𝑇
𝑚

𝑈𝑦 = (cos 𝜙 sin 𝜃 sin𝜓 − sin 𝜙 cos𝜓) 𝑇
𝑚

𝑈𝑧 =
𝑇

𝑚
(cos 𝜃 cos 𝜙) − 𝑔

(11)

This study adopts a hierarchical control architecture. The outer-loop position controller outputs the virtual
control law 𝑼. The desired attitude angles (𝜙𝑑 , 𝜃𝑑) are then obtained through inverse transformation to serve as
references for the inner-loop attitude controller:

𝜙𝑑 = arcsin
(
𝑚(𝑈𝑥 sin𝜓 −𝑈𝑦 cos𝜓)

𝑇

)
, 𝜃𝑑 = arctan

(
𝑈𝑥 cos𝜓 +𝑈𝑦 sin𝜓

𝑈𝑧 + 𝑔

)
(12)

Remark 2: The simplification in Equation (10) is based on the principle of time-scale separation. It is assumed
that the bandwidth of the inner-loop attitude controller is significantly higher than that of the outer-loop position
controller. According to Singular PerturbationTheory, when the inner-loop dynamics settle sufficiently rapidly
(i.e., 𝜙 → 𝜙𝑑 and 𝜃 → 𝜃𝑑), the attitude dynamics can be viewed as the fast subsystem, allowing the position
dynamics to be analyzed as the dominant slow subsystem. This is a standard assumption in UAV formation
control.

Assuming that the inner-loop attitude controller possesses sufficiently high bandwidth to rapidly track the de-
sired attitude (i.e., 𝜙 ≈ 𝜙𝑑 , 𝜃 ≈ 𝜃𝑑), the dynamics of the position subsystem can be equivalently simplified as:

¥𝑥 = 𝑈𝑥 −
𝑛𝑥
𝑚

¤𝑥 + 𝑑𝑥

¥𝑦 = 𝑈𝑦 −
𝑛𝑦

𝑚
¤𝑦 + 𝑑𝑦

¥𝑧 = 𝑈𝑧 −
𝑛𝑧
𝑚

¤𝑧 + 𝑑𝑧

(13)

where 𝑑𝑥 , 𝑑𝑦 , 𝑎𝑛𝑑𝑑𝑧 represent lumped disturbance terms that incorporate unmodeled dynamics and external wind
disturbances.

The UAV actuator fault model is described as follows:
𝑢𝑘 = 𝜌𝑘𝑈𝑘 + 𝑐𝑘 , 𝑘 ∈ {𝑥, 𝑦, 𝑧} (14)

where 𝑈𝑘 is the ideal virtual control input calculated by the controller, and 𝑢𝑘 is the actual effective control input
applied to the system. The parameter 𝜌𝑘 ∈ (0,1] represents the actuator efficiency factor, and 𝑐𝑘 denotes the
actuator bias fault.
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Although the UAV thrust is generated through the coupling of the rotor system, a reduction in rotor speed gen-
erally results in a simultaneous decrease in control effectiveness along all three axes due to attitude coupling.
This physical phenomenon suggests the existence of correlations among the efficiency factors of the three chan-
nels. However, the actuator bias term 𝑐𝑘 may vary across channels due to sensor drift or mechanical asymmetry,
requiring separate estimation through adaptive laws.

3. CONTROLLER DESIGN

3.1. Fixed-time controller design for USVs
To tackle the collaborative control problemof a heterogeneousUAV-USV system subject to external disturbances
and actuator faults, a fixed-time adaptive distributed control strategy is proposed. For USV formation control, a
leader-follower architecture is employed, consisting of one leader USV and three follower USVs. The trajectory
of the leader USVs is assumed to be known or externally provided, and the follower USVs are tasked with
maintaining a fixed relative geometric configuration with respect to the leader.

Definition 1 [40]: Consider a system described by ¤𝑥 = 𝑓 (𝑥). The system is said to be fixed-time stable if there exists
a bounded time 𝑇max > 0 such that, for any initial state 𝑥(0), the system state satisfies lim𝑡→𝑇 (𝑥 (0) ) 𝑥(𝑡) = 0, and the
settling time satisfies 𝑇 (𝑥(0)) ≤ 𝑇max. Based on this theory, the fixed-time control law is designed as:

𝑢 = −𝑘1sig𝛼1 (𝑒) − 𝑘2sig𝛼2 (𝑒) (15)

where sig𝛼 (𝑒) = |𝑒 |𝛼sgn(𝑒), and the exponents satisfy:
𝛼1 = 1 + 𝜇, 𝛼2 = 1 − 𝜇, 0 < 𝜇 < 1 (16)

To simplify the controller design, the position control (outer loop) and attitude control (inner loop) are decou-
pled. The backstepping method is adopted for the position loop design, assuming that the attitude control loop
can rapidly and stably track the desired yaw angle. For control design, the planar position of the 𝑖-th USV is
defined as 𝜼𝑖 = [𝑥𝑖 , 𝑦𝑖]𝑇 and its velocity is 𝒗𝑖 = [𝑢𝑖 , 𝑣𝑖]𝑇 . The leader is indexed as 𝑖 = 1, with position 𝜼1 = [𝑥1, 𝑦1]𝑇

and desired trajectory 𝜼𝑑 (𝑡). To maintain a specific formation shape, the desired position of the 𝑖-th follower is
defined as:

𝜼𝑑𝑖 = 𝜼1 + 𝚫𝑖 (17)

where 𝚫𝑖 is the fixed position offset relative to the leader. Consequently, the formation tracking error is defined
as:

𝒆𝑖 = 𝜼𝑖 − 𝜼𝑑𝑖 = 𝜼𝑖 − (𝜼1 + 𝚫𝑖) (18)

For consistency, the position tracking error vector is also written as:
𝒆𝑝𝑖 = 𝜼𝑖 − 𝜼𝑑𝑖 (19)

Taking the time derivative of 𝒆𝑝𝑖 and substituting the kinematic equation ¤𝜼𝑖 = 𝑹(𝜓𝑖)𝒗𝑖 , we obtain:
¤𝒆𝑝𝑖 = 𝑹1(𝜓𝑖)𝒗𝑖 − ¤𝜼𝑑𝑖 (20)

To ensure fixed-time convergence of the position error, a virtual control law 𝒗𝑖𝑑 is designed as:
𝒗𝑖𝑑 = 𝑹1𝑇 (𝜓𝑖)

[
¤𝜼𝑑𝑖 − 𝒖𝑝𝑖

] (21)

where ¤𝜼𝑑𝑖 = ¤𝜼1 + ¤𝚫𝑖 represents the derivative of the desired trajectory. The rotation matrix 𝑹1(𝜓𝑖) is defined as:

𝑹1(𝜓𝑖) =

cos𝜓𝑖 − sin𝜓𝑖

sin𝜓𝑖 cos𝜓𝑖

 (22)
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The auxiliary control term 𝒖𝑝𝑖 is designed with a fixed-time convergence structure:
𝒖𝑝𝑖 = 𝑘 𝑝1sig𝛼1 (𝒆𝑝𝑖) + 𝑘 𝑝2sig𝛼2 (𝒆𝑝𝑖) + 𝒅̂𝑝𝑖 (23)

where 𝑘 𝑝1, 𝑘 𝑝2 > 0 are control gains, and 𝒅̂𝑝𝑖 is the estimated lumped disturbance in the position loop obtained
online via an adaptive observer. The velocity tracking error is defined as:

𝒆𝑣𝑖 = [𝑢𝑖 , 𝑣𝑖]𝑇 − 𝒗𝑖𝑑 (24)

Considering planarmotion, a reduced 2-degree-of-freedom (2-DOF) dynamicmodel is used. The actual control
input 𝝉𝑖 is designed as:

𝝉𝑖 = 𝑴𝑖 [ ¤𝒗𝑖𝑑 − 𝒖𝑣𝑖] + 𝑪𝑖 (𝒗𝑖)𝒗𝑖 + 𝑫𝑖𝒗𝑖 (25)

where 𝑴𝑖 = diag{𝑚11, 𝑚22} is the inertia matrix, and 𝑫𝑖 = diag{𝑑11, 𝑑22} is the damping matrix. The Coriolis matrix
𝑪𝑖 (𝒗𝑖) captures the coupling effects of the USVmotion. Similar to the position loop, the velocity stabilizing term
𝒖𝑣𝑖 adopts the fixed-time structure:

𝒖𝑣𝑖 = 𝑘𝑣1sig𝛼1 (𝒆𝑣𝑖) + 𝑘𝑣2sig𝛼2 (𝒆𝑣𝑖) + 𝒅̂𝑣𝑖 (26)

where 𝒅̂𝑣𝑖 represents the estimated disturbance in the velocity loop. To address actuator faults and external
environmental disturbances, a dual-layer adaptive disturbance observer is designed. This observer ensures that
disturbance estimation errors converge to zero within a fixed time, providing accurate compensation to the
controller. The dynamics of the position loop disturbance observer is given by:

¤̂
𝒅𝑝𝑖 = 𝛾𝑝1sig𝛽1 (𝒆𝑝𝑖) + 𝛾𝑝2sig𝛽2 (𝒆𝑝𝑖) (27)

The dynamics of the velocity loop disturbance observer is given by:
¤̂
𝒅𝑣𝑖 = 𝛾𝑣1sig𝛽1 (𝒆𝑣𝑖) + 𝛾𝑣2sig𝛽2 (𝒆𝑣𝑖) (28)

where 𝛾𝑝1, 𝛾𝑝2, 𝛾𝑣1, 𝑎𝑛𝑑𝛾𝑣2 are positive observer gains. To satisfy the fixed-time stability condition, the power
parameters are selected as:

𝛽1 = 1 + 𝜇

2 , 𝛽2 = 1 − 𝜇

2 (29)

This observer structure guarantees that the estimation errors for lumped disturbances (including those caused
by unmodeled dynamics and wind/wave forces) converge to the origin in a fixed time, independent of initial
estimation errors.

3.2. Prescribed performance controller design for UAV
To achieve the desired tracking performance, the overall control architecture proposed in this paper is shown
in Figure 2. It mainly consists of a trajectory tracking controller, a fault-tolerant mechanism, and a disturbance
observer. PPC is an advanced control strategy designed to precisely regulate both transient and steady-state
tracking performance. Its fundamental idea involves designing time-varying performance functions to establish
strict boundaries for the error convergence process, thereby ensuring that overshoot, convergence rate, and
steady-state precision satisfy predefined requirements.

In the proposed framework, the UAV tracks the geometric center of the USV formation as its target. Let the
UAV position in the inertial frame be 𝜼𝑎 = [𝑥𝑎 , 𝑦𝑎 , 𝑧𝑎]𝑇 , and the formation center position be 𝜼𝑐 = [𝑥𝑐 , 𝑦𝑐 ,0]𝑇 . The
formation tracking error, denoted as 𝒆𝑎, is defined as:

𝒆𝑎 =


𝑒𝑥

𝑒𝑦

𝑒𝑧

 =


𝑥𝑎 − 𝑥𝑐 − Δ𝑥𝑑

𝑦𝑎 − 𝑦𝑐 − Δ𝑦𝑑

𝑧𝑎 − 𝐻𝑑

 (30)
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Figure 2. Block diagram of the proposed fixed-time prescribed performance fault-tolerant control strategy for the UAV subsystem. The
architecture integrates error transformation, command filtering, and adaptive compensation to handle safety constraints and actuator faults.
UAV: Unmanned aerial vehicle; PPC: prescribed performance control; DSC: dynamic surface control.

where Δ𝑥𝑑 and Δ𝑦𝑑 represent the desired horizontal offsets relative to the formation center, and 𝐻𝑑 denotes the
desired flight altitude.

Accordingly, the error dynamics are given by:

¤𝒆𝑎 =


¤𝑒𝑥
¤𝑒𝑦
¤𝑒𝑧

 =


𝑣𝑎𝑥 − ¤𝑥𝑐
𝑣𝑎𝑦 − ¤𝑦𝑐

𝑣𝑎𝑧

 (31)

where [𝑣𝑎𝑥 , 𝑣𝑎𝑦 , 𝑣𝑎𝑧]𝑇 is the UAV velocity vector.

To achieve fixed-time convergence of tracking errors, a performance function 𝑝𝑘 (𝑡) is designed for each channel
𝑘 ∈ {𝑥, 𝑦, 𝑧}. It defines the allowable evolution boundary of the tracking error:

𝑝𝑘 (𝑡) = (𝑝0𝑘 − 𝑝∞𝑘 )𝜑(𝑡) + 𝑝∞𝑘 , 𝑘 ∈ {𝑥, 𝑦, 𝑧} (32)

where 𝑝0𝑘 and 𝑝∞𝑘 represent the initial and the final (steady-state) values of the performance function, respec-
tively, satisfying the condition 0 < 𝑝∞𝑘 < 𝑝0𝑘 . The function 𝜑(𝑡) is a specially designed polynomial decay function
that ensures convergence within a fixed time 𝑇 𝑓 :

𝜑(𝑡) =


(𝑇 𝑓 − 𝑡)2

𝑇2
𝑓

, 0 ≤ 𝑡 ≤ 𝑇 𝑓

0, 𝑡 > 𝑇 𝑓

(33)

Direct controller design based on the constrained error 𝒆𝑎 would result in complex nonlinear inequality con-
straints. Therefore, an evolution path and an error transformation function are introduced to convert the con-
strained problem into an unconstrained one.

The evolution path 𝑌𝑘 (𝑡) is introduced as a “transitional trajectory” to guide the smooth convergence of the error.
Its primary function is to eliminate initial error jumps (especially when the initial error is large) and to ensure
smoothness of the control input.

The evolution path is designed as:

𝑌𝑘 (𝑡) =

𝑒0𝑘

𝑇𝑛
𝑐

(𝑇𝑐 − 𝑡)𝑛, 0 ≤ 𝑡 ≤ 𝑇𝑐

0, 𝑡 > 𝑇𝑐

(34)
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The introduction of 𝑌𝑘 (𝑡) serves a critical role in handling initial errors. Unlike traditional PPC, where the initial
error must be strictly within bounds, the evolution path ensures that 𝑒(0) −𝑌 (0) = 0, eliminating the risk of “term
explosion” in the control input at 𝑡 = 0 due to large initial deviations. The parameter 𝑛 ≥ 2 is selected to ensure
sufficient smoothness of the evolution path (i.e., its first- and second-order derivatives exist and are continuous
over 𝑡 = 0 and 𝑡 = 𝑇𝑐).

Here, 𝑇𝑐 is the desired convergence time (matched with the performance function); 𝑛 ≥ 2 is a smoothness param-
eter; and 𝑒0𝑘 is the initial error, ensuring that the path starts exactly from the initial error value.

Define the deviation between the actual error and the ideal evolution path as:
𝜀𝑘 = 𝑒𝑘 − 𝑌𝑘 (35)

where 𝜀𝑘 satisfies the constraint −𝛿𝑘 𝑝𝑘 (𝑡) < 𝜀𝑘 < 𝛿𝑘 𝑝𝑘 (𝑡), with 0 < 𝛿𝑘 ≤ 1. To transform the constrained variable 𝜀𝑘

into an unconstrained one, the following nonlinear logarithmic transformation function is introduced:

𝑧𝑘 =
1
2 ln

(
𝛿𝑘 + 𝜀𝑘

𝑝𝑘 (𝑡 )
𝛿𝑘 − 𝜀𝑘

𝑝𝑘 (𝑡 )

)
(36)

The logarithmic function transforms the constrained error 𝜀𝑘 defined in the domain (−𝛿𝑘 𝑝𝑘 , 𝛿𝑘 𝑝𝑘 ) into an uncon-
strained variable 𝑧𝑘 ∈ (−∞, +∞). This transformation allows the subsequent controller design to proceed without
explicitly handling inequality constraints.

Here, 𝑧𝑘 represents the transformed unconstrained error. When 𝜀𝑘 ∈ (−𝛿𝑘 𝑝𝑘 (𝑡), 𝛿𝑘 𝑝𝑘 (𝑡)), there exists a one-to-one
mapping between 𝑧𝑘 and 𝜀𝑘 . Furthermore, as 𝜀𝑘 → ±𝛿𝑘 𝑝𝑘 (𝑡), it follows that 𝑧𝑘 → ±∞. This property inherently
prevents the constraints from being violated.

Taking the time derivative of 𝑧𝑘 , we obtain:
¤𝑧𝑘 = 𝑟𝑘 (𝑡)

(
¤𝜀𝑘 −

𝜀𝑘 ¤𝑝𝑘 (𝑡)
𝑝𝑘 (𝑡)

)
(37)

where the intermediate term 𝑟𝑘 (𝑡) is given by:
𝑟𝑘 (𝑡) =

𝜕𝑧𝑘
𝜕 (𝜀𝑘/𝑝𝑘 )

· 1
𝑝𝑘 (𝑡)

=
𝛿𝑘

𝑝𝑘 (𝑡)
(
𝛿2
𝑘 −

(
𝜀𝑘

𝑝𝑘 (𝑡 )

)2) (38)

This transformed dynamics ¤𝑧𝑘 will be used in the subsequent controller design to ensure system stability.

Based on the dynamics of the transformed error 𝒛, a hierarchical control strategy consisting of “virtual control”
and “actual control” is adopted. To avoid the “explosion of terms” inherent in traditional backstepping methods
when calculating high-order derivatives, a first-order command filter is introduced to achieve smooth and stable
convergence.

First, the dynamics of the transformed error system can be expressed in vector form as:
¤𝒛 = 𝚿( ¤𝜺 −𝚷) (39)

where ¤𝜺 = ¤𝒆𝑎 − ¤𝒀. The vector 𝚷 and the Jacobian matrix 𝚿 are defined as:

𝚷 =


𝜀𝑥 ¤𝑝𝑥

𝑝𝑥

𝜀𝑦 ¤𝑝𝑦

𝑝𝑦

𝜀𝑧 ¤𝑝𝑧
𝑝𝑧

 , 𝚿 = diag{𝑟𝑥 , 𝑟𝑦 , 𝑟𝑧 } (40)
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Virtual Control Law Design: The virtual control law 𝜶 serves as the desired velocity reference. To ensure the
stability of the position loop, 𝜶 is designed as:

𝜶 = −𝚿−1𝑲1𝒛 + ¤𝒀 +𝚷 + ¤𝜼𝑐 (41)

where 𝑲1 is a positive definite gain matrix, and ¤𝜼𝑐 = [ ¤𝑥𝑐 , ¤𝑦𝑐 ,0]𝑇 represents the velocity of the formation center.
Note that the virtual control law 𝛼 is designed directly in the inertial frame to maintain consistency with the
position error 𝑧, thus simplifying the backstepping control law without loss of generality.

Command Filter Design: Since the virtual control law 𝜶 involves high-order derivatives of the error, directly
using it for differentiation would cause severe fluctuations in the control input. Therefore, a first-order filter is
introduced to smooth the virtual control signal:

𝜏 𝑓 ¤𝜶 𝑓 + 𝜶 𝑓 = 𝜶, 𝜶 𝑓 (0) = 𝜶(0) (42)

where 𝜏 𝑓 is the filter time constant, and 𝜶 𝑓 denotes the smoothed desired velocity. Accordingly, the filter error 𝒚

and its dynamics are defined as follows:
𝒚 = 𝜶 𝑓 − 𝜶, ¤𝒚 = − 1

𝜏 𝑓
𝒚 − ¤𝜶 (43)

Actual Control Law Design: Define the actual velocity tracking error as:
𝒔 = 𝒗𝑎 − 𝜶 𝑓 (44)

Based on the equation of UAV dynamics 𝑚𝑎 ¤𝒗𝑎 = 𝝆𝑼𝑎 + 𝒄 + 𝒅𝑎, and considering compensation for actuator faults
and disturbances, the actual control law 𝑼𝑎 is designed as:

𝑼𝑎 = 𝝆̂
−1 [

𝑚𝑎 (−𝑲2𝒔 + ¤𝜶 𝑓 ) − 𝒄̂ − 𝒅̂𝑎 − 𝚿𝑇 𝒛
]

(45)

where 𝑲2 is a positive definite gain matrix for the velocity loop. 𝝆̂, 𝒄̂, and 𝒅̂𝑎 are the adaptive estimates of the
actuator efficiency matrix, bias fault, and lumped disturbances, respectively. The term −𝚿𝑇 𝒛 is introduced to
eliminate the coupling effects arising from the coordinate transformation during the stability analysis.

3.3. Adaptive update laws design
To estimate the unknown parameters 𝝆, 𝒄, and 𝒅𝑎 online, adaptive update laws are designed based on Lyapunov
stability theory.

First, define the parameter estimation errors:
𝝆̃ = 𝝆 − 𝝆̂, 𝒄̃ = 𝒄 − 𝒄̂, 𝒅̃𝑎 = 𝒅𝑎 − 𝒅̂𝑎 (46)

Consider the following Lyapunov candidate terms for parameter adaptation:
𝑉𝜌 =

1
2 tr( 𝝆̃

𝑇𝚪−1
𝜌 𝝆̃), 𝑉𝑐 =

1
2 𝒄̃𝑇𝚪−1

𝑐 𝒄̃, 𝑉𝑑 =
1
2 𝒅̃

𝑇

𝑎𝚪
−1
𝑑 𝒅̃𝑎 (47)

where 𝚪𝜌 , 𝚪𝑐 , 𝚪𝑑 are positive definite symmetric adaptive gain matrices.

Taking the time derivative of 𝑉𝜌 yields ¤𝑉𝜌 = tr( 𝝆̃𝑇𝚪−1
𝜌

¤̃𝝆) = −tr( 𝝆̃𝑇𝚪−1
𝜌

¤̂𝝆). To eliminate the cross-coupling terms ap-
pearing in the time derivative of the velocity error subsystem (specifically the term 𝒔𝑇 𝝆̃𝑼𝑎), and to incorporate
𝜎-modification for preventing parameter drift, the adaptive update laws are designed as follows:

¤̂𝝆 = 𝚪𝜌 𝒔𝑼
𝑇
𝑎 − 𝚺𝜌 𝝆̂ (48)

¤̂𝒄 = 𝚪𝑐 𝒔 − 𝚺𝑐 𝒄̂ (49)
¤̂
𝒅𝑎 = 𝚪𝑑 𝒔 − 𝚺𝑑 𝒅̂𝑎 (50)

where 𝚺𝜌 ,𝚺𝑐 , 𝑎𝑛𝑑𝚺𝑑 are positive design parameters for robust modification terms. These laws ensure that the
estimates converge to a bounded region near their true values.
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4. STABILITY ANALYSIS

4.1. Fixed-time stability proof for USV formation
Construct the following composite Lyapunov candidate function:

𝑉 =
1
2

𝑁∑
𝑖=2

(
𝒆𝑇𝑝𝑖𝒆𝑝𝑖 + 𝒆𝑇𝑣𝑖𝑴𝑖𝒆𝑣𝑖 + 𝒅̃

𝑇

𝑝𝑖𝚪
−1
𝑝 𝒅̃𝑝𝑖 + 𝒅̃

𝑇

𝑣𝑖𝚪
−1
𝑣 𝒅̃𝑣𝑖

)
(51)

where 𝒅̃ = 𝒅 − 𝒅̂ represents the disturbance estimation error, 𝚪𝑝 , 𝚪𝑣 > 0 are positive definite diagonal gain matrices,
and 𝑴𝑖 is the positive definite symmetric inertia matrix of the 𝑖-th USV.

Taking the time derivative of the Lyapunov function 𝑉 yields:
¤𝑉 =

𝑁∑
𝑖=2

(
𝒆𝑇𝑝𝑖 ¤𝒆𝑝𝑖 + 𝒆𝑇𝑣𝑖𝑴𝑖 ¤𝒆𝑣𝑖 + 𝒅̃

𝑇

𝑝𝑖𝚪
−1
𝑝

¤̃𝒅𝑝𝑖 + 𝒅̃
𝑇

𝑣𝑖𝚪
−1
𝑣

¤̃𝒅𝑣𝑖
)

(52)

Step 1: Position Loop Dynamics. Substituting the kinematic equation and the virtual control definition, the
derivative of the position error is derived as:

¤𝒆𝑝𝑖 = −¤𝜼𝑑𝑖 + 𝑹1(𝜓𝑖)𝒗𝑖 (53)

Recalling that 𝒗𝑖 = 𝒆𝑣𝑖 + 𝒗𝑖𝑑 , and expanding the virtual control law, we obtain:
¤𝒆𝑝𝑖 = 𝑹1(𝜓𝑖)𝒆𝑣𝑖 − 𝒖𝑝𝑖 + 𝒅𝑝𝑖 (54)

where 𝒖𝑝𝑖 contains the stabilizing feedback term and the compensation of the disturbance. Consequently, the
first term in ¤𝑉 becomes:

𝒆𝑇𝑝𝑖 ¤𝒆𝑝𝑖 = 𝒆𝑇𝑝𝑖
[
𝑹1(𝜓𝑖)𝒆𝑣𝑖 − 𝒖𝑝𝑖 + 𝒅𝑝𝑖

] (55)

Step 2: Velocity LoopDynamics. Substituting the USV dynamics and the actual control law 𝝉𝑖 into the second
term, it is crucial to note that, based on the backstepping design principle, the actual control law implicitly
includes a compensation term −𝑹1𝑇 (𝜓𝑖)𝒆𝑝𝑖 to eliminate the coupling effect from the position loop. The closed-
loop dynamics of the velocity error can be simplified as:

𝑴𝑖 ¤𝒆𝑣𝑖 = −𝑴𝑖𝒖𝑣𝑖 + 𝒅̃𝑣𝑖 − 𝑹1𝑇 (𝜓𝑖)𝒆𝑝𝑖 (56)

Thus, the second term in ¤𝑉 becomes:
𝒆𝑇𝑣𝑖𝑴𝑖 ¤𝒆𝑣𝑖 = −𝒆𝑇𝑣𝑖𝑴𝑖𝒖𝑣𝑖 + 𝒆𝑇𝑣𝑖 𝒅̃𝑣𝑖 − 𝒆𝑇𝑣𝑖𝑹1𝑇 (𝜓𝑖)𝒆𝑝𝑖 (57)

From the above equations, it can be observed that the coupling term 𝒆𝑇𝑝𝑖𝑹1(𝜓𝑖)𝒆𝑣𝑖 in the position loop exactly
cancels with the term −𝒆𝑇𝑣𝑖𝑹1𝑇 (𝜓𝑖)𝒆𝑝𝑖 in the velocity loop.

Step 3: Disturbance Estimation Error. Assuming that the external disturbance varies slowly relative to the
observer dynamics, i.e., ¤𝒅 ≈ 0, we obtain ¤̃𝒅 = − ¤̂

𝒅. Substituting the observer update laws:
¤̂
𝒅𝑝𝑖 = 𝚪𝑝

(
sig𝛽1 (𝒆𝑝𝑖) + sig𝛽2 (𝒆𝑝𝑖)

)
(58)

¤̂
𝒅𝑣𝑖 = 𝚪𝑣

(
sig𝛽1 (𝒆𝑣𝑖) + sig𝛽2 (𝒆𝑣𝑖)

)
(59)

These observer dynamics are designed to stabilize the estimation error subsystem within a fixed time.
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Substituting all terms back into ¤𝑉, and using the fixed-time stability properties of 𝒖𝑝𝑖 and 𝒖𝑣𝑖 (which contain
terms such as −𝑘1sig𝛼1 (𝒆) − 𝑘2sig𝛼2 (𝒆)), it can be proven that the time derivative of the Lyapunov function satisfies
the following fixed-time stability condition:

¤𝑉 ≤ −𝜇1𝑉
1+𝜇
2 − 𝜇2𝑉

1−𝜇
2 + 𝐶 (60)

Remark 3: Since the residual term 𝐶 satisfies 𝐶 > 0, the system achieves practical fixed-time stability (P-FTS)
rather than exact asymptotic convergence to zero. The tracking error converges to a neighborhood of the origin
Ω𝑒 within a bounded settling time 𝑇𝑚𝑎𝑥 . The upper bound of the settling time is estimated as:

𝑇𝑚𝑎𝑥 ≤ 1
𝜇1𝜃

(
1 − 1+𝜇

2
) + 1

𝜇2𝜃
( 1−𝜇

2 − 1
)

where 0 < 𝜃 < 1 is a scalar parameter. The convergence region is bounded by the set where the stabilizing terms
dominate the residual term 𝐶.

Here, 𝜇1, 𝜇2 > 0, and 𝐶 is a small residual constant. This inequality guarantees that the tracking errors 𝒆𝑝𝑖 and 𝒆𝑣𝑖

converge to a small neighborhood of the origin within a fixed time 𝑇max, independent of the initial states.

4.2. Stability proof for the UAV subsystem
Construct the following composite Lyapunov candidate function:

𝑉𝑈𝐴𝑉 = 𝑉1 +𝑉2 +𝑉3 +𝑉4 (61)

where the components are defined as:
𝑉1 =

1
2 𝒛𝑇 𝒛 (Transformed error energy) (62)

𝑉2 =
1
2 𝒔𝑇𝑚𝑎 𝒔 (Velocity tracking error energy) (63)

𝑉3 =
1
2 𝒚𝑇 𝒚 (Filter error energy) (64)

𝑉4 =
1
2 tr( 𝝆̃

𝑇𝚪−1
𝜌 𝝆̃) + 1

2 𝒄̃𝑇𝚪−1
𝑐 𝒄̃ + 1

2 𝒅̃
𝑇

𝑎𝚪
−1
𝑑 𝒅̃𝑎 (Estimation error energy) (65)

4.2.1. Time derivative and convergence analysis
Lemma 2 (Boundedness of Transformation Terms): Assume that the performance function 𝑝𝑘 (𝑡) satisfies
𝑝𝑘 (𝑡) ≥ 𝑝∞𝑘 > 0 and that its time derivatives are bounded by design. As long as the error remains within the
prescribed limits (which is guaranteed by the logarithmic mapping property of 𝑧𝑘), the term 1/𝑝𝑘 (𝑡) is bounded.
Consequently, the Jacobian matrix

Ψ = diag{𝑟𝑥 , 𝑟𝑦 , 𝑟𝑧 }

and its time derivative ¤Ψ remain bounded throughout the operation. Let
‖Ψ‖ ≤ Ψ𝑀 .

Taking the time derivative of 𝑉1 and substituting the transformed error dynamics ¤𝒛 = 𝚿( ¤𝒆𝑎 − ¤𝒀 −𝚷), yields:
¤𝑉1 = 𝒛𝑇 ¤𝒛 = 𝒛𝑇𝚿( ¤𝒆𝑎 − ¤𝒀 −𝚷) (66)

Substituting the formation error derivative ¤𝒆𝑎 = 𝑹(𝜓)𝒗𝑎 − ¤𝜼𝑐, where 𝑹(𝜓) projects the body velocity to the inertial
frame, gives:

¤𝑉1 = 𝒛𝑇𝚿(𝒗𝑎 − ¤𝜼𝑐 − ¤𝒀 −𝚷) (67)

Using the velocity definition 𝒗𝑎 = 𝒔 + 𝒚 + 𝜶, the above expression becomes:
¤𝑉1 = 𝒛𝑇𝚿[(𝒔 + 𝒚 + 𝜶) − ¤𝜼𝑐 − ¤𝒀 −𝚷] (68)
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Substituting the designed virtual control law 𝜶 = −𝚿−1𝑲1𝒛 + ¤𝒀 +𝚷 + ¤𝜼𝑐, yields:
¤𝑉1 = 𝒛𝑇𝚿(𝒔 + 𝒚) + 𝒛𝑇𝚿[𝜶 − ( ¤𝒀 +𝚷 + ¤𝜼𝑐)]

= 𝒛𝑇𝚿(𝒔 + 𝒚) + 𝒛𝑇𝚿[−𝚿−1𝑲1𝒛]

= −𝒛𝑇𝑲1𝒛 + 𝒛𝑇𝚿𝒔 + 𝒛𝑇𝚿𝒚

(69)

Considering the UAV dynamics 𝑚𝑎 ¤𝒗𝑎 = 𝝆𝑼𝑎 + 𝒄 + 𝒅𝑎, the derivative of 𝑉2 is:
¤𝑉2 = 𝒔𝑇𝑚𝑎 ¤𝒔 = 𝒔𝑇 (𝑚𝑎 ¤𝒗𝑎 − 𝑚𝑎 ¤𝜶 𝑓 ) = 𝒔𝑇 (𝝆𝑼𝑎 + 𝒄 + 𝒅𝑎 − 𝑚𝑎 ¤𝜶 𝑓 ) (70)

The parameters are decomposed into their true values and estimates (e.g., 𝝆 = 𝝆̂ + 𝝆̃):
¤𝑉2 = 𝒔𝑇 ( 𝝆̂𝑼𝑎 + 𝒄̂ + 𝒅̂𝑎 − 𝑚𝑎 ¤𝜶 𝑓 ) + 𝒔𝑇 ( 𝝆̃𝑼𝑎 + 𝒄̃ + 𝒅̃𝑎) (71)

Substituting the actual control law 𝑼𝑎 = 𝝆̂
−1 [𝑚𝑎 (−𝑲2𝒔 + ¤𝜶 𝑓 ) − 𝒄̂ − 𝒅̂𝑎 − 𝚿𝑇 𝒛], yields:

¤𝑉2 = 𝒔𝑇 [𝑚𝑎 (−𝑲2𝒔 + ¤𝜶 𝑓 ) − 𝝆̂𝑼𝑎 − 𝒄̂ − 𝒅̂𝑎 − 𝚿𝑇 𝒛 + 𝝆̂𝑼𝑎 + 𝒄̂ + 𝒅̂𝑎 − 𝑚𝑎 ¤𝜶 𝑓 ]

+ 𝒔𝑇 ( 𝝆̃𝑼𝑎 + 𝒄̃ + 𝒅̃𝑎)

= −𝒔𝑇𝑚𝑎𝑲2𝒔 − 𝒔𝑇𝚿𝑇 𝒛 + 𝒔𝑇 𝝆̃𝑼𝑎 + 𝒔𝑇 𝒄̃ + 𝒔𝑇 𝒅̃𝑎

= −𝒔𝑇𝑚𝑎𝑲2𝒔 − 𝒛𝑇𝚿𝒔 + 𝒔𝑇 𝝆̃𝑼𝑎 + 𝒔𝑇 𝒄̃ + 𝒔𝑇 𝒅̃𝑎

(72)

Using the filter dynamics ¤𝒚 = −𝒚/𝜏 𝑓 − ¤𝜶, the derivative of 𝑉3 is given by:
¤𝑉3 = 𝒚𝑇 ¤𝒚 = − 𝒚𝑇 𝒚

𝜏 𝑓
− 𝒚𝑇 ¤𝜶 (73)

Applying Young’s inequality, −𝒚𝑇 ¤𝜶 ≤ 1
2 𝒚𝑇 𝒚 + 1

2 ‖ ¤𝜶‖2, where ¤𝜶 is assumed to be bounded.

For 𝑉4, taking the derivative yields:
¤𝑉4 = −tr( 𝝆̃𝑇𝚪−1

𝜌
¤̂𝝆) − 𝒄̃𝑇𝚪−1

𝑐
¤̂𝒄 − 𝒅̃

𝑇

𝑎𝚪
−1
𝑑

¤̂
𝒅𝑎 (74)

Combining all terms yields:
¤𝑉𝑈𝐴𝑉 = −𝒛𝑇𝑲1𝒛 − 𝒔𝑇𝑚𝑎𝑲2𝒔 −

𝒚𝑇 𝒚

𝜏 𝑓
+ 𝒛𝑇𝚿𝒚 − 𝒚𝑇 ¤𝜶 +Adaptive Terms (75)

Substituting the adaptive update laws with 𝜎-modification, the ”Adaptive Terms” become:
Adaptive Terms = tr( 𝝆̃𝑇𝚺𝜌 𝝆̂) + 𝒄̃𝑇𝚺𝑐 𝒄̂ + 𝒅̃

𝑇

𝑎𝚺𝑑 𝒅̂𝑎 (76)

Using the inequality 𝜽̃
𝑇
𝜽̂ = 𝜽̃

𝑇 (𝜽 − 𝜽̃) ≤ − 1
2 ‖𝜽̃ ‖2 + 1

2 ‖𝜽 ‖2, the adaptive terms contribute to the negative definiteness
and a bounded constant.

Finally, for the cross term 𝒛𝑇𝚿𝒚, applying Young’s inequality gives:
𝒛𝑇𝚿𝒚 ≤ 1

2 ‖𝒛‖2 + 1
2 ‖𝚿𝑴 ‖2‖𝒚‖2 (77)

Since 𝚿 is bounded by the design of the performance function, the overall derivative satisfies:
¤𝑉𝑈𝐴𝑉 ≤ −𝐶𝑉𝑈𝐴𝑉 + 𝐷 (78)

where 𝐶 > 0 and 𝐷 is a small positive constant. This shows that all error signals in the UAV subsystem are
uniformly ultimately bounded (UUB) and converge to a small neighborhood of the origin.

Remark 4 (Convergence Time Analysis): The Lyapunov analysis in Equation (75) proves that the transformed
error 𝑧𝑘 is UUB. However, due to the inverse logarithmic mapping defined in Equation (33), the boundedness
of 𝑧𝑘 strictly implies that the normalized error 𝜉𝑘 = 𝜀𝑘/𝑝𝑘 (𝑡) remains within (−1,1). Consequently, the actual
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tracking error 𝜀𝑘 (𝑡) is strictly restricted within the envelope (−𝛿𝑘 𝑝𝑘 (𝑡), 𝛿𝑘 𝑝𝑘 (𝑡)). Since the performance function
𝑝𝑘 (𝑡) is designed to decay to 𝑝∞𝑘 at a pre-specified fixed time 𝑇 𝑓 [as shown in Equation (30)], the tracking error
𝜀𝑘 is mathematically guaranteed to converge to the small region {𝑒 : |𝑒 | < 𝛿𝑘 𝑝∞𝑘 } by time 𝑇 𝑓 . Thus, the fixed-time
convergence property is enforced through the PPC mechanism.

5. SIMULATION AND COMPARATIVE ANALYSIS

To verify the effectiveness and robustness of the proposed heterogeneous fixed-time prescribed performance
formation control strategy, numerical simulations are conducted. To rigorously validate the necessity of each
module (PPC andAdaptive Observer) in the UAV subsystem, we conducted a comparative study involving three
distinct cases.

• Case 1 (Proposed method): The complete algorithm, which incorporates fixed-time PPC, evolution path,
and an adaptive fault-tolerant mechanism.

• Case 2 (Without Observer): An ablation study in which fault compensation is disabled (i.e., 𝜌𝑘 ≡ 1, 𝑐𝑘 ≡ 0, 𝑑𝑘 ≡
0).

• Case 3 (Without PPC): A comparative study using a standard fixed-time sliding mode controller without
prescribed performance constraints.

5.1. Simulation setup
The simulations are performed using MATLAB with a fixed time step of 𝑑𝑡 = 0.005 s over a duration of 𝑡 = 30 s.
The heterogeneous system comprises 𝑁 = 4 USVs and a single UAV.

5.1.1. Trajectory and physical parameters
The USV formation is tasked with tracking a virtual leader moving along a circular trajectory defined by 𝑥𝑟 =

5cos(0.1𝑡) and 𝑦𝑟 = 5sin(0.1𝑡), while the UAV is required to track the geometric center of the USV formation
while maintaining a desired relative altitude of 𝐻𝑑 = 5 m. The physical parameters of the USVs are set as: the
mass matrix 𝑴𝑖 = diag{20,15,5} and the damping matrix 𝑫𝑖 = diag{2,1.5,0.8}. The UAVmass is 𝑚𝑎 = 1 kg with the
gravitational acceleration 𝑔 = 9.8m/s2.

5.1.2. Topology and initial states
The formation topology is defined by the relative position offsets 𝚫𝑖 with respect to the leader: USV 1 (Leader)
is located at [0,0]T, USV 2 at [1.5,0]T, USV 3 at [−1.5,0]T, and USV 4 at [0,1]T. The initial states are set as follows:

• USVs: 𝜼1 = [0,0,0]T with an initial surge velocity 𝑢1 = 0.5 m/s, 𝜼2 = [1,1,0]T, 𝜼3 = [0,2,0]T, and 𝜼4 = [2,2,0]T.

• UAV: Initial position 𝑷0 = [2,2,5.0]T and initial vertical velocity 𝑣𝑧0 = -0.5 m/s.

5.1.3. Control and fault parameters
To validate fixed-time convergence and fault tolerance, the control parameters of the Proposed method are
selected as:

• Fixed-Time Parameters: Power parameter 𝜇 = 0.5 (yielding 𝛼1 = 1.5, 𝛼2 = 0.5).

• USV Gains: Position loop gains 𝑘 𝑝1 = 2, 𝑘 𝑝2 = 1.5; Velocity loop gains 𝑘𝑣1 = 3, 𝑘𝑣2 = 2; Observer gains 𝛾𝑝1 =

1, 𝛾𝑣1 = 1.5.
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Figure 3. Comparative 3D trajectories. The Proposed method (red) tracks the reference smoothly, while the Without Observer case (blue)
suffers from altitude deviation. PPC: Prescribed performance control.

• UAV PPC Parameters: The performance function parameters are set with initial boundaries 𝑝0𝑘 = 1.5|𝑒𝑘 (0) |
and steady-state error limits 𝒑∞ = [0.05,0.05,0.1]T. The smoothness parameter of the evolution path is 𝑛 = 2, and
the constraint parameter is 𝛿𝑘 = 1.

• UAV Controller Gains: Virtual control gain 𝑲1 = diag{4,4,2.5}, actual control gain 𝑲2 = diag{8,8,4.0}, and
filter time constant 𝜏 𝑓 = 0.1.

Furthermore, to test the adaptive compensation mechanism under different fault scenarios (Case 1 and Case 2),
actuator faults are introduced into the UAV with an efficiency factor 𝝆 = diag{0.9,0.9,0.9} (representing a 10%
thrust loss) and bias faults 𝒄 = [0.05,0.05,0.05]T.

5.2. Comparative analysis of UAV trajectory
Figure 3 presents a comparison of the 3D trajectories of the heterogeneous system. The Proposedmethod (red
solid line) follows the spiral ascending track easily and sustains the formation structure perfectly. In contrast, the
Without PPC case (green dotted line) exhibits pronounced oscillations in the initial stage due to the absence of
transient constraints. Most importantly, in theWithoutObserver case (blue dashed line), theUAV suffers from a
severe altitude drop (Z-axis). This is because the 10% thrust loss (𝜌 = 0.9) remains uncompensated, preventing the
system from generating sufficient lift to counteract gravity, confirming the necessity of the ”fault-tolerant” nature
of our design. It is crucial to clarify that a 10% efficiency loss is not an exaggerated fault setting. Because rotary-
wing UAVs rely entirely on actuator-generated thrust to counteract gravity, their steady-state thrust margin is
strictly limited. An uncompensated 10% loss in total lifting capability directly disrupts the delicate balance
required for hovering and altitude tracking, inevitably leading to the pronounced altitude deviation observed.
This physical constraint underscores the critical need for the proposed adaptive observer.

5.3. Comparative error analysis of UAV
Figure 4 provides a more detailed understanding of control quality. Transient Smoothness: While theWithout
PPC case (green) stays within the boundaries in this setup, it exhibits pronounced jitter and non-smooth ”sharp
turns” in the X and Y channels during the first 2 s. In contrast, the Proposed method (red) follows the Ideal
Evolution Path (grey dots) with superior smoothness. Boundary Enforcement: The PPC boundaries (black
dashed lines) strictly envelope the red trajectory. Critical Failure Analysis: In the Z-error subplot, theWithout
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Figure 4. Comparative evolution of UAV tracking errors. Black dashed lines indicate PPC boundaries. UAV: Unmanned aerial vehicle; PPC:
prescribed performance control.

Figure 5. Adaptive estimation of UAV actuator efficiency 𝜌𝑧 . UAV: Unmanned aerial vehicle.

Observer case (blue) diverges significantly after 𝑡 = 15 s, eventually violating the PPC boundary. This proves
that without the adaptive observer, even the PPC mechanism cannot prevent system failure under persistent
actuator faults.

5.4. UAV parameter identification
Figure 5 illustrates the performance of the observer. For the Proposed case, the efficiency estimate 𝜌𝑧 success-
fully converges from 1.0 to approximately 0.915, closely tracking the true fault value of 0.9. The small residual
error is due to the robust 𝜎-modification. In contrast, theAblation case (blue) remains at 1.0, indicating that the
actuator degradation cannot be detected. As shown in Figure 6, the bias estimate 𝑐 does not exhibit divergence
or saturation and stabilizes around -0.06. Although there is a steady-state deviation from the set true value of
0.05, this is acceptable in adaptive control theory. Due to the parameter redundancy among 𝜌, 𝑐, and 𝑑, the con-
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Figure 6. Estimation of UAV actuator bias faults (𝑐̂). UAV: Unmanned aerial vehicle.

Figure 7. Estimation of lumped disturbances (𝑑) affecting the UAV. UAV: Unmanned aerial vehicle.

troller compensates for the overall error through coordinated adjustments of these parameters (e.g., a slightly
higher 𝜌 accompanied by a lower 𝑐). The estimated values remain bounded, ensuring the stability of the control
system. Figure 7 is a critical graph to validate the accuracy of the physical model. The estimated values con-
verge to approximately -0.1 (close to 0) rather than the gravitational acceleration component (-9.8). This result
provides strong evidence that the gravity feedforward compensation in the controller is correct. Consequently,
the observer is only responsible for estimating the minute air resistance and residual modeling errors, reflecting
the high fidelity of the model.

Remark 5 (Comprehensive analysis on parameter estimation and control objectives):
As shown in Figure 6, the estimated bias 𝑐 stabilizes at −0.06, which differs from the true injected value of 0.05.
It is crucial to clarify that this deviation does not invalidate the physical meaning of the controller, nor does it
affect the system stability. This phenomenon is explained from three main aspects:
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First, regarding parameter identifiability, the bias fault 𝑐 and the lumped disturbance 𝑑𝑎 are dynamically coupled,
as they affect the UAV system through the exact same control input channel. In standard adaptive control
theory, strict convergence of multiple coupled parameters to their true physical values requires the system states
to satisfy the persistently exciting (PE) condition. However, achieving PE typically necessitates injecting rich,
high-frequency signals into the trajectory, which would cause severe and unacceptable chattering during actual
UAV flight. Without the PE condition, individual parameters are not strictly identifiable.

Second, regarding the reasonableness of the framework, such non-convergence to true values is a standard and
acceptable characteristic of robust adaptive control. The robust 𝜎-modification applied in the adaptive update
laws [Equations (49) and (50)] guarantees that estimates will not drift to infinity but remain strictly bounded.
The adaptive mechanism and the disturbance observer collaboratively compensate for the algebraic sum of un-
certainties. As shown in Figure 7, 𝑑𝑎 converges to approximately −0.1. The overall dynamic compensation
provided by the controller is −0.06 + (−0.1) = −0.16, which effectively neutralizes the true combined uncertainty
acting on the system channel.

Finally, regarding the control objective, the primary goal of the proposed fixed-time PPC is trajectory tracking
and ensuring that errors remain strictly within safety boundaries, rather than performing precise system param-
eter identification. The Lyapunov-based stability analysis in Section 4 theoretically proves that tracking stability
and error constraints are guaranteed as long as the overall uncertainty is compensated and the estimation errors
remain bounded, completely independent of whether individual parameters converge to their exact physical
true values.

5.5. Performance of USV formation (fixed-time stability)
Figure 8 illustrates the position tracking error curves of the four USVs during the formation process. The initial
position errors of the followers (about 5 m) quickly converge to zero within an extremely short time interval
(𝑡 < 3 s). In the steady state, the position tracking error is on the order of 10−3 and the convergence process
is smooth, without any oscillations. These results show that the proposed fixed-time control law achieves a
high convergence speed, enabling the USV formation to complete reconfiguration and reach a stable formation-
keeping state in less than 3 s.

Figures 9 and 10 display the estimation results of the disturbance observers for the USV position loop and
velocity loop, respectively. For the position loop disturbance estimates [Figure 9], the observed values converge
to the steady state within 5 s, effectively capturing environmental disturbances such as currents.

For the velocity loop disturbances [Figure 10], different USVs (e.g., USV1 vs. USV2) experience different lin-
ear velocities due to their positions in the inner and outer lanes of the formation during turning maneuvers,
leading to varying hydrodynamic drag forces. The estimated disturbance curves accurately reflect this physical
phenomenon, converging to distinct constant values (ranging between -1 and +1). This proves that the observer
can precisely capture model uncertainties under different dynamic states.

It is worth noting that, to clearly verify the baseline convergence and steady-state tracking performance of the
proposed disturbance observers, the environmental disturbances in this simulation case are primarily modeled
as steady-state components (e.g., constant ocean currents and mean wind forces). As shown in the results, the
proposed observers rapidly and accurately converge to these constant principal values, demonstrating excel-
lent steady-state estimation performance. Validating the system’s robustness against higher-frequency, violently
fluctuating wave dynamics remains an important aspect of future real-world experiments.
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Figure 8. Convergence curves of position tracking errors for each autonomous vehicle. USV: Unmanned surface vehicle.

Figure 9. USV position loop disturbance estimation results. USV: Unmanned surface vehicle.

6. CONCLUSIONS

This study examines the issues related to robust cooperative control in heterogeneous UAV-USV systems and
presents a novel fixed-time prescribed performance formation control structure for environments subject to
actuator faults and nonlinear disturbances, based on fixed-time stability theory. In this theoretical context, a co-
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Figure 10. USV velocity loop disturbance estimation results. USV: Unmanned surface vehicle.

operative structure is developed by integrating the leader-follower topology for USV formation with prescribed
performance constraints for UAV tracking. To improve control accuracy and convergence rate, a fixed-time
control law based on a disturbance observer is employed to ensure that transient and steady-state errors con-
verge within a certain time bound, irrespective of initial conditions. Furthermore, an adaptive fault-tolerant
mechanism is implemented to precisely evaluate and compensate in real time for loss of actuator efficiency, bias
faults, and lumped disturbances in heterogeneous agents. Simulation findings confirm the effectiveness of the
suggested heterogeneous fixed-time prescribed performance formation control approach inmaintaining precise
formation geometry under dynamic conditions. Future work will extend the framework to address time-varying
communication delays and packet losses within the proposed fixed-time stability analysis framework, with par-
ticular emphasis on experimental validation using physical UAV-USV systems in real maritime environments.
In addition, simultaneous consideration of both abrupt and severe actuator failures in USVs and UAVs will be
investigated in future studies.
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