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Abstract

This work proposes the model of quaternion-valued multiple-time-scale competitive neu-
ral networks (QVMTSCNNS) for the first time and explores the projective synchronization
problem of it. Due to the existence of multiple time scale and quaternion, the previous
control method cannot be directly used. Thus, two novel control strategies are designed
to investigate the finite-time/prescribed-time projective synchronization issue. Using non-
separation method, novel criteria for finite-time/prescribed-time projective synchronization
of QVMTSCNNSs are derived by using the nonsmooth theory and quaternion inequality skills.
Lastly, simulations are given to verify our results.
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INTRODUCTION

Recently, the dynamics of competitive neural networks (CNNs) have received significant attention for their
broad application. Later, the model of CNNs on multiple time scales (MTSCNNs) was proposed in[!l. There
are two kinds of memories in MTSCNNSs: the long-term memory (LTM), which describes slow synaptic mod-
ifications, and the short-term memory (STM), which describes the rapid dynamics of the neuron activity. The
MTSCNNs model shows promising prospects in pattern recognition, neural computing, and visual process-
ing[2]. Particularly, MTSCNNSs can be described as a singularly perturbed system on multiple time scales [3+56.7].

Quaternions were first proposed by Hamilton in 1843 [8]. Later, quaternions have shown broad application in
fields such as aerospace technology, pattern recognition, and digital processing [%10]. Recently, to improve color
image processing, quaternion-valued neural networks (QVNNs) were created '], where the neuron state is de-
noted by a quaternion. Compared with real-valued neural networks, QVNNs can process four-dimensional
information in an integrated manner and preserve the intrinsic coupling relationships among different compo-
nents. Therefore, they have demonstrated significant advantages in color image processing, attitude representa-
tion, signal processing and multidimensional data fusion. Lately, the dynamical analysis of QVNNs has received
considerable attention [1213.14]. However, most of these papers considered the dynamical systems evolving on
one time scale; the multiple time scales have not been considered yet.

In the past, investigations of the dynamics of CNNs mainly focused on the case of one time scale. However, mul-
tiple time scales are more common in the signal communication between the neuron nodes, causing dynamics
to be complex [1516]. Research on networks across multiple time scales can extend many existing works, which
is a challenging direction. Moreover, different from the traditional issue of complete synchronization, projec-
tive synchronization gives better performance in fast transmission because of the proportional and adjustable
relation between drive-response networks[17:18:19], Furthermore, most previous results considered the projec-
tive coeflicient as real-valued. Compared with a real projective coefficient, the quaternion-valued projective
parameter can improve the complexity and diversity of synchronization.

Synchronization theory serves as a core component in analyzing the stability and robustness of nonlinear sys-
tems[20]. Recently, the finite-time synchronization (FTS) has been proposed, and it can guarantee system per-
formance within an initial-state-dependent finite time interval. However, due to its dependence on initial con-
ditions, the FTS may be insufficient when the initial conditions are unknown or very large [21:22:23]. To overcome
this limitation, the fixed-time synchronization (FXTS) was proposed[24], which ensures that the convergence
time can be estimated by a fixed number independent of initial conditions. However, there is a limitation of
the FXTS method: its settling time is dependent on the system parameters [25:26:27.28,29.30,31] which remains a
huge restriction for real applications. To overcome this shortage, the PTS control is put forward [3233:34], where
the convergence time can be preassigned only by humans, which is quite flexible and applicable in engineering.
Due to the complexity of the network model, the FXTS and PTS problem of QVNNs on multiple time scales
has not been considered yet, which remains a challenging direction.

Furthermore, in most existing papers, the activation function of neurons is usually assumed as continu-
ous [21:22,23,24,25,26,27,28.29,30,31] ' But in practice, discontinuous activation functions are more applicable because
of the system oscillating and dry friction [2631]. In fact, discontinuous neural systems can be applied to fields of
optimization, power circuits, control problems, and so forth. Thus, it is practical to consider the discontinuous
functions in our research.

As we know, the issue of projective synchronization for QVNNs with multiple time scales has not yet been
addressed. This work aims to explore the projective FTS and PTS problem of this network. The main points are
listed as follows.
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(1) In this work, the QVMTSCNNs model is proposed for the first time, which extends the dynamics of tradi-
tional MTSCNNS to the quaternion field. The previous results in[17:18:19] can be seen as a particular case of this
work.

(2) Two novel synchronizing controllers are proposed to cope with the difficulty caused by multiple time scales;
the problem of projective FTS and PTS for QVMTSCNNE is solved for the first time.

(3) The effects of discontinuous activations and transmission delays are simultaneously considered, the proposed
model is more realistic and broadens the applicability of the obtained synchronization criteria.

Notations. r and @ denote the real and quaternion numbers. For « = «* + j/ +ix’ + kX € @, the conjugate of « is
k= kR — ik — jx! — kk¥, the 1-norm of « € Q is defined as ||x||; = |«R| + |«!| + |« | + [«X|, the 2-norm of « € Q is ||k||2 = Vk*k.
For w € Q, define the quaternion sign function as [w] = sgn(w®) +isgn(w')+ jsgn(w’) +ksgn(w®). Forn = (1, ,na)" € Q¥
and ¢ > 0, make the following definition: sgn(y) = (sgn(y1),--- . sgn(mu)®> 114 = (0119, -+ [ ]9)T € QM, where [7;]¢ =

sgn(n)lnallf .

PRELIMINARIES

For y € @, it has
x=xR+xti+xj+ x5k,

where R, v/, x!, ¥ € R. Furthermore, the Hamilton rule holds:

k=-ji=iji=-kj=jk,

j=—ik=kii?=j2=k%=-1.

Consider the model of QVMTSCNNE:

N N
STM €5 (1) = = Cpn (1) + ) @yt fi(ea (1)) + Y by fieia (£ = 70))
k=1 k=1

+d S (1) (1)

LTM : Sm(t) == @S (1) + B fin (X (1))

where m = 1,--- | N; x,,(1), Sm(1) € @ denote the activity level and external stimulus. « <+ denotes time delay. ¢,, > 0;
am B € R are constants. fi(-) € Q represents the activation function. d, e r denotes the external stimulus. e is
the time scale coeflicient of the STM state. a,u. b € @ denote the connection weights strength between the mth
node and the xth node. The initial value of (1) i$ x,(5) = ¢ (5), S (s) = Tin(s), -7 < 5 < 0.

Considering the drive-response synchronization, take (1) as drive system, choose the controlled response system

N N
STM = €¥m(t) == Conym(t) + D @mifir (1) + Y byus fi (it = 70))
k=1 k=1
o R (1) + 1 (1) (2)

LTM : Rm(t) == @R (1) + B frn (Ym (1)) + v (1)
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where y,,(1), R.(1) € @ denote the states of slave system (2), u.(1),vn(:) € Q are the control inputs. The initial
condition of (2) iS y,u(s) = ¢ (s), Ru(s) = P(s), -t < s < 0.

Remark 1 Note that, extending MTSCNNs from the real domain to the quaternion domain is nontrivial. Due to
the noncommutativity of quaternion multiplication and the coupling among quaternion components, many existing
analysis techniques for real-valued MTSCNNs cannot be directly applied(234]. Consequently, the stability analysis
and controller design become much more challenging. Therefore, studying the dynamics of QVMTSCNN: is both
theoretically meaningful and practically important.

Our aim is to realize the projective synchronization of above systems. Using differential inclusion theory, we set
the assumptions for activation function.

Assumption 2.1 f,,(xn) = £E (xm) +if (xm) + j fi Com) + k K () s continuous except for a countable number of points s,
the left and right limits £5-(6t,) and f3+(s.,) exist.

Assumption 2.2 For any x;.y« € Q, there exist positive constants iy, Hy. My satisfying

lye = Zelli < ballye = xelle + Haas | fe Gill < Mg, 1= 1,2 (3)

where yi € @[ fi(yo)l, &k € eol fi(xi)], ol fi()] = Col R ()42l ] (Vi+cal £ ()] j+ol £K ()1, Tol £5 ()] = [min{ £57(), £5* ()}, max{£5= (), £5 ()},
S=R,I,J,K.

Due to the discontinuous functions in system (1), the traditional solution does not exist. We give the following
definition.

Definition 1 x(1) € @" is named a Filippov solution of the network (1) on [-,Ty), if
(1) x(1) is absolutely continuous on [0, Ty).

(2) There exist measurable functions ¢i(1) € el fi (x(1))] such that

n

STM : €xp(t) = = CpXn (1) + Z i Cr (1) + Z bk i (t = 71) + dp S (1) (4)
k=1 k=1

LTM @ Sy (t) = = @S (1) + Bnlon (1)

For slave system (2), there exist measurable functions w. (1) € col fi (v« (1))] such that

N N
STM 2 €9 (1) == Cym(t) + ) | @mi (1) + Y bk @i (t = 70))
k=1 k=1

+ i R (1) + (1) (5)

LTM : Rm(t) == B (1) + BrnYm (1) + v (1)
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Next, we consider the projective synchronization of above systems. Let 1,, € @ be a projective coefficient. Define

Zn (1) = Y (1) = AnXpn (), & (1) = Rip () = A S (1)

as the projective synchronization error. Then we obtain the error dynamics:

N

N
€im(t) == Cnzm(1) + ), ami (@ (1) = 56 (D) + ., Ak (56(1) = Ani (1)

k=1 k=1

N N
+ ) bk (@ (= 7) = 6kt = 7)) + ) bk (01 (¢ = 76) = Am i (1 = 72))
k=1 k=1

+ dpn&m (1) + U (1)

Em(1) == @mem(t) + B (Y (1) = Al (1)) + v (1)

where @y (1) € @[ fi (v (1)1, 6k (1) € ToL fic (A ()], £ (1) € TO[ fie(xic (1))

Lemma 1 31 For «,w e ", we have
(1) & [«] + [«]"x = 2||x]I1

@) Ky < lkltlwlz, Ik ollz < [«lzllll
3 %(K*w+w*/<) = (K0)® < [lxl2llwll2

() D*([x()] k(1) + k(D) [k(1)])

= kO k (D) + £ [x(D]. k(@)1 # 0

where [«] denotes the sign function of «.

Definition 2 Given e > 0, system (1) and (2) are said to reach projective FTS, if there exists Ty(e) > 0, such that

lim Ol = lim =0, m=1,---,N
HT0<E>||zm(s)\|1 HTO(()Ilem(é)llz ,m=1,--,

lzm ()l = llem ()Ml = 0, Vs € [To(e), +0).

(6)

(7)

where 1 = 1,2, Ty(e) is related to initial system condition. Moreover, (1) and (2) are said to reach projective FXTS, if
To(€) < Tmax (€), Where Tmax (e) is independent on initial system condition, but may be related with the coefficients in

system and controller.

Definition 3 The systems (1) and (2) are said to reach projective PTS, if there exists T, > 0, such that

lim flz,(s)ll = Hm e ()l =0, m=1,--- N
s—T) s—T)

”Zm(-y)lll = “5m(3‘)”l = 0’ Vs € [T17»+°°)~

where 1=1,2, 1, is independent on both initial values and system coefficients.

(8)
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Lemma 2 [31

Assume V(s) : R" — R* is continuous, if there are constants q1 > 0, 0 < a < 1 satisfy

V(s) < —q1V(s), s>0

Then,

vicey <vi-0)-gy(1-a)s, 0<s<T

and v(s)=0 for s > T, and

Vlﬂr(O)

Tqi(l-a)

Lemma 3 [31]

Assume v(s) : Q" — R* is continuous, zf

V(s) < —pu—«kV"(s), s € [tg,+0)

where yu,k,r > 0, then we can derive

(1) Ifr =0, then v(s) = 0 when s > 11, where

(2)If0<r <1, v(s) =0 when s > Ty, where

Ty <Ty= 11,(ﬂk ) (((%)

(3)Ifr=1, then v(s) =0 for s = T3, where

(4) If r > 1, then v(s) = 0 for s > 14, where

(9)

(10)

(11)



Wei et al. Intell. Control Syst. 2026, 1, 2

Page 7 of 21
Lemma 4 (18] Consider a continuous function v(e(s)): Q" — {0} UR®, if
(1) e(s) =0 = V(e(s)) = 0.
(2) The following condition holds for any solution e(s) € Q" of network (6)
V(e(s)) < =bV(e(s)) — ko(s)V(e(s))., for s>t (12)

5k
and ¢(s) are given as:

Then the origin of (6) can be stable within a predefined time 1,. Herein, k > 0,7, > 0 and b < ﬁ Meanwhile, n(s)

n(s)

, s € [tg.tg+Ty),
@(s) = 71(;2 [t0-10 +1p) (13)
T”’As € [tg +Tp, +),
(Tp)?
s) = —, s € [tg.t0 + T, 14
1(s) o+ T, 57 [r0.10 +Tp) (14)
Lemmas Forzy,---,z.>0,0<p<1,qg>1,ithas
Zz{’,z(Z za)",Zz?r261"’(Z z0)7. (15)
o=1 o=1 o=1 o=1

RESULTS AND DISCUSSION

Now, we design the criteria for projective synchronization of QVMTSCNNSs (1) and (2). Provide the control
scheme:

b (1) = = Kz (1) = pm (|2 (O = [z ()] (90 + f‘ifmknzk(r = ll1)

f
Vin (1) = = tmem (1) = plem (D] llem (D114 (16)
where ki, i, 9, Emi, p are positive constants and ¢ > 0, [z,,(1)], [ (1)] are sign functions of z,,(1) and e, (1).
Denote

N
W= min {8 =" (Ulamlly + 1m0+ 1Anl)Mes + sl Hea )
m=1,---,N i

= Bl Hyt = Bl (L 1Al 1) M1 |

Then, the theorem for quaternion projective synchronization of QVMTSCNN:Gs is derived.
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Theorem 1 With Assumption 2.1 and 2.2 and controller (16), for a given e > 0, if

N
ki 2= cm + |Bmlly1 + Z lakmll1lm1s m 2 ldm| = @my Emk 2 N1bmrll1li1s
k=1

N
B2 " (Clamelly + 15l )+ 1l DMt + il Hit ) + 1Bl Hyt
k=1

+ 1Bl (1 + 10l 1) M1

the following results for quaternion projective synchronization can be obtained.

(1) For w =0, 0 <6 < 1, the projective FTS of networks (1) and (2) can be achieved in Ty (¢) estimated as

(1+€%) (ellzolly +llegll) -2

Ty(e) < Ty(e) = o(1-9)

(2) Forw >0 and 5 =0, (1) and (2) can realize projective FTS in Ty(e)

(1 +€°)(ellzgll1 + lleoll1)
W(l+ed)+p

Ty(e) < Ta(e) =

(3) Forw > 0 and 0 < s < 1, the projective FTS of networks (1) and (2) can be achieved in T3(e)
Ta(e) < Fa(e) = L(M)%((“ (L)%V(o))l’é 1)
3V =13 1-6 o W(l+e9)
(4) For w > 0 and s = 1, the projective FTS of networks (1) and (2) can be achieved in Ty(e)

1+€° In (1+eW+pv(0)

Ty(e) < Ty(e) = Trew

(5) For w > 0 and s > 1, networks (1) and (2) can reach projective FXTS in 15 (e) estimated by

5 (W(1+e‘s))%

T5(0) 25000 = s (s

where z = (21(0),22(0). -+, zn (0) 7. g0 = (e1(0),82(0), -+, ex (0)7.
Proof. Select the following composite Lyapunov candidate

V(1) =V(1) + Va(t)

where
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N N
Vi) =€ Yzl Va) = ) lem®)ly

m=1 m=1

Calculating the derivative of v; (1) by (6), we derive

N
€

DVI(0) = ), 5 (2D D 2n(0) + D20 (1) (2 (1))

m=1

1 N N
=5 2 Lzm@1 (= enzn(® + Y amel@i(t) = 61(0)

m=1 k=1

N N
+ ) Ak (S5 (1) = Ak () + Y byt (@ (£ = 76) = 51 = 7))

k=1 k=1

N
+ Z bk (01 (t = Tk) = Am i (t = Tk)) + dyem (1) + um(t))
k=1
N N
+ Z (— CmZm (1) + Z A (@i (1) = 0 (1))
m=1 k=1

> NI

N

+ D amk (01 (1) = i (1) + D bk (@ (1 = 70) = 61 (1 = 70)

k=1 k=1

N *
+ 0 bk Bkt = 70) = Andic(t = 70) + i (0 + (1)) Tz (0]
k=1

By Assumption 2.2 and Lemma 1, we have

D] —
- o0

(12 (D) @i (@1(0) = 66(0) + (@ (1) = 61(1)) [z ()]

-

([zm(t)]*amk(ék(t) = A&k () + (6 (1) = A i (1)) [zm(t)])

D] —

+

k=1

N N
< 3 Mamilly (G lze )11+ He) + ' il (L + 1Al Mt
k=1 k=1

Similarly, for the delayed term, we have

5 (11 b (@0 =7 =320~ 70) + (0~ 70) = 5t 70)) B 2 0)])

+ %([Zm(l)]*bmk@k(l = 7%) = Am L (t = Tk))
+ Gkl = 70) = At = 70) by [z (O]

<okl Ut llzx (r = T)ll1 + Hir) + 10l (1 + 1 4mll1) M

Based on above inequalities, we have

DV (1)
N N N

< D7 (2 Nakmllitus = em =k )Izm(@l1 + Y (lamelln (L + 1Al ) Mia
m=1 k=1 m,k=1

+llamillnHit + 1Bl (1 + [mll1) My + ”bmklllHkl)

(17)

(18)

(19)
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N N

+ 3 Wbl lea e =70l + Y Wl (0l

m,k=1 m=1

N N
= D (Pllem @I + 0+ Y Emellzit - 7l )
m=1 k=1
Similarly, we have

N

D*Va () <= 3" ((@m+ 1)llem Ol + 1Bl Gyt 12 (Oll1 + Hyp1)
m:l

N
1Bl (L4 Ml DM ) = 0 D llem O

m=1

Combining (21) and (22), we obtain

D*V(t)

N N
<D0 (= em+1Bully + ; kIt = ko) l2 (011

m=1

N N N
£ 7 (D lamlly + 1ol (L4 WAl )Me1 + ) il ot

m=1 k=1 k=1

N
+ |,Bm|(1 A1) M1 + 1Bm|H 1 — 19m) + Z(Idml = @m = ) lem (D11

m=1

N N
D (Ibmkllatir = i )lzict =70l =2 )" (lem @IS + lem @13

1 k=1 m=1

M=

+

3
1l

N
<=W=p Y (lzn®I + len®5)

m=1

When w=0and 0 <s <1, we have

N s N
V0= (el +lenlln)” < 1+ Y (Izm@ + llew)15)
m=1 m=1

Hence,

+ P 5
D V(z)§—71+E§V (1)

According to Lemma 3, networks (1) and (2) can realize projective FTS in

1-6
(1+¢%)(elzoll1 +lisoll1 )
p(1-6)

Ti(e) =

When w > 0 and 5 = 0, by Lemma 3, networks (1) and (2) can reach projective FTS in

(1+€)(ellzoll +lleolln)
W(l+ed)+p

To(e) =

(21)

(22)

(23)
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When w > 0and 0 <5 < 1, from Lemma 3, networks (1) and (2) can reach projective FTS in

1 1 ;
b K 1-

A= 1 () (14 () V0O

_1)

For s = 1, we have

. _1+e0,  (1+e2)W+pV(0)

Ta(e) = P In (1+e5w
When w > 0 and s > 1, by Lemma 5, we get

DV <—W- —L 2NV

1+e0

from Lemma 3, networks (1) and (2) can reach projective FXTS in

Ts(€) =

5 (W(1+e‘5))%
W=D \p@2N)t-o

The proof is completed.

Remark 2 Compared with the decomposition method, the direct approach applied in our work can simplify the
theorem condition and computation process significantly; the obtained results are less conservative and more inclu-
sive. Moreover, compared with the investigation in[171-119], the effects of the discontinuous function and quaternion
neuron are discussed here, which makes the model more applicable for practical situations.

Remark 3 Inl'%], the PTS of MTSCNNS is considered. Compared with!!5], we extend the MTSCNNs model to
the quaternion area for the first time and consider the effect of time delay; thus, our results are more practical in
applications.

Remark 4 Inl'8], the projective preassigned-time synchronization problem of delayed QVNNG is explored. However,
due to the existence of multiple time scales, the approach inl18] cannot be directly used in this work. To cope with
this, an e-dependent composite Lyapunov function is designed to derive the criteria for projective FTS and FXTS of
QVMTSCNNE.

In order to realize synchronization in a preassigned settling time, now we consider the predefined-time projec-
tive synchronization problem. Moreover, To avoid the chattering phenomenon, the following control strategy
is designed

0 N
(1) == +(Ar(sm +;§mk||Zk<z—rk)||2 + Xz (0]l2)
w0 == (0 @)l ()2 (24)
lem(0)llz + 0

where S,, > 0,0, > 0,7, > 0, X, > 0, & > 05 ¢(1) is given in Lemma 4, & is a sufficient small positive constant.
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Remark 5 Different from conventional sliding-mode controllers involving discontinuous sign functions, the con-
troller (24) adopts continuous feedback terms. Since & > 0, abrupt switching actions are avoided and the control
input remains continuous. Therefore, the chattering phenomenon can be effectively suppressed. Moreover, the pa-
rameter & provides a compromise between synchronization precision and control smoothness.

Remark 6 The controller parameters are selected according to the inequalities in Theorem 2. Specifically, s,, and 0,
are employed to dominate the uncertain nonlinear terms generated by activation functions, while &, compensates
the delayed coupling terms.

R . 2
v=min {=X,.2%..
l<m<N | €

Furthermore, x,, and v,, determine the convergence rate through the parameter v. Larger values of x,, and v,, lead
to faster convergence and provide greater flexibility in satisfying the predefined-time condition.

Theorem 2 With Assumption 2.1 and 2.2, networks (1) and (2) can reach projective PTS within a settling time T}
via controller (24) if

N
Sm 2 Z(”amkHQ +llbmkll2) (Hiz + (L + 1Amll2) Mi2), Emi = llbmill2li2,
k=1

PV an
Om 2 1Bl (Hy2 + (L + [Anll2)M,2), @ < Py >Lm=1..- N

P

~

where @ = maxy x| (= 26m + dn + 1Bnllz + T2 lamell2liz + lakmllzhz ). dn = 20 + Bullya}y ¥ = Ming ey { 2%, 200}, 5
is given in Lemma 4.

Proof. Choose the Lyapunov function

V(1) = V3(1) + V4 (1)

N N
V3(1) = D €2m()'zm(D), V() = ) en(t) em(1)
m:l ln=1

By calculation, we get

D*V3(1)

= i e(zm(z)*D*zm(t) + D*zm(t)*zm(t))
1

m

M=

N
o) (= emn () + Y amk(@(0) = 51(1)

m=1 k=1
N N

+ D Ak (S5 (1) = Ak (1) + Y bk (@ (1 = 76) = 5t = 70)
k=1 k=1

N
+ 3 b (Bt =) = Andic(t = 7)) + e (1) + (1))
k=1
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N N
+30 (= emzm0 + Y amk (@) = 5(0)
m:l

k=1

N N
+ D @k (61 (1) = k(1) + D bk (@ (1 = 70) = 64 (1 = 7))

k=1 k=1

N
+ 2 bk (01 = 1) = Andic(t = 700) + i (1) + (1)) 2 (1)
k=1

By Assumption 2.2, Lemma 1, we yield

and

and

and

(2 (1) i (@10) = 61(0)) + (@) = 61 (1)) a2 (1)
1

M= \ETMZ

<2 lamili2llzm Dll2 Ui2llzx (D2 + Hi2)

m,k=1

N N
< 7 Namelizliz Uzm U3 + 123 +2 > NamelizHyzllzm (0)]l2
k=1 m,k=1
N

n

3

M=

3

=1 k=1 m,k=1

N N
Z Z (Zm(t)*amk(ék (t) - /lm,(k(t)) + (6k (t) - /lm,zk(t))*a:nkzm(t))
1

m=1 k=1

N N
<2 21 (kZ1 Namlla (1 + nl2) M2 )12 (1) 12

N N

20 2 (om0 bk (¢ = ) = 811 = 7))
m=1 k=1
+ (@ = 1) = 6kt = 7)) bz (1))

N
SQZ

m=1k

N
1Dmill2zm (D2 U2 llzi (t = Ti) |12 + Hi2)
1

N N

20 2 (a0 bk 6k = 1) = At = 7))
m=1 k=1
+ Bt = 70) = it = 7)) Bz (1))

N N
<23 (D Momellz (1 +1ll2) Mz ) lzm (0)]l2

m=1 k=1

In light of the quaternion-valued controller (24), we have

2 (1) i (1) + 4 () 2 (1) + £ (1) Vi () + Vi (£) & (1)

N
(D Namliotez + lakmllzbu2 ) lzn 13 +2 3" lamll2Hiallzn (0ll2

(25)

(26)

(27)

(28)

(29)
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=-2(Sm +§15mknzk<z = 0)ll2 + XnpOllzn (1)) %
2t 0l Ol + 0 A2
Obviously, when z,, (1), &, (1) # 0, lim;_o % =lim,_ % = 1. Similarly, we obtain
v
D*Va(1) = 21 Em(®" (= @nen(®) + B (1) = A (1)) + v (1))

N *
4 27 (= @m0 + B () = Andon (0) + v (1)) (0

m

11
=

N
2amllemOIF + " 1Bunlha (Izm I3 + lem (0)13)
"1:1

M=

< -

3
i
—

+

M=

21811+ 1|2 M2 + Ho ) o (1)1

3
il
=

or

2(Qu + Vg Ollem(1)ll2)lom (02

3
i
—

To sum up, we yield

N N
DV < Y (= 2em +dn +1Bulla + Y lamellzlio + lasmllzbuz) 1o ()13
m=1 k=1

N N
+2 3 ( D Ulamellz + lbmillo) [Hig + (L + [Anll2) Mi2] = S lzm (1) 12

k=
N N
#2303 (Ibmellzliz = &me ) llzm (Dl2llzi(t = 7o)ll2

m:1
& 2 2 < 2
= D ZXneWellzn I3 = Y 2npllen (013
m:l m:l

N N
1
< Zl (= 2+ d+ Bullz + 21 lamillztez + lakmll2lu2 )ellzm ()13
m= k=

N
+ 3 (= 20 + Bulla ) lem (0113
m:l

~ () MIN{Z X, 20,0} le (ellzm (@13 +llem 0)13)

<@V (t) —ve(t)V (1)

By Lemma 4, we get

1 +T1—t v
V(1) < V(i) exp(w (i - IO))(OT;) " teloao+ThH
)

(30)

(31)

(32)

(33)
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Thus,
. 10 +T1} —t\vp
lim V(1) exp(w (i - ’0>)(71) =0 (34)
110 +T;) T,
When 1 > 19 +7}, for @ < 27, we have
2
V() =0, 1€ [1g+T}, +o) (35)

Hence, networks (1) and (2) can achieve projective PTS via controller (24).

Particularly, if the projection coefficient is chosen as 1,, = 1, the following results are derived.

Corollary 1 Under Assumption 2.1 and 2.2, the networks (1) and (2) can reach complete PTS within a settling time
12 via controller (24) if

N
Sm 2 Z(”amkHQ + bk ll2) (Hyo + 2My2), Emk 2 1bmill2li2,
k=1

On 2 Hyp +2My0, w< 22 5021 m=1,. N
P

Proof.

The analysis can follow from the Theorem 2 when a,, = 1.
When we choose a,, = -1, the following results can be obtained.

Corollary 2 Under Assumption 2.1 and 2.2, the networks (1) and (2) can reach anti-synchronization in a predefined-
time T3 by controller (24) if

N
Sm 2 Y (lamkll2 + 1bmillo) (Hyz +2My2), ém = Ibmillakia,
k=1

Om = Hyo+2M, 0, m<%, el m=1,-- N
T,
P

Proof. The analysis can follow from the Theorem 2 when a,, = -1.

Remark 7 Note that the convergence time for PTS can be preset based on practical requirements, which is more
flexible than the parameter-related case in Theorem 1. Moreover, the projective parameter is a quaternion instead
of a real number; thus, the existing results in[171819] gre extended.

Remark 8 Inl34, the authors discuss the FXTS problem for QVNNE, but due to the existence of multiple time scales,
that approach cannot be directly applied here. To cope with the ill-conditioning caused by different time scales, we
design two novel synchronizing controllers. The controllers are designed through well-posed algebraic conditions,
which are easy to implement.
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EXPERIMENTAL

In this section, two simulations are provided to verify our results. Consider Theorem 1 firstly.

Example 1 Consider the 2-node QVMTSCNNs model

2 2
STM : €xy, (1) = = CppXpn (1) + Z i fr(xx (1)) + Z Dok fx (i (1 = 7))
k=1

k=1 k=
+d S (1) (36)

LTM : Sm(t) == @S (1) + B fin (X (1))

where 11=19=05,¢1=02,c0=0.5,d; =04,d5=0.6,81 =1,82 =2,01 =2,a9 = 1,e = 0.05.
1 04+01:-04j+03k  0.2+0.3i+0.3/ +0.3k

1 01+05i+04j-02k 01+04i+0.2j+0.3k |’ (37)
37
01+04i+0.2;+03k -03+0.2i+0.4,;-0.2k

-0.1+04i-0.2j+04k -0.2-0.3i+0.2j +0.3%

Choose
fi(x) =0.2tanh (x®) + {0.2 tanh(x")}i + {0.3 tanh(x’) + 0.04sgn(x’)};
+{0.6 tanh(xX) - 0.03sgn (x*)}k

It can be checked that 111 = 0.6, 131 = 0.6, Hyy = Hay = 0.2, M1y = Moy = 1.6. The condition in Assumptions 2.1 and 2.2
holds. The response system is

2 2
STM & €9 (1) == Coym(t) + D ami fi k(1) + Y byuk fi (i (¢ = 70))
k=1 k=1
+ dp Ry (1) + (1) (38)

LTM : Rm(t) == amRin (1) + Bin fin (Y (1)) + v (1)

Choose A1 =9 = 1, k1 = 1.8,](2 = 2,191 = 18,192 = 18,7]1 = 0.4,772 = 0.4,§11 = 0.7,§12 = 0.7,{321 = 0.8,{?22 =08,p=1,6=0.6.
The quaternion controller is designed as

2
U (1) = = kmzm (1) = pL2m D zm (DI]] = [2m ()] (19m + Z Emicllzi(t = Tk)“l)

k=1

V(1) = = N (1) = plem (D]l em (DI (39)

After calculation, it is checked that

2
km 2= cm+|Bmlly1 + Z lakmll1lm1s m 2 ldm| = @ms Emk 2 1bmrll1le1s
k=1
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A : B
-------- e’ (t) ()
=20 (1) e’ (1)
é,wm A
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Vwﬁ-z
0 2 4 6 8 10121416 18 20 2 4 6 8 10121416 18 20
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-------- (1) )
= e (1) e’ (t)
\DQJN
e
=]
<
DQT
Qe I ———
0 2 4 6 8 1012141618 20 0 2 4 6 8 10121416 18 20
t t

Figure 1. (MatLab) Error states of system (36) and (38) in Simulation 1. (A-D) represents the real and imaginary parts of error state.

U 2
k

+ 1Bl (1 + 10l 1) M1

2
(el + 1Bl DL+ 11D Mit + il Hit ) + 1Bl ot
=1

According to the case 3 in Theorem 1, the settling time is estimated as T = 8.4 s. Choosing 8 initial values, Figure 1
gives the states of system error under controller (39). The system (36) and (38) can realize FTS in 1y via control
scheme (39).

Next, we focus on Theorem 2.

Example 2 Consider the QVMTSCNN: s (36) and (38). The PTS controller is designed as:

2
o m®) -
() == o (S 3 ka1 =01z + Xl 0
o)== D0, 4,0 0llen 0l2) (40)
lem 2 + 0

Choose S1 = S9 = T,¢11 = 0.7,612 = 0.7,691 = 0.8,é05 = 0.8, X1 = X3 = 1,01 = Q9 = 2,11 = Y5 = 1. After calculation, we get
112 = 0.6, lgg = 0.6, Hyo = Hyg = 0.2, M19 = Mo = 1.6, 5 = 0.001. The condition in Assumption 2.1 and 2.2 holds. Preset
T, = 6.4s, choose projection coefficient 11 = 15 = 1. It is computed that

2
Sm 2 Z(”amk”2 +llbmill2) (Hig + L+ 1Amll2) Mi2). Emi = Ibmill2li2,
k=1
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=] <
=) =1
5] <
S5 2 O l;:j:
-4 -4
0 2 4 6 8 1012141618 20 0 2 4 6 8 101214161820
t t
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N o D )
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0 2 4 6 8 101214161820 0 2 4 6 8 1012141618 20
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Figure 2. (MatLab) Error states of system (36) and (38) in Simulation 2. (A-D) represents the real and imaginary parts of error state.

AA

Vo A~
O = 1Bul(Hyz + (14 Anll2)My2). @ < 22, 92 1, m=1.2
P

Choose 8 initial values, Figure 2 depicts the states of system error under controller (40). The projective PTS can be
realized within T,.

CONCLUSIONS

This work established the model of QVMTSCNNS for the first time and investigates the projective synchro-
nization problem of this network via non-separation method. Considering the effect of time delays and dis-
continuous activations, novel controllers are designed without decomposing the quaternion system. Based on
nonsmooth analysis and quaternion inequality technique, concise criteria for quaternion projective FTS and
PTS of QVMTSCNNS are derived, the convergence time can be adjusted according to task requirement. Fur-
thermore, the proposed control method is designed through algebraic conditions, which is easy to implement.
Lastly, simulations are given to verify the results.
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