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Abstract
Time series generated fromadynamical source can often bemodeled as sample paths of a stochastic differential equa-
tion. The time series thus reflects themotion of a particle that flows along the direction provided by a drift/vector field,
and is simultaneously scattered by the effect of white noise. The resulting motion can only be described as a random
process instead of a solution curve. Due to the non-deterministic nature of this motion, the task of determining the
drift from data is quite challenging, since the data does not directly represent the directional information of the flow.
This paper describes an interpretation of a drift as a conditional expectation, which makes its estimation feasible via
kernel-integral methods. In addition, some techniques are proposed to overcome the challenge of dimensionality if
the stochastic differential equations carry some structure enabling sparsity. The technique is shown to be convergent,
consistent and permits a wide choice of kernels.

Keywords: Markov kernel, drift estimation, compact operators, reproducing kernel Hilbert space

1. INTRODUCTION
The dynamics present in several physical phenomena are governed by both deterministic laws of motion and
stochastic driving terms. Stochastic differential equations (SDEs) provide a commonmathematical description
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for these phenomena. A general 𝑑-dimensional SDE takes the form

𝑑𝑋 (𝑡) = 𝑉 (𝑋 (𝑡)) + 𝐺 (𝑋 (𝑡)) 𝑑𝑊 𝑡 , (1)

in which the term 𝑉 is known as the drift, which is a function of the current state. The component 𝑉 plays
the role of a vector field over the state space R𝑑 , providing a deterministic direction to the flow at all locations.
The term 𝐺 is known as diffusion. It relays the effect of an external white noise onto the motion. Such SDEs
have been used effectively in the study of a wide range of phenomena, such as control systems [1], electrical
systems [2,3], general mass transport [4], and fluid dynamics [5,6].

This article focuses on the data-driven discovery of SDEs. A convergent and consistent technique is presented
for estimating the drift term𝑉 in SDEs, from data collected from observations of the system at regular sampling
intervals of Δ𝑡. The drift is a vector field and thus a deterministic function of the state. However, due to the
stochasticity originating from white noise, the state at time 𝑡 of an SDE-driven system is not a deterministic
function of its current state. Rather, it has a probability distribution conditioned on the current state. As a
result, the solution 𝑋 (𝑡, 𝑥0) when expressed as a function of time and initial state 𝑥0 is not a deterministic
curve but a Markov process in which almost every sample path is continuous but non-differentiable [7,8]. This
stochasticity and lack of differentiability makes the task of drift estimation challenging, as the drift is essentially
a differential operator.

The Weiner process that drives an SDE of the form (1) can also be interpreted as a probability space, whose
domain is the path-spaceΩpath of all possible randomBrownian walks. The spaceΩpath provides a concrete way
to identify the source of stochasticity in the solutions of the SDE. Every random point fromΩpath corresponds
to a particular sample of a Brownian path, and thus corresponds to a unique realization of (1). This path space
formalism of stochastic processes, championed by Doob [9] and Arnold [7], clarifies the source of stochasticity
in the study of SDEs. The path space Ωpath itself is usually left undetermined, and the SDE is studied via the
distributions it induces on R𝑑 .

Drift estimation of SDE time series requires a treatment completely different from those used for numerical
differentiation. Figure 1 provides an outline of the mathematical problem, and the proposed method of con-
verting it into a task of conditional expectation. In the usual probabilistic approach to SDEs, the initial state
𝑥0 to the SDE (1) is not fixed but is itself a random variable 𝑋0. This stochasticity in the location of 𝑥0 is prop-
agated into the future states in combination with the effect of white-noise. As a result, the state at any time 𝑡 is
a random variable 𝑋𝑡 . This 1-parameter family {𝑋𝑡 : 𝑡 ≥ 0} of random variables is a Markov process. Its key
feature is the useful memoryless property - for any three time instants 𝑡1 < 𝑡2 < 𝑡3, the distribution of 𝑋𝑡3 can
be determined from the value of 𝑋𝑡2 alone, and may be treated as independent of 𝑋𝑡1 . Figure 2 presents some
examples of SDEs simulated using the Euler-Maruyama method. We make the following assumption:

Assumption 1 The SDE (1) has a stationary probability measure 𝜇𝑠𝑡𝑎𝑡 .

Stationarity of 𝜇𝑠𝑡𝑎𝑡 means that if 𝑋0 is distributed according to 𝜇𝑠𝑡𝑎𝑡 , then so will be 𝑋𝑡 for every 𝑡 ≥ 0.
Stationary measures are the stochastic analog of ergodic measures in deterministic dynamical systems, and are
one of the pillars of data-driven studies of stochastic systems. Stationarity is empirically observed in most
systems, although it has been theoretically proven only under certain sets of conditions [10–12]. Assumption 1
guarantees that the solution 𝑋 (𝑡) is a stationary Markov process. This means that the conditional distribution
of 𝑋𝑡2 with respect to (w.r.t.) its location at a time 𝑡1 < 𝑡2, only depends on the time elapsed 𝑡2 − 𝑡1.

A Markov process can be alternatively studied by the continuous transformation it induces on probability
measures. Recall that the distribution of 𝑋𝑡 is determined by that of 𝑋0. If the distribution of 𝑋0 is absolutely
continuous w.r.t. the Lebesgue volume measure on R𝑑 , then the same will be true for 𝑋𝑡 for every 𝑡 > 0.
Thus, an SDE induces a dynamics on the space of probability densities as well. This dynamics or continuous
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Figure 1. Outline of the theory. Many dynamical processes in nature can be modeled as an SDE, which has a drift and diffusion component.
Unlike deterministic systems, the consecutive points on a trajectory are not related deterministically, but have a distribution. The flowchart
shows how we can collect (𝑘 + 1)-length snapshots of this process, and apply purely data-driven algorithms to estimate the drift. No
presumption is needed on a prior distribution on the coordinates, or on a parametric form for the SDE terms. The article presents the
details of these methods, their theoretical foundations in Probability theory, and a rigorous demonstration that they provide a convergent,
unbiased estimate.

transformation of the densities can be tracked by the forward Kolmogorov operator L. This second order
differential operator whose action on a 𝐶2 (Recall that a function is called 𝐶𝑟 if it is 𝑟-times differentiable, and
its first 𝑟 derivatives are continuous). function 𝑔 is given by

(L𝑔) (𝑋, 𝑡) :=
𝑑∑
𝑖=1
𝑉 (𝑥)𝑖

𝜕

𝜕𝑖
𝑔(𝑥) +

𝑑∑
𝑖, 𝑗=1

(
𝜕2

2𝜕𝑖𝜕𝑗
𝑔

)
(𝑥)𝐴𝑖, 𝑗 (𝑥), (2)

where 𝐴(𝑥) = 0.5𝐺 (𝑥)𝐺 (𝑥)𝑇 is the 𝑑 × 𝑑 covariance matrix. One of the pillars of the theory of Markov
processes is that the derivative of the conditional expectations of a stationary Markov process is provided by
the generator L (see [13] Cor 160):

𝑑

𝑑𝑠
|𝑠=𝑡E (𝜙 (𝑋 (𝑠)) | 𝑋 (𝑡)) = L𝑋 (𝑡), ∀𝜙 ∈ dom(L). (3)

Equation (3) is a combination of a second order differential operator, the measure theoretic operation of con-
ditional expectation, and a time derivative. It provides a bridge between statistical properties (i.e., the distribu-
tion of the data), and differential properties (i.e., the drift). Of special interest to us is the particular instance
of (3) when 𝜙 = IdR𝑑 and 𝑡 = 0. In that case, we get

lim
𝑡→0+

1
𝑡
E (𝑋 (𝑡, 𝑥0) − 𝑥0) = (L IdR𝑑 ) (𝑥0) = 𝑉 (𝑥0). (4)

Equation (4) is the core mathematical principle of our numerical technique. In fact, we use a third order
version of (4) given by

Δ𝑡𝑉 (𝑥0) = 18E (𝑋 (Δ𝑡, 𝑥0) − 𝑥0) − 9E (𝑋 (2Δ𝑡, 𝑥0) − 𝑥0) + 2E (𝑋 (3Δ𝑡, 𝑥0) − 𝑥0) +𝑂
(
Δ𝑡3

)
. (5)

This identity is based on a Taylor series expansion of operator L:

1
Δ𝑡

[𝜙(𝑋𝑡+Δ𝑡) − 𝜙(𝑋𝑡)] =
∑
𝑛

1
𝑛!
L𝑛𝜙(𝑋𝑡) (Δ𝑡)𝑛 .

The precise nature of the convergence depends upon the regularity of 𝑉 and 𝐺. See Eq. 21 in ref. [14] for more
details. The conditional expectations here are taken w.r.t the path-spaceΩpath. Equations (4) and (5) provide a
connection between successive states of an SDE path, and the drift term of the SDE.Thus, the task of estimating

[7]
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Figure 2. Orbits from SDEs. The three plots show sample paths of SDEs, in which the drifts are respectively the Hopf oscillator (27), Lorenz-
63 system (26) and the Lorenz 96 system (28). The SDEs have a diagonal diffusion term given by (29). The parameters of the experiments are
provided in Table 1. The legends indicate the index of the coordinates being plotted. The paper presents a numerical method for extracting
the drift from such time series generated by SDEs. The results of the reconstruction have been displayed in Figures 3, 4, 5, respectively.

the drift becomes the task of estimating certain conditional expectations. This means that the determination
of a deterministic, pre-defined vector valued function can be placed in a probabilistic context, and solved by
probabilistic means.

A careful design of a procedure for this task requires a careful understanding of the nature of the data. Formally,
we assume the following about the data:

Assumption 2 There is sampling interval Δ𝑡 > 0, a collection of states 𝑥1, . . . , 𝑥𝑁 equidistributed w.r.t. the
stationary measure 𝜇𝑠𝑡𝑎𝑡 , and a collection of 𝑁 4-tuples of points

{(𝑋 (3Δ𝑡, 𝑥𝑛) , 𝑋 (2Δ𝑡, 𝑥𝑛) , 𝑋 (Δ𝑡, 𝑥𝑛) , 𝑥𝑛) : 1 ≤ 𝑛 ≤ 𝑁} (6)

Thus, our assumption on the data is that we have snapshots of sample trajectories of length at least 4, and
that the data is equidistributed w.r.t. the unknown stationary measure. The assumption of equidistribution is
essential and fundamental to most data-driven methods for discovering dynamical systems. Our assumption
on data requires neither a single orbit, nor long sequences of data. It does allow the points 𝑥𝑛 to be gathered
from a single trajectory of the SDE, observed at various time instants. This makes our technique applicable to
systems that are being intermittently observed.

Our goal can now be precisely stated to be the estimation of the drift 𝑉 from (1), while working under the
constraints and conditions of Assumptions 1 and 2. Although there have beenmany a wide range of techniques
for approximating the drift for ordinary differential equations (ODEs) [15–19], it is still a challenge to develop a
technique that fulfills the following criteria:

(i) The technique is nonparametric; i.e., it does not assume a prescribed parametric format, such as Gaussian
processes [20] or semi-parametric forms such as linear diffusion terms [21]

(ii) The technique is convergent with data.
(iii) The technique does not assume a prior distribution; such as Gaussian priors [22,23].
(iv) The technique is adaptable to high dimensional systems.

Effective nonparametric techniques have been built [24,25] which are well suited to sparse sampling but rely
on the assumption of prior distributions. Another important work [26] considers data collected from SDE
sampled at uneven intervals. Besides the probabilistic approach presented in this article, four other notable
and distinct techniques deserve special mention - a model reduction technique of Ye et al. [27]; the one based
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Figure 3. Estimating the drift in a stochastic Lorenz 63 model. The three figures present a heatmap of the pointwise error in computing the
drift (26). The colored area of the phase space represents the support of the stationary measure of the underlying SDE.

on theMagnus expansion [28]; a back-stepping technique that converts the nonlinear process into an Ornstein-
Uhlenbeck (OU) process [29]; and themulti-level parameter estimation network for parametric SDEs with jump
noises. Our technique achieves all of the first three objectives and overcomes the challenge of dimensionality
in vector fields structured in a certain way, as explained later in Section 5.

Our method is based on a measure theoretic insight. Set two spaces

X = R𝑑 , Y = R3𝑑 .

These two spaces X and Y respectively represent the spaces from which 𝑥0 and the
triples (𝑋 (Δ𝑡, 𝑥0), 𝑋 (2Δ𝑡, 𝑥0), 𝑋 (3Δ𝑡, 𝑥0)) are drawn. Define a function

𝑓 : X ×Y → R𝑑 , 𝑥0 × (𝑥1, 𝑥2, 𝑥3) ↦→
1
Δ𝑡

[18𝑥1 − 9𝑥2 + 2𝑥3 − 11𝑥0] (7)

Due to the stationarity assumption from Assumption 1, there is a natural measure 𝜇 on X × Y representing
the joint distribution

(𝑥0, 𝑋 (Δ𝑡, 𝑥0), 𝑋 (2Δ𝑡, 𝑥0), 𝑋 (3Δ𝑡, 𝑥0)) ∼ 𝜇

Let proj1 : X × Y → X denote the projection map to the first component. Then (5) can be interpreted as
stating that:

𝑉 = E𝜇
(
𝑓 | proj1

)
+𝑂

(
Δ𝑡3

)
(8)

Thus, the task of estimating the drift has been transformed into the task of finding the conditional estima-
tion of one projection function w.r.t. another. The conditional expectation is reconstructed or learnt using
an operator theoretic tool from [30]. It will be a combination of kernel-based techniques and the third order
approximation of (8). This completes a description of the problems we aim to solve, and the underlying math-
ematical principles.

Outline We next present in Section a numerical recipe for implementing the conditional expectation route
to drift estimation. Subsequently, in Section , we discuss the convergence of our methods, and identify the
dependence of the convergence on factors such as data size and noise levels. Then, in Section , we apply
the technique to some common examples fromDynamical systems theory. The examples reveal the challenges
posed by high dimensional systems. We propose some adjustments to the algorithms to overcome this practical
challenge in Section . We end with some discussions in Section , summarizing our results and discussing new
challenges.
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Figure 4. Estimating the drift in a stochastic version of the Hopf oscillator (27). The images carry the same interpretation as Figure 3.

2. THE TECHNIQUE
Our technique makes multiple and different uses of kernels and kernel integral methods. A kernel on a space
Z is a bivariate function 𝑘 : Z ×Z → R, and is interpreted to be a measure of similarity between points on
Z. Kernel-based methods offer a nonparametric approach to learning, and have been used with success in
many diverse fields such as spectral analysis [31,32], discovery of periodic and chaotic components of various
real world systems [33,34], and even abstract operator valued measures [35]. The kernels we used are based on
Gaussian kernels, defined as

𝑘Gauss,𝜖 (𝑥, 𝑦) := exp
(
−1
𝜖

dist(𝑥, 𝑦)2
)
, ∀𝑥, 𝑦 ∈ Z. (9)

The bandwidth 𝜖 controls how quickly the value of the kernel decays to zero as 𝑥 and 𝑥′ grow apart. We use a
Markov normalized version of the Gaussian kernel (9). Given a measure 𝛽 onZ and a bandwidth parameter
𝜖 > 0, we can create a new kernel

𝑘
𝛽
Gauss,𝜖 : Z ×Z → R, 𝑘

𝛽
Gauss,𝜖 (𝑥, 𝑥

′) := 𝑘Gauss,𝜖 (𝑥, 𝑥′)/
∫
Z
𝑘Gauss,𝜖 (𝑥, 𝑥′′)𝑑𝛽(𝑥′′). (10)

The kernel 𝑘 𝛽Gauss,𝜖 has the property that for every 𝑥, the integral w.r.t. the second variable 𝑥′ is 1. Thus, the
kernel 𝑘 𝛽Gauss,𝜖 mimics a discrete time Markov process whose state space isZ. Closely associated with kernels
are kernel integral operators. Now suppose thatX is a𝐶𝑟-smoothmanifold and 𝑘 is a𝐶𝑟-smooth kernel. Given
a probability measure 𝛼 onZ, one has the following integral operator associated to 𝑘 :

𝐾𝛼 : 𝐿2(𝛼) → 𝐶𝑟 (X), (𝐾𝛼𝜙) (𝑥) :=
∫
X
𝑘 (𝑥, 𝑦)𝜙(𝑦)𝑑𝜈(𝑦).

Thus, if the kernel 𝑘 is 𝐶𝑟 , it converts generally non-smooth 𝐿2(𝛼) functions into 𝐶𝑟 functions. For this
reason, kernel integral operators are also known as smoothing operators. We also require our kernel to be
strictly positive definite, which means that given any distinct points 𝑥1, . . . , 𝑥𝑁 inZ, numbers 𝑎1, . . . , 𝑎𝑁 in R,
the sum

∑𝑁
𝑖=1

∑𝑁
𝑖=1 𝑎𝑖𝑎 𝑗 𝑘 (𝑥𝑖 , 𝑥 𝑗 ) is non-negative, and zero iff all the 𝑎𝑖-s are zero.

We next present a useful notation: Let 𝜃 > 0 be a fixed constant. Given a generic linear regression problem
𝐴𝑥 = 𝑦, the 𝜃-regularized least squares solution will be the vector

𝑥𝑙𝑠, 𝜃−𝑟𝑒𝑔 :=
[
𝐴𝑇 𝐴 + 𝜃

]−1
𝐴𝑇 𝑦. (11)

We now present our first algorithm from [30] for computing conditional expectation from data.

Algorithm 1 Kernel base estimation of conditional expectation.
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Figure 5. Estimating the drift in a stochastic version of the L96 system (28) with 5 oscillators. The images carry the same interpretation as
Figure 3.

• Input. A sequence of pairs {(𝑥𝑛, 𝑦𝑛) : 𝑛 = 1, . . . , 𝑁} with 𝑥𝑛 ∈ R𝑑 and 𝑦𝑛 ∈ R.
• Parameters.

1. Strictly positive definite kernel 𝑘 : R𝑑 × R𝑑 → R+.
2. Smoothing parameter 𝜖1 > 0.
3. Sub-sampling parameter 𝑀 ∈ N with 𝑀 < 𝑁 .
4. Ridge regression parameter 𝜃.

• Output. A vector ®𝑎 = (𝑎1, . . . , 𝑎𝑀 ) ∈ R𝑀 that creates a function

𝜙(𝑥) ≈
𝑁∑
𝑚=1

𝑎𝑚𝑘 (𝑥, 𝑥𝑚), ∀𝑥 ∈ R𝑑 ,

which approximates the conditional expectation of the y-variable w.r.t. the x variable.
• Steps.

1. Compute a Gaussian Markov kernel matrix using (10):[
𝐺𝜖1

]
∈ R𝑁×𝑁 ,

[
𝐺𝜖1

]
𝑖, 𝑗

= 𝑘 𝛽Gauss,𝜖 (𝑥𝑖 , 𝑥 𝑗 ). (12)

2. Compute a Markov kernel [𝑃] ∈ R𝑁×𝑁 as [𝑃]𝑖, 𝑗 := 𝑝(𝑥𝑖 , 𝑥 𝑗 )
3. Compute the kernel matrix [𝐾] ∈ R𝑁×𝑀 as [𝐾]𝑖, 𝑗 = 𝑘 (𝑥𝑖 , 𝑥 𝑗 ).
4. Find a vector ®𝑎 ∈ R𝑀 as the 𝜃-regularized least-squares solution to the equation

[𝑃] [𝐾] ®𝑎 = [𝑃]
[
𝐺𝜖1

]
®𝑦. (13)

Algorithm 1 has two components, the choice of a reconstruction kernel 𝑘 , and a Markov kernel 𝑝 which
approximates the smoothing operator. We usually choose 𝑝 to be the Markov normalized Gaussian kernel
from (10). The algorithm is convergent in the following sense:

Lemma 0.1 ( [30] Thm 2) Suppose there is a probability space (Ω, 𝜇) and two measurable functions 𝑋 : Ω → R𝑑
and 𝑌 : Ω → R. Suppose that the sequence {(𝑥𝑛, 𝑦𝑛)}𝑛∈N is equidistributed w.r.t. some measure on R𝑑 × R. Let
the conditional expectation 𝑉 = E𝜇 (𝑌 |𝑋) lie within the reproducing kernel Hilbert space (RKHS) spanned by 𝑘 .
Then, the output ®𝑎 of Algorithm 1 satisfies:

lim
𝑀→∞

lim
𝑁→∞,𝜃→0+






 𝑁∑
𝑛=1

𝑎𝑛𝑘 (·, 𝑥𝑛) − G𝜇
𝜖1𝑉







H

= 0, lim
𝜖1→0+



G𝜇
𝜖1𝑉 −𝑉




𝐿2 (𝜈) = 0. (14)

Algorithm 1 is a general algorithm for computing conditional expectation, and is at the core of our numerical
procedure. We make an important note here that the application of the Gaussian smoothing

[
𝐺𝜖1

]
is optional,

and does not affect the analytic properties of the convergence scheme. We next show its use in drift estimation.
Given any 𝑑 ×𝑀 matrix 𝐴, we use 𝐴𝑖 and 𝐴 𝑗 to denote its 𝑖-th column vector and 𝑗-th row vector, respectively.
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Figure 6. Reconstruction of the Hopf oscillator. The trajectories corresponding to the true and reconstructed drifts are in blue and orange,
respectively. Due to a strong match in the reconstructed drifts, and the stability of rotational dynamics, the orbits overlap.

Given a sequence {𝑧𝑛}𝑁𝑛=1 of 𝑑-dimensional vectors, we use
{
𝑧(𝑖)𝑛

}𝑁
𝑛=1

to denote the 1-dimensional time series
created by extracting the 𝑖-th coordinate from these vectors. We now present how Algorithm 1 can be used to
estimate the drift from an SDE orbit.

Algorithm 2 Drift estimation as a conditional expectation

• Input. Dataset {(𝑋 (3Δ𝑡, 𝑥𝑛) , 𝑋 (2Δ𝑡, 𝑥𝑛) , 𝑋 (Δ𝑡, 𝑥𝑛) , 𝑥𝑛)}𝑁𝑛=1 as in Assumption 2.
• Parameters. Same as Algorithm 1.
• Output. A matrix 𝐴 ∈ R𝑑×𝑀 representing a drift

𝑉̂ (𝑋) ≈
𝑀∑
𝑚=1

𝐴𝑚𝑘 (𝑥, 𝑥𝑚), ∀𝑥 ∈ R𝑑 .

• Steps.
1. Compute

𝑧𝑛 =
1
Δ𝑡

[18𝑋 (Δ𝑡, 𝑥𝑛) − 9𝑋 (2Δ𝑡, 𝑥𝑛) + 2𝑋 (3Δ𝑡, 𝑥𝑛) − 11𝑥𝑛] , ∀𝑛 ∈ 1, . . . , 𝑁.

2. For each 𝑖 ∈ 1, . . . , 𝑑, pass the time series
{(
𝑥𝑛, 𝑧

(𝑖)
𝑛

)}𝑁
𝑛=1

into Algorithm 1, along with the rest of the
parameters.

3. Store the result in a 𝑚-dimensional column vector ®𝑎 (𝑖) .
4. Compute the 𝑑 × 𝑀 matrix 𝐴 such that

𝐴𝑇 =
[
®𝑎 (1) , ®𝑎 (2) , . . . , ®𝑎 (𝑑)

]
.

The convergence of Algorithm 2 is guaranteed by Lemma 0.1 and (8). We investigate this convergence more
closely in the next section.

3. CONVERGENCE ANALYSIS
In this section, we conduct a precise analysis on the convergence of our results and its dependence on various
algorithmic and data-source parameters. Throughout this section we assume that Assumptions 1 and 2 hold;
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the drift and diffusion terms in (1) are continuous functions; and that 𝑎𝑁,𝑀,𝜃 is the output of Algorithm 2 with
𝑁 data points, sub-sampling parameter𝑀 , and regression regularization parameter 𝜃. We use 𝑉̂𝑁,𝑀,𝜃 to denote
the resulting approximation of the drift.

Theorem 1 (Almost sure convergence) Suppose Assumptions 1 and 2 hold. If the drift 𝑉 lies in the RKHS H ,
then the following convergence holds almost surely:

lim
𝑀→∞

lim
𝑁→∞,𝜃→0+



𝑉̂𝑁,𝑀,𝜃 −𝑉


sup

𝑎.𝑠.
= 0. (15)

Theorem 1 will be shown to be a consequence of functional analytic results from the work by Das [30]. The
convergence result does not reveal the dependence of the rate of convergence on the choice of parameters. It
also relies on the assumption that 𝑉 lies in the hypothesis spaceH . The three main parameters involved are:

(i) the number of data-samples 𝑁 , which dictates how well the distribution of the data points in R4𝑑 is approx-
imated;

(ii) choice of the sub-sampling parameter 𝑀 ;
(iii) a regularization parameter 𝜃 > 0, as explained in (11), for the linear regression problem.

The next theorem presents a more nuanced view of the convergence, in terms of error bounds:

Theorem 2 (Parameter selection within error bounds) Suppose Assumptions 1 and 2 hold. Fix error bounds
𝛿1, 𝛿2, 𝛿3 > 0 and an uncertainty bound 𝛿4 > 0.

(i) For 𝑀 large enough, 𝑉 may be approximated uniformly within an error of 𝛿1 as a sum of kernel sections




𝑉 −
𝑀∑
𝑚=1

𝑎̄𝑚𝑘 (𝑥𝑚 , ·)







supX
< 𝛿1.

Here, {𝑥}𝑀𝑚=1 is a collection of 𝑀 points from the dataset assumed in Assumption 2.
(ii) Given such a choice of 𝑀 , there exists 𝜃0 > 0 and 𝑁′

0 ∈ N such that for every 𝑁 > 𝑁′
0 and 𝜃 ∈ (0, 𝜃0), if the

diffusion term 𝐺 ≡ 0, then the approximation error of the approximate drift ∑𝑀
𝑚=1 𝑎̄𝑚𝑘 (𝑥𝑚 , ·) is less than 𝛿2.

(iii) Fix such a 𝜃 ∈ (0, 𝜃0). Then there is an 𝑁0 satisfying

𝑁0 > 𝑁
′
0, 𝑁0 = 𝑂

(
𝑑2

𝛿4
3𝛿

2
4

)
,

such that for every 𝑁 > 𝑁0, with probability at least 1 − 𝛿4, the total error in approximation is uniformly
bounded by 𝛿1 + 𝛿2 + 𝛿3.

Theorem 2 also presents the order in which the parameters are to be tuned, starting with 𝑀 and ending in 𝑁 .
The error term 𝛿1 is related to the approximation error in functional space. The error term 𝛿2 is controlled by
the regression parameter 𝜃. The error term 𝛿3 is a result of the fluctuations of cumulative error terms from
the mean value, as will be described later. The error term 𝛿4 is just a bound on uncertainty. The gross error
𝛿1 + 𝛿2 + 𝛿3 thus reflects an accumulation of errors from three separate levels of approximation. Theorem 2
delineates the contribution of each parameter choice to the error. Note the appearance of 𝑑2 in the last lower
bound. This term reveals the inevitable challenge of dimensionality.

The proofs of both theorems emerge from a careful comparison of the output of the algorithm against the true
drift. Recall the spaces X,Y, measure 𝜇 and functions proj1, 𝑓 from Section . Note that the function 𝑓 is just
the transform on the datapoints, used in Algorithm 2. Let 𝛽 denote the empirical measure borne by the 𝑁
data points used in algorithm 2, and 𝛽𝑋 denote the projection of 𝛽 to X. Let 𝜈 denote the empirical measure

http://dx.doi.org/10.20517/ces.2025.59
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created from a sub-sampling of 𝛽𝑋 . These notations allow us to interpret the various objects in the numerical
procedure in a rigorous operator theoretic setting. With this in mind the regression (13) becomes

𝑉 ≈ 𝑉̂𝛽,𝜈,𝜃 , 𝑉̂𝛽,𝜈,𝜃 := 𝐾𝜈𝑎𝛽,𝜈,𝜃 , 𝑎𝛽,𝜈,𝜃 := arg min
𝜃 − reg

{

P𝛽𝑋𝐾𝜈𝑎 − P̃𝛽 𝑓 


𝐿2 (𝜈) : 𝑎 ∈ 𝐿2(𝜈)

}
. (16)

Algorithm 1 implements the least-squares regression problem posed in (16). The measures 𝛽 and 𝛽𝑋 are
completely characterized by the data count 𝑁 , 𝜈 is characterized by a sub-sampling parameter 𝑀 . Recall that
given any measure 𝛼 on X, we use 𝑃𝛼 and 𝐾𝛼 to denote the resulting kernel integral operators with kernels 𝑝
and 𝑘 respectively. Moreover, we shall use 𝑝 to denote the trivially extended kernel function

𝑝 : X × X × Y → R, (𝑥1, 𝑥2, 𝑦) ↦→ 𝑝(𝑥1, 𝑥2).

Similarly, given any measure 𝛼̃ on X × Y, the resulting integral operator with kernel 𝑝 will be denoted as 𝑃̃𝛼.
This notation allows the output 𝑉̂𝛽,𝜈,𝜃 of Algorithm 1 to be expressed concisely as

𝑉̂𝑁,𝑀,𝜃 := 𝑉̂𝛽,𝜈,𝜃 := [𝐾𝜈]
[
[𝐾𝜈]𝑇

[
𝑃
𝛽𝑋
𝜖3

]𝑇 [
𝑃
𝛽𝑋
𝜖3

]
[𝐾𝜈] + 𝜃

]−1
[𝐾𝜈]𝑇

[
𝑃
𝛽𝑋
𝜖3

]𝑇 [
𝑃̃
𝛽
𝜖3

]
𝑓

= [𝐾𝜈]
[
𝐴𝑁,𝜖3,𝑀 + 𝜃

]−1 [𝐾𝜈]
[
𝐵𝑁,𝜖3

]
𝑓

(17)

where we have set
𝐵𝑁,𝜖3 :=

[
𝑃
𝛽𝑋
𝜖3

]𝑇 [
𝑃
𝛽𝑋
𝜖3

]
, 𝐴𝑁,𝜖3,𝑀 := [𝐾𝜈] 𝐵𝑁,𝜖3 [𝐾𝜈] .

Each of the matrices represented in square brackets above is also a kernel integral operator w.r.t. the finite
empirical measures 𝛽, 𝜈 and 𝛽𝑋 . Equation (17) reveals that the overall transformation is a sequence of linear
transformations. Lemma 0.1 and (8) are direct statements about the almost sure convergence of the 𝑉̂𝛽,𝜈,𝜃 =
𝑉̂𝑁,𝑀,𝜃 above, thus ensuring the almost-sure convergence (15) expressed in Theorem 1. We now move on to
Theorem 2.

Separating noise Since we have replaced 𝜇 with 𝛽 and 𝜇𝑋 with 𝜈, the equality (8) is no longer satisfied. In that
case, the following difference becomes relevant:

𝜂𝛽 :=
(
𝑃̃𝛽 − 𝑃̃𝜇

)
𝑓 +

(
𝑃𝛽𝑋 − 𝑃𝜇𝑋

)
𝑉. (18)

In the limit of infinite data, 𝛽 = 𝜇 and 𝛽𝑋 = 𝜇𝑋 , so the difference 𝜂𝛽 becomes zero. We can now write

𝑃̃𝛽 𝑓 = 𝑃𝛽𝑋𝑉 + 𝜂𝛽 . (19)

The left-hand side (LHS) of (19) is the right-hand side (RHS) of the regression problem being solved in (16)
and (17). Thus, (19) expresses the RHS of the regression problem as an integral transform 𝑃𝛽𝑋𝑉 of the true
field 𝑉 , along with the noise effect 𝜂𝛽 defined in (18). Now note the exact expression for 𝜂𝛽:(

𝜂𝛽
)
𝑗 =

1
𝑁

𝑁∑
𝑛=1

𝑝(𝑥 𝑗 , 𝑥𝑛)𝛾𝑛, 1 ≤ 𝑗 ≤ 𝑁., (20)

Recall that each datapoint can be represented as a pair (𝑥𝑛, 𝑦𝑛) ∈ X × Y, with 𝑦𝑛 having a distribution deter-
mined by 𝑥𝑛. The sequence 𝛾𝑛 is a set of samples of a random variable defined as

𝛾𝑛 := 𝑓 (𝑦𝑛) −𝑉 (𝑥𝑛). (21)

Equation (8) says that the expected value of the 𝛾 variable is 𝑂
(
Δ𝑡3

)
. Equations (18), (19) and (20) are all

equivalent definitions of the noise-residual vector.
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Table 1. Summary of parameters in experiments. In all these experiments, the number of …

System Properties Figures ODE parameters Data samples
Lorenz 63 (26) Chaotic system in R3 Figures 3 and 7 𝜎 = 10, 𝛽 = 8/3, 𝜌 = 28 104

Hopf oscillator (27) Stable periodic cycle in
R2

Figures 4 and 6 𝜇 = 1 104

Lorenz 96 (28) Chaotic system of 10
1-dimensional oscillators,
cyclically coupled

Figures 5 and 8 𝑓 = 8.0, 𝑁 = 10 2 × 103

Approximation 1. Henceforth, we shall assume a fixed number 𝑁 of datapoints {𝑥𝑛 : 1 ≤ 𝑛 ≤ 𝑁} distributed
evenly over the domain X, and a subsample {𝑥𝑛 : 1 ≤ 𝑛 ≤ 𝑁} of size 𝑀 . This leads to an RKHS subspace

H𝑀 := span {𝑘 (𝑥𝑛, ·) : 1 ≤ 𝑛 ≤ 𝑀} .

Fix an error level 𝛿1. Let 𝐵(X) be the collection of bounded functions on X. Consider the set

H𝑀 (𝛿1) :=
{
𝑉̂ ∈ 𝐵(X) : ∃ℎ ∈ H𝑀 s.t.



𝑉̂ − ℎ



𝐵(X) < 𝛿1

}
.

Thus,H𝑀 (𝛿1) contains those bounded functions that can be uniformly approximated within an error limit of
𝛿1 by an RKHS function inH𝑀 . Also note that

clos ∪𝑀∈N H𝑀 (𝛿1) = 𝐵(X), ∀𝛿1 > 0. (22)

We shall assume henceforth that the true image 𝑉 lies inH𝑀 (𝛿1). Thus, there is a vector 𝑎̂ ∈ 𝐿2(𝜈) such that
‖𝑉 − 𝐾𝜈 𝑎̂‖ < 𝛿1. This proves Theorem 2 (i). Allowing an error limit of 𝛿1 we shall assume without loss of
generality that 𝑉 = 𝐾𝜈 𝑎̄.

Approximation 2 Equations (17), (18) and (19) together imply

𝑉̂𝑁,𝑀,𝜃 = 𝐾
𝜈

[
[𝐾𝜈]𝑇

[
𝑃
𝛽𝑋
𝜖3

]𝑇 [
𝑃
𝛽𝑋
𝜖3

]
[𝐾𝜈] + 𝜃

]−1
[𝐾𝜈]𝑇

[
𝑃
𝛽𝑋
𝜖3

]𝑇 [
𝑃𝛽𝑋𝑉 + 𝜂𝛽

]
= 𝐾𝜈

[
𝐴𝑁,𝜖3,𝑀 + 𝜃

]−1 [𝐾𝜈]
[
𝐵𝑁,𝜖3𝑉 +

[
𝑃
𝛽𝑋
𝜖3

]𝑇
𝜂𝛽

]
.

(23)

Incorporating the assumption 𝑉 = 𝐾𝜈 𝑎̄ gives

𝑉̂𝑁,𝑀,𝜃 = 𝐾
𝜈
[
𝐴𝑁,𝜖3,𝑀 + 𝜃

]−1 [
𝐴𝑁,𝜖3,𝑀

]
𝑎̄ + 𝐾𝜈

[
𝐴𝑁,𝜖3,𝑀 + 𝜃

]−1 [𝐾𝜈]
[
𝑃
𝛽𝑋
𝜖3

]𝑇
𝜂𝛽 . (24)

Thus, 𝑉̂𝑁,𝑀,𝜃 is the sum of two separate and mutually independent terms, one depending on the true drift and
the other only depending on the noise. We shall examine these terms separately.

Approximation 3 Note that the limit in (15) holds irrespective of the nature of 𝜇. When the diffusion is zero,
for each 𝑥 ∈ X, the conditional measures 𝜇Y|𝑥 are point measures at zero. In that case according to (18) and
(21), 𝜂𝜈 ≡ 0. Thus, (15) and (24) combine to give

lim
𝑁→∞,𝜃→0+




[𝐴𝑁,𝜖3,𝑀 + 𝜃
]−1 [

𝐴𝑁,𝜖3,𝑀
]
𝑎̄ − 𝑎̄





𝐿2 (𝜈)

= 0.

Since we keep the sub-sampling parameter 𝑀 fixed and thus 𝜈 fixed, 𝐾𝜈 remains a fixed and bounded operator.
Therefore, for fixed 𝑀 , we have:

lim
𝑁→∞,𝜃→0+




𝐾𝜈 [
𝐴𝑁,𝜖3,𝑀 + 𝜃

]−1 [
𝐴𝑁,𝜖3,𝑀

]
𝑎̄ − 𝐾𝜈 𝑎̄





𝐶 (X)

= 0. (25)
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One important property of the convergence in (25) is that 𝑁, 𝜃 can be simultaneously taken to their limiting
values. This joint convergence is one of the distinguishing features of our technique. The limit in (25) proves
Theorem 2 (iii). It remains to prove Theorem 2 (ii). For that, it suffices to bound the error in the second term

of (24) by 𝛿3. In the remainder of the proof our focus will be on this term 𝐾𝜈
[
𝐴𝑁,𝜖3,𝑀 + 𝜃

]−1 [𝐾𝜈]
[
𝑃
𝛽𝑋
𝜖3

]𝑇
𝜂𝛽.

Approximation 4 The self adjoint operator 𝐵𝛽𝑋 ,𝜖3 =
(
𝑃
𝛽𝑋
𝜖3

)𝑇
𝑃
𝛽𝑋
𝜖3 is also a kernel integral operator with kernel

𝑏
𝛽𝑋
𝜖3 : X × X → R, (𝑧, 𝑥′) ↦→

∫
X
𝑝(𝑧, 𝑥′)𝑝(𝑥, 𝑥′)𝑑𝛽𝑋 (𝑥)

Then according to (19), we have[(
𝑃
𝛽𝑋
𝜖3

)𝑇
𝜂𝛽

]
(𝑧) =

∫
X
𝑏
𝛽𝑋
𝜖3 (𝑧, 𝑥′)

[∫
Y
𝑓 (𝑥′, 𝑦)𝑑𝛽Y|𝑥′ (𝑦) −𝑉 (𝑥′)

]
𝑑𝛽𝑋 (𝑥′)

=
∫
X
𝑏
𝛽𝑋
𝜖3 (𝑧, 𝑥′)

[∫
Y
𝑓 (𝑥′, 𝑦)𝑑𝛽Y|𝑥′ (𝑦) −

∫
Y
𝑓 (𝑥′, 𝑦)𝑑𝜇Y|𝑥′ (𝑦)

]
𝑑𝛽𝑋 (𝑥′)

=
∫
X
𝑏
𝛽𝑋
𝜖3 (𝑧, 𝑥′)

∫
Y
[ 𝑓 (𝑥′, 𝑦) −𝑉 (𝑥′)] 𝑑𝛽Y|𝑥′ (𝑦)𝑑𝛽𝑋 (𝑥′).

Equation (21) interprets the noise variable 𝛾 to be additive. Thus, we have[(
𝑃
𝛽𝑋
𝜖3

)𝑇
𝜂𝛽

]
(𝑧) =

[(
𝑃
𝛽𝑋
𝜖3

)
𝜂𝛽

]
(𝑧) = 1

𝑁

𝑁∑
𝑛=1

𝑏
𝛽𝑋
𝜖3 (𝑧, 𝑥𝑛)𝛾𝑛

The distribution of increments of a process defined by an SDE usually lacks an analytic formula. However, due
to the continuity of 𝑉 and 𝐺 in (1) and the continuity of sample paths of an SDE, we can say that

lim
Δ𝑡→0+

var(𝛾) = E𝜇𝑠𝑡𝑎𝑡𝐺𝐺𝑇 .

In other words, for positive Δ𝑡, 𝛾 converges in distribution to a Gaussian variable on R𝑑 whose variance matrix
is a strictly positive definite matrix. Now by the central limit theorem we have

𝑋 (𝑁, 𝑧, 𝜖3) := 𝑁1/2
[(
𝑃
𝛽𝑋
𝜖3

)
𝜂𝛽

]
(𝑧) N (0, var(𝛾)) +𝑂

(
Δ𝑡3

)
.

𝑎.𝑠.

𝑁→∞

We have declared the quantity to be a random variable 𝑋 (𝑁, 𝑧, 𝜖3) to denote its dependence on 𝑁 , bandwidth
𝜖3 and initial location 𝑧. Let us fix an error bound 𝛿3. Thus, by the multivariate Chebyshev inequality [36] we
have

Prob
{���𝑃𝛽𝑋𝜖3 𝜂𝛽 −𝑂 (

Δ𝑡3
)��� < 𝛿3

}
> 1 −𝑂

(
𝑑

𝑁1/2𝛿2
3

)
.

So, to bound the uncertainty by 𝛿4, we would need 𝑁 = 𝑂
(
𝑑2

𝛿4
3𝛿

2
4

)
, as claimed. This completes the proof of

Theorem 2.

This concludes the description of our methods and the underlying theory. We next describe some numerical
experiments to test our technique on.

4. EXAMPLES
In this section, we put our algorithms to the test. The systems that we investigate are as follows:
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Table 2. Parameters which remain constant in the experiments

Variable 𝜼3 (𝒍 ,𝒘) 𝜽

Interpretation Parameter for selecting the
bandwidth 𝜖3 of the Markov
kernel, based on Algorithm 2

Dimensions of the image Ridge regression parameter, as
described in (11)

Value 4 (1, 1) 0.01 × ‖𝐾𝜈 ‖

Table 3. Auto-tuned parameters in experiments. The strategy outlined in (32) is used to determine the three bandwidth parameters
𝜖1 , 𝜖2 , 𝜖3

Ridge regression parameter 𝜖 Bandwidth 𝜖1 of Gaussian kernel
G

Bandwidth 𝜖2 of RKHS kernel 𝑘 Bandwidth 𝜖3 of Markov kernel 𝑝

0.1 Chosen to achieve sparsity 0.3% Chosen to achieve sparsity 1% Chosen to achieve sparsity 1%

1. Lorenz 63. This is the benchmark problem for studying chaotic phenomena in three dimensions, which is
the lowest dimension in which chaos is possible .

𝑑

𝑑𝑡
𝑥1(𝑡) = 𝜎(𝑥2 − 𝑥1)

𝑑

𝑑𝑡
𝑥2(𝑡) = 𝑥!(𝜌 − 𝑥3) − 𝑥2

𝑑

𝑑𝑡
𝑥3(𝑡) = 𝑥1𝑥2 − 𝛽𝑥3

(26)

2. Hopf oscillator. The Hopf oscillator is used as a simple parametric model to study the phenomenon of
Hopf bifurcations. Given a constant 𝑝, the ODE is

𝑑

𝑑𝑡
𝑥1(𝑡) = −𝑥2 + 𝑥1

(
𝑝 −

(
𝑥2

1 + 𝑥2
2

))
𝑑

𝑑𝑡
𝑥2(𝑡) = 𝑥1 + 𝑥2

(
𝑝 −

(
𝑥2

1 + 𝑥2
2

)) (27)

3. Lorenz 96. The Lorenz 96 model is a dynamical system formulated by Edward Lorenz in 1996

𝑑

𝑑𝑡
𝑥𝑛 (𝑡) = (𝑥𝑛+1 − 𝑥𝑛−2) 𝑥𝑛−1 − 𝑥𝑛 + 𝐹, ∀𝑛 ∈ 1, . . . , 𝑁. (28)

This model mimics the time evolution of an unspecified weather measurement collected at 𝑁 equidistant
grid points along a latitude circle of the earth [39]. The constant 𝐹 is known as the forcing function. The
system (28) is benchmark problem in data assimilation.

The steps in each experiment were as follows:

1. The parameters for the ODEs were set according to Table 1.
2. The ODEs were converted into an SDE with the help of a diagonal diffusion term

𝐺 (𝑥)𝑖,𝑖 = 𝜎𝑉 (𝑥)𝑖 , 𝑖 = 1, . . . , 𝑑. (29)

3. The constant 𝜎, which controls the level of noise, was varied among the values {0.1, 0.2, 0.5} respectively.
4. Algorithm 2 was applied to a sample path of the SDE.The parameters for the algorithm were auto-tuned as

described in Table 2.
5. The choice of kernel 𝑘 was a diffusion kernel as in (30), and a Gaussian Markov normalized kernel as in

(10).
6. Some of the algorithmic parameters were auto-tuned according to the hyper-parameters listed in Table 3.

The choice of noise levels does not follow any specific design, other than providing an increasing sequence.
Recall that a higher noise level requires a larger number of data points to approximate the conditional expec-
tation. The highest value of 0.5 was chosen heuristically based on the size ≈ 104 of the dataset being used. We
next describe our parameter choices, and methodology for evaluating our results.

[37]

[38]
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Table 4. Relative 𝐿2 error in experiments

Experiment Noise 0.1 Noise 0.2 Noise 0.5
Hopf oscillator (27) 0.02 0.03 0.06
Lorenz 63 (26) 0.08 0.1 0.14
Lorenz 96 (28) - 5 cells 0.31 0.27 0.265

Figure 7. Reconstruction of the Lorenz 63 system. The trajectories corresponding to the true and reconstructed drifts are in blue and orange,
respectively.

Choice of kernel Our choice of kernel in all the experiments is the diffusion kernel [40,41]. There are many
versions of the diffusion kernel. We choose the following:

𝑘
𝜇
diff,𝜖 (𝑥, 𝑦) =

𝑘Gauss,𝜖 (𝑥, 𝑦)
deg𝑙 (𝑥) deg𝑟 (𝑦)

,

deg𝑟 (𝑥) :=
∫
𝑋
𝑘Gauss,𝜖 (𝑥, 𝑦)𝑑𝜇(𝑦), deg𝑙 (𝑥) :=

∫
𝑋
𝑘Gauss,𝜖 (𝑥, 𝑦)

1
deg𝑟 (𝑥)

𝑑𝜇(𝑦).
(30)

Diffusion kernels have been shown to be good approximants of the local geometry in various situations [42–44],
and are a natural choice for nonparametric learning. We go one step further and perform a symmetrization:

𝜌(𝑥)𝑘𝜇diff,𝜖 (𝑥, 𝑦)𝜌(𝑦)
−1 = 𝑘̃𝜇diff,𝜖 (𝑥, 𝑦) =

𝑘Gauss,𝜖 (𝑥, 𝑦)[
deg𝑟 (𝑥) deg𝑟 (𝑦) deg𝑙 (𝑥) deg𝑙 (𝑦)

]1/2 , (31)

where
𝜌(𝑧) = deg𝑙 (𝑧)1/2/deg𝑟 (𝑧)1/2.

The kernel 𝑘̃𝜇diff,𝜖 from (31) is clearly symmetric. Since it is built from the s.p.d. kernel 𝑘Gauss,𝜖 , 𝑘̃𝜇diff,𝜖 is s.p.d.
too and thus generates an RKHS of its own. Moreover, the kernel 𝑘𝜇diff,𝜖 can be symmetrized using a degree
function 𝜌, which is bounded as well as bounded away from 0. Such a kernel will be called RKHS-like. Let 𝑀𝜌

be the multiplication operator with 𝜌. Then

ran𝐾𝜇
diff,𝜖 = ran𝑀𝜌 ◦ 𝐾̃𝜇

diff,𝜖 .

Again, because of the properties of 𝜌, both 𝑀𝜌 and its inverse are bounded operators. Thus, there is a bijection
between the RKHS generated by 𝑘̃𝜇diff,𝜖 , and the range of the integral operator 𝐾

𝜇
diff,𝜖 .

Bandwidth selection Theproposed algorithm depends on several choices of bandwidth parameters, which also
play the role of a smoothing parameter. Wenowpresent ourmethod of selecting a bandwidth 𝜖 for constructing
a kernel over a datasetD. It depends on the choice of a threshold 𝜂 ∈ (0, 1), and a zero threshold 𝜃𝑧𝑒𝑟𝑜 = 10−14.
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Figure 8. Reconstruction of the Lorenz 96 system with 5 cells. The orbits of the true and reconstructed systems diverge rapidly due to the
presence of positive Lyapunov exponents in the L96 system. See Figure 9 for a closer look at the plots. The trajectories corresponding to
the true and reconstructed drifts are in blue and orange, respectively.

Figure 9. Reconstruction of the Lorenz 96 system with 5 cells. This figure offers a closer look at the graphs of Figure 8. The trajectories
corresponding to the true and reconstructed drifts are in blue and orange, respectively.

We first choose a subsample D′ of the data set D and construct the set S of all possible pairwise squared
distances. Usually, it suffices to choose D′ to be 0.1 fraction of the dataset D, equidistributed throughout D.
Given the threshold 𝜂, we set 𝜖 such that 𝜂-fraction of the numbers in S are greater than 𝜖𝜃, where 𝜃 is the
threshold:

𝜃 = −1/ln (𝜃𝑧𝑒𝑟𝑜) . (32)

Thus 𝜖 is chosen so that an 𝜂 fraction of the values in the set
{
𝑒−‖𝑥−𝑥

′ ‖2/𝜖 : 𝑥, 𝑥′ ∈ D′
}
are greater than 𝜃𝑧𝑒𝑟𝑜 .

The strategy outlined in (32) is used to determine the three bandwidth parameters 𝜖1, 𝜖2, 𝜖3 in Table 2.

Evaluating the results There is no certain way of evaluating the efficacy of a reconstruction technique for
chaotic systems, as argued in [45,46]. In any data-driven approach such as ours, the reconstruction is done
in dimensions higher than the original system. As a result, new directions of instability are introduced, and
even if the drift is reconstructed with good precision, the simulation results might be completely different. For
that purpose, our primary means of evaluating the accuracy of our drift reconstruction is by a pointwise eval-
uation of the reconstruction error, as shown in Figures 3, 4 and 5. The average errors are tabulated in Table 4.
Also see Figures 6, 7, 8 and 9 for a comparison of orbits from the true system and the reconstructed system. It
can be noted in the last two figures that the orbits of the reconstructed system get stuck in a false fixed point.
This is an artifact of the technique of making out of sample evaluations, which we discuss next.
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Evaluating kernel functions Any kernel function 𝜙(𝑥) =
∑𝑁
𝑛=1 𝑎𝑛𝐾̃

𝜇
diff,𝜖 (𝑥, 𝑥𝑛) created from a diffusion kernel

(30) can be evaluated at an arbitrary point 𝑥 in R𝑑 as

𝜙(𝑥) = 1
𝑁

[ ®𝜌𝑙 (𝑥) ®𝜌𝑟 (𝑥)]−0.5
𝑁∑
𝑛=1

𝑘𝐺𝑎𝑢𝑠𝑠,𝜖 (𝑥, 𝑥𝑛)𝑤𝑛,

where the other terms are given by

𝑤𝑛 = 𝑎𝑛
[
deg𝑟 (𝑥𝑛) deg𝑙 (𝑥𝑛)

]−0.5
, ®𝜌𝑟 (𝑥) =

1
𝑁

𝑁∑
𝑛=1

𝑘𝐺𝑎𝑢𝑠𝑠,𝜖 (𝑥, 𝑥𝑛), ®𝜌𝑙 (𝑥) =
1
𝑁

𝑁∑
𝑛=1

𝑘𝐺𝑎𝑢𝑠𝑠,𝜖 (𝑥, 𝑥𝑛)/deg𝑟 (𝑥𝑛).

Note that the vector ®𝑤 = (𝑤1, . . . , 𝑤𝑁 ) is independent of 𝑥 and is computed during the creation of the kernel
matrix. While the computation is straightforward, a numerical issue arises when the test point 𝑥 is far from
the data set {𝑥𝑛 : 𝑛 ∈ 1, . . . , 𝑁}. In that case, the vector

(
𝑘𝐺𝑎𝑢𝑠𝑠,𝜖 (𝑥, 𝑥𝑛)

)𝑁
𝑛=1 has all entries below the machine

precision. Therefore, the constant ®𝜌𝑟 (𝑥) is also below machine precision. The occurrence of such near-zero
numbers could lead to several computational anomalies. We use a nearest point approximation for evaluating
the kernel sum in such cases. This also leads to false fixed points emerging at locations far from the dataset.
We discuss this issue more in our concluding section.

Summary of results Figure 2 represents some typical SDE orbits that were provided as input to the algorithms.
The results of the reconstruction have been displayed in Figures 3, 4, and 5 respectively. The expected trend
displayed is that data created out of higher noise levels lead to larger errors in reconstruction. While the plots
present the pointwise comparisons, the root mean squared errors are summarized in Table 4. The trend can
also be explained by the convergence analysis of the conditional expectation scheme.

An important test for drift reconstruction algorithms is their efficacy in reconstructing trajectories. To this
end, we have compared the trajectories generated by the true drift, with trajectories generated by the simu-
lated drift. The trajectories show excellent match for the periodic Hopf oscillator [Figure 6], and a close match
for the Lorenz 63 model [Figure 7]. The Lorenz-63 model is a chaotic system, and the presence of positive
Lyapunov exponents leads to an exponential divergence of trajectories. The gradual divergence of the trajec-
tories in Figure 7 is indicative of a good reconstruction. It is also notable that the reconstructed orbit, even
though divergent, remains topologically close to the true attractor 𝑋 . The true Lorenz attractor is an isolated
invariant set, with an attracting neighborhood. The topological proximity of the reconstruction indicates that
the reconstructed drift preserves the topological confinement of a neighborhood of 𝑋 .

The 5-dimensional Lorenz-96 model presents a much steeper challenge, as evident from the trajectory com-
parison plots in Figures 8 and 9 respectively. As explained in Section andTheorem 2, the rate of convergence
depends on the number of data samples 𝑁 and the standard deviation 𝜎 of the noise. The higher the dimen-
sion 𝑑 of the phase-space, the higher 𝜎 will be. This means a larger number of data samples are required
to accurately sample the phase space. This is the well known and inevitable curse of dimensionality, given a
fixed error bound 𝛿, the number of samples required to accurately sample the distribution scales as 𝛿1/𝑁 . This
practical challenge can also be interpreted as the case of under-sampling in high dimensions. This problem
has been tackled in [47], but only for the case of overparameterized SDEs. We end this article by proposing a
technique that can overcome this challenge on-parametrically, for certain drifts having redundancy in their
structure.

5. SPARSITY
The mechanism by which Algorithm 1 approximates the conditional expectations can be broadly described
as computing averages w.r.t. various empirical measures. Empirical measure is the measure directly available
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to the algorithm. It is the discrete probability measure whose supports are the data points. The key principle
behind the technique is that the empirical measure provides a weak approximation of the unknown measure
𝜇 referred to in Lemma 0.1. In our next assumption, we make a precise statement on how each component
of the drift is bound to no more than 𝑚 other coordinates. This number 𝑚 is much smaller compared to the
dimension 𝑑. Moreover, the functional dependence is also limited in type, as described formally below:

Assumption 3 Given the SDE (1), there is

(i) an integer 𝑚 << 𝑑 called the dependency dimension;
(ii) a finite collection of functions 𝑉̃ 𝑙 : R𝑚 → R, for 1 ≤ 𝑙 ≤ 𝐿;
(iii) and for each 𝑖 ∈ {1, . . . , 𝑑} a collection Input(𝑖) of 𝑚 coordinates

(
𝑘𝑖,1, . . . , 𝑘𝑖,𝑚

)
⊂ {1, . . . , 𝑑} and an index

ℓ(𝑖) ∈ 1, . . . 𝐿;

such that
𝑉 (𝑥)𝑖 = 𝑉̃ℓ(𝑖)

(
𝑥𝑘𝑖,1 , . . . , 𝑥𝑘𝑖,𝑚

)
, ∀1 ≤ 𝑖 ≤ 𝑑. (33)

Assumption 3 says that effectively, each component of the drift𝑉 is a repeated instance of a lower dimensional
functional unit 𝑉̃ (𝑙) . Such drifts occur in many natural complex phenomena, such as natural complex dynam-
ical systems [48], networks of low dimensional dynamical systems [49] and sub-grid modeling [50,51]. We now
derive the precise nature of this expectation. For each 1 ≤ 𝑖 ≤ 𝑑, define projection maps

𝜋𝑖 : R𝑑 → R𝑚 , 𝑥 ↦→
(
𝑥𝑘𝑖,1 , . . . , 𝑥𝑘𝑖,𝑚

)
.

These projection maps create the following commutation with the coordinate projections
{
proj𝑖 : 1 ≤ 𝑖 ≤ 𝑑

}
,

as given below:

R𝑑 R𝑚

R𝑑 R

𝜋𝑖

𝑉 𝑉̃ℓ (𝑖)

proj𝑖

, ∀1 ≤ 𝑖 ≤ 𝑑. (34)

Taking 𝜙 = proj𝑖 , we get the following equality with the aid of the limiting relation (3) and commutation (34):

𝑑

𝑑𝑡
E (𝑋𝑖 (𝑡, 𝑥0) |𝑥0) =

(
proj𝑖 𝑉

)
(𝑥0) = 𝑉̃ℓ(𝑖) ◦ 𝜋𝑖 (𝑥0), ∀1 ≤ 𝑖 ≤ 𝑑.

Recall the function 𝑓 from (7). Then, similar to (8), we can write

𝑉𝑖 = 𝑉̃
ℓ(𝑖) = E𝜇

(
proj𝑖 ◦ 𝑓 | 𝜋𝑖

)
, ∀1 ≤ 𝑖 ≤ 𝑑. (35)

Equation (35) says that each component of the drift 𝑉̃ can be recovered as a conditional expectation involving
measurements of only a part of the coordinates of the full 𝑑-dimensional state space. It is also important to
note that this equality holds for each 𝑖. This means that (35) provides two advantages from a data-handling
perspective. Firstly, even if 𝑑 is large, one does not need simultaneous measurements of each of the 𝑑 coor-
dinates at every time step. Secondly, the number of coordinates or variables involved in the calculation is 𝑚,
which could be much smaller than 𝑑.

To correctly utilize the strength of (35), we impose some restrictions on the data being used. A causally complete
snapshot corresponding to an initial condition 𝑥0 and a coordinate 𝑖 ∈ 1, . . . , 𝑑 is an (4 + 𝑚)-vector:(

𝑋 (𝑖) (3Δ𝑡, 𝑥0) , 𝑋 (𝑖) (2Δ𝑡, 𝑥0) , 𝑋 (𝑖) (Δ𝑡, 𝑥0) , 𝑋 (𝑖) (𝑡, 𝑥0) , 𝜋𝑖 (𝑥0)
)
,

Each initial condition 𝑥0 and choice of coordinate 𝑖 will lead to a different instantiation of this vector. The
initial conditions need not be selected from a single path; they only need to be equidistributed w.r.t. 𝜇𝑠𝑡𝑎𝑡 .
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The conditional expectation scheme (35) can be numerically realized in a manner exactly analogous to Al-
gorithm 2. The convergence rates undergo an analysis similar to Section . The scheme in (35) allows the
components of the drift to be mined from high dimensional data, in which trajectories may be short, and par-
tiallymissing in data. A numerical implementation of (35) to real-world high dimensional data is an important
and promising project. These numerical investigations will be conducted in our forthcoming work.

6. CONCLUSIONS
Thus, we have demonstrated using theory and numerical examples that the drift component of an SDE can
be extracted from data, using principles from Probability theory and the theory of Kernel integral operators.
The drift can be expressed as a conditional expectation involving random variables, on a certain probability
space. This conditional expectation in turn can be estimated as a linear regression problem using techniques
from kernel integral operators. The algorithmic procedure that is created is completely data-driven. It receives
as inputs snapshots of trajectories of the unknown SDE, and the only requirement is that the initial condition
in each snapshot is equidistributed w.r.t. some stationary measure of the SDE. The numerical method worked
well for the chaotic and quasiperiodic systems of dimensions less than 6 that we investigated. The performance
deteriorates as the dimension increases.

Choice of parameters The three main tuning parameters in our algorithm are the Ridge regression 𝜃 and ker-
nel bandwidth parameters 𝜖1, 𝜖2, 𝜖3. Among these, the most important is the smoothing parameter 𝜖3 which
determines the effective radius of integration. The smaller 𝜖3 is, the higher the number 𝑁 of total samples has
to be. Thus, a larger smoothing radius 𝜖3 leads to a faster convergence with 𝑁 . On the other hand, a larger
𝜖3 and 𝑁 also increases the condition number of the Markov matrix [𝑃], which could adversely affect the ac-
curacy of the solution to the linear least squares problem (13). There is no recipe for tuning these parameters
that would work uniformly well in all applications.

Choice of kernel Note that Algorithm 1 does not specify the kernel, and any RKHS-like kernel such as the
diffusion kernel would be sufficient. The convergence laid down in Lemma 0.1 also does not depend on the
choice of kernel. However, when finite data is used, the choice of kernel becomes important. The question of
an optimal kernel is important and unsolved in machine learning [52–54]. Our framework for estimating drift
provides a more objective setting for this question.

Out-of-sample extensions The technique that we presented provides a robust estimation technique for the
drift. The reason it is well suited to a general nonlinear and data-driven technique is the use of kernel methods.
The downside of kernel methods is the difficulty in extending the function beyond the compactly supported
dataset. Thus, our technique provides a good phase-portrait, but it may not be reliable as a simulator or al-
ternative model to the true system if the latter is chaotic and high dimensional. The issue of out of sample
extensions [55,56] and topological containment [57,58] of simulation models is separate from the preliminary task
of estimating the drift. This is yet another important area of development.

The present article reconstructs the drift as a sum of kernel sections, i.e., as a function. Kernel methods are
just one of the many ways of representing a function. The next goal is to obtain a different representation
that is more suitable for retaining the topology, but still aims to achieve the identity (8). A recent work by the
author [59] presents a reconstruction strategy that preserves the topology of the targeted attractor, at the cost
of replacing the deterministic dynamics law by a Markov process with arbitrarily low noise. The continuous
time analog of this strategy is the idea of combinatorial drifts by Mrozek et al. [60,61]. Another promising tech-
nique directed towards preserving the attractor topology is the matrix-based approach [62]. A fourth option is
the recent idea of representing vector fields as 1-forms [63]. A combination of any of these topologically moti-
vated techniques, with the statistical methods presented in this article, offers an interesting avenue for further
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research.
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