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Abstract
This work proposes the model of quaternion-valued multiple-time-scale competitive neu-
ral networks (QVMTSCNNs) for the first time and explores the projective synchronization
problem of it. Due to the existence of multiple time scale and quaternion, the previous
control method cannot be directly used. Thus, two novel control strategies are designed
to investigate the finite-time/prescribed-time projective synchronization issue. Using non-
separationmethod, novel criteria for finite-time/prescribed-time projective synchronization
of QVMTSCNNs are derived by using the nonsmooth theory and quaternion inequality skills.
Lastly, simulations are given to verify our results.
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INTRODUCTION

Recently, the dynamics of competitive neural networks (CNNs) have received significant attention for their
broad application. Later, the model of CNNs on multiple time scales (MTSCNNs) was proposed in [1]. There
are two kinds of memories in MTSCNNs: the long-term memory (LTM), which describes slow synaptic mod-
ifications, and the short-term memory (STM), which describes the rapid dynamics of the neuron activity. The
MTSCNNs model shows promising prospects in pattern recognition, neural computing, and visual process-
ing [2]. Particularly, MTSCNNs can be described as a singularly perturbed system onmultiple time scales [3,4,5,6,7].

Quaternions were first proposed by Hamilton in 1843 [8]. Later, quaternions have shown broad application in
fields such as aerospace technology, pattern recognition, and digital processing [9,10]. Recently, to improve color
image processing, quaternion-valued neural networks (QVNNs) were created [11], where the neuron state is de-
noted by a quaternion. Compared with real-valued neural networks, QVNNs can process four-dimensional
information in an integrated manner and preserve the intrinsic coupling relationships among different compo-
nents. Therefore, they have demonstrated significant advantages in color image processing, attitude representa-
tion, signal processing andmultidimensional data fusion. Lately, the dynamical analysis of QVNNs has received
considerable attention [12,13,14]. However, most of these papers considered the dynamical systems evolving on
one time scale; the multiple time scales have not been considered yet.

In the past, investigations of the dynamics of CNNsmainly focused on the case of one time scale. However, mul-
tiple time scales are more common in the signal communication between the neuron nodes, causing dynamics
to be complex [15,16]. Research on networks across multiple time scales can extend many existing works, which
is a challenging direction. Moreover, different from the traditional issue of complete synchronization, projec-
tive synchronization gives better performance in fast transmission because of the proportional and adjustable
relation between drive-response networks [17,18,19]. Furthermore, most previous results considered the projec-
tive coefficient as real-valued. Compared with a real projective coefficient, the quaternion-valued projective
parameter can improve the complexity and diversity of synchronization.

Synchronization theory serves as a core component in analyzing the stability and robustness of nonlinear sys-
tems [20]. Recently, the finite-time synchronization (FTS) has been proposed, and it can guarantee system per-
formance within an initial-state-dependent finite time interval. However, due to its dependence on initial con-
ditions, the FTSmay be insufficient when the initial conditions are unknown or very large [21,22,23]. To overcome
this limitation, the fixed-time synchronization (FXTS) was proposed [24], which ensures that the convergence
time can be estimated by a fixed number independent of initial conditions. However, there is a limitation of
the FXTS method: its settling time is dependent on the system parameters [25,26,27,28,29,30,31], which remains a
huge restriction for real applications. To overcome this shortage, the PTS control is put forward [32,33,34], where
the convergence time can be preassigned only by humans, which is quite flexible and applicable in engineering.
Due to the complexity of the network model, the FXTS and PTS problem of QVNNs on multiple time scales
has not been considered yet, which remains a challenging direction.

Furthermore, in most existing papers, the activation function of neurons is usually assumed as continu-
ous [21,22,23,24,25,26,27,28,29,30,31]. But in practice, discontinuous activation functions are more applicable because
of the system oscillating and dry friction [26,31]. In fact, discontinuous neural systems can be applied to fields of
optimization, power circuits, control problems, and so forth. Thus, it is practical to consider the discontinuous
functions in our research.

As we know, the issue of projective synchronization for QVNNs with multiple time scales has not yet been
addressed. This work aims to explore the projective FTS and PTS problem of this network. The main points are
listed as follows.
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(1) In this work, the QVMTSCNNs model is proposed for the first time, which extends the dynamics of tradi-
tional MTSCNNs to the quaternion field. The previous results in [17,18,19] can be seen as a particular case of this
work.

(2) Two novel synchronizing controllers are proposed to cope with the difficulty caused by multiple time scales;
the problem of projective FTS and PTS for QVMTSCNNs is solved for the first time.

(3)The effects of discontinuous activations and transmission delays are simultaneously considered, the proposed
model is more realistic and broadens the applicability of the obtained synchronization criteria.

Notations. R and Q denote the real and quaternion numbers. For 𝜅 = 𝜅𝑅 + 𝑗 𝜅𝐽 + 𝑖𝜅𝐼 + 𝑘𝜅𝐾 ∈ Q, the conjugate of 𝜅 is
𝜅∗ = 𝜅𝑅 − 𝑖𝜅𝐼 − 𝑗 𝜅𝐽 − 𝑘𝜅𝐾 , the 1-norm of 𝜅 ∈ Q is defined as ‖𝜅‖1 = |𝜅𝑅 | + |𝜅𝐼 | + |𝜅𝐽 | + |𝜅𝐾 |, the 2-norm of 𝜅 ∈ Q is ‖𝜅‖2 =

√
𝜅∗𝜅.

For 𝑤 ∈ Q, define the quaternion sign function as [𝑤] = 𝑠𝑔𝑛(𝑤𝑅) + 𝑖𝑠𝑔𝑛(𝑤𝐼 ) + 𝑗 𝑠𝑔𝑛(𝑤𝐽 ) + 𝑘𝑠𝑔𝑛(𝑤𝐾 ). For 𝜂 = (𝜂1, · · · , 𝜂𝑀 )𝑇 ∈ Q𝑀

and 𝑞 > 0, make the following definition: 𝑠𝑔𝑛(𝜂) = (𝑠𝑔𝑛(𝜂1), · · · , 𝑠𝑔𝑛(𝜂𝑀 ))𝑇 , [𝜂]𝑞 = ( [𝜂1]𝑞 , · · · , [𝜂𝑀 ]𝑞)𝑇 ∈ Q𝑀 , where [𝜂𝑖]𝑞 =

𝑠𝑔𝑛(𝜂𝑖)‖𝜂𝑖 ‖𝑞1.

PRELIMINARIES

For 𝜒 ∈ Q, it has
𝜒 = 𝜒𝑅 + 𝜒𝐼 𝑖 + 𝜒𝐽 𝑗 + 𝜒𝐾 𝑘,

where 𝜒𝑅 , 𝜒𝐽 , 𝜒𝐼 , 𝜒𝐾 ∈ R. Furthermore, the Hamilton rule holds:

𝑘 = − 𝑗𝑖 = 𝑖 𝑗 , 𝑖 = −𝑘 𝑗 = 𝑗 𝑘,

𝑗 = −𝑖𝑘 = 𝑘𝑖, 𝑖2 = 𝑗2 = 𝑘2 = −1.

Consider the model of QVMTSCNNs:

𝑆𝑇𝑀 : 𝜖 ¤𝑥𝑚 (𝑡) = − 𝑐𝑚𝑥𝑚 (𝑡) +
𝑁∑
𝑘=1

𝑎𝑚𝑘 𝑓𝑘 (𝑥𝑘 (𝑡)) +
𝑁∑
𝑘=1

𝑏𝑚𝑘 𝑓𝑘 (𝑥𝑘 (𝑡 − 𝜏𝑘 ))

+ 𝑑𝑚𝑆𝑚 (𝑡) (1)
𝐿𝑇𝑀 : ¤𝑆𝑚 (𝑡) = − 𝛼𝑚𝑆𝑚 (𝑡) + 𝛽𝑚 𝑓𝑚 (𝑥𝑚 (𝑡))

where 𝑚 = 1, · · · , 𝑁; 𝑥𝑚 (𝑡), 𝑆𝑚 (𝑡) ∈ Q denote the activity level and external stimulus. 𝜏𝑘 ≤ 𝜏 denotes time delay. 𝑐𝑚 > 0;
𝛼𝑚, 𝛽𝑚 ∈ R are constants. 𝑓𝑘 (·) ∈ Q represents the activation function. 𝑑𝑚 ∈ R denotes the external stimulus. 𝜖 is
the time scale coefficient of the STM state. 𝑎𝑚𝑘 , 𝑏𝑚𝑘 ∈ Q denote the connection weights strength between the 𝑚th
node and the 𝑘th node. The initial value of (1) is 𝑥𝑚 (𝑠) = 𝜙𝑚 (𝑠), 𝑆𝑚 (𝑠) = Ψ𝑚 (𝑠),−𝜏 ≤ 𝑠 ≤ 0.

Considering the drive-response synchronization, take (1) as drive system, choose the controlled response system

𝑆𝑇𝑀 : 𝜖 ¤𝑦𝑚 (𝑡) = − 𝑐𝑚𝑦𝑚 (𝑡) +
𝑁∑
𝑘=1

𝑎𝑚𝑘 𝑓𝑘 (𝑦𝑘 (𝑡)) +
𝑁∑
𝑘=1

𝑏𝑚𝑘 𝑓𝑘 (𝑦𝑘 (𝑡 − 𝜏𝑘 ))

+ 𝑑𝑚𝑅𝑚 (𝑡) + 𝑢𝑚 (𝑡) (2)
𝐿𝑇𝑀 : ¤𝑅𝑚 (𝑡) = − 𝛼𝑚𝑅𝑚 (𝑡) + 𝛽𝑚 𝑓𝑚 (𝑦𝑚 (𝑡)) + 𝑣𝑚 (𝑡)
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where 𝑦𝑚 (𝑡), 𝑅𝑚 (𝑡) ∈ Q denote the states of slave system (2), 𝑢𝑚 (𝑡), 𝑣𝑚 (𝑡) ∈ Q are the control inputs. The initial
condition of (2) is 𝑦𝑚 (𝑠) = 𝜙𝑚 (𝑠), 𝑅𝑚 (𝑠) = Ψ̃𝑚 (𝑠),−𝜏 ≤ 𝑠 ≤ 0.

Remark 1 Note that, extending MTSCNNs from the real domain to the quaternion domain is nontrivial. Due to
the noncommutativity of quaternionmultiplication and the coupling among quaternion components, many existing
analysis techniques for real-valued MTSCNNs cannot be directly applied [2,3,4]. Consequently, the stability analysis
and controller design become much more challenging. Therefore, studying the dynamics of QVMTSCNNs is both
theoretically meaningful and practically important.

Our aim is to realize the projective synchronization of above systems. Using differential inclusion theory, we set
the assumptions for activation function.

Assumption 2.1 𝑓𝑚 (𝑥𝑚) = 𝑓 𝑅𝑚 (𝑥𝑚) + 𝑖 𝑓 𝐼𝑚 (𝑥𝑚) + 𝑗 𝑓 𝐽𝑚 (𝑥𝑚) + 𝑘 𝑓 𝐾𝑚 (𝑥𝑚) is continuous except for a countable number of points 𝛿 𝜄𝑚,
the left and right limits 𝑓 𝑆−𝑚 (𝛿 𝜄𝑚) and 𝑓 𝑆+𝑚 (𝛿 𝜄𝑚) exist.

Assumption 2.2 For any 𝑥𝑘 , 𝑦𝑘 ∈ Q, there exist positive constants 𝑙𝑘𝑙 , 𝐻𝑘𝑙 , 𝑀𝑘𝑙 satisfying

‖𝛾𝑘 − 𝜁𝑘 ‖𝑙 ≤ 𝑙𝑘𝑙 ‖𝑦𝑘 − 𝑥𝑘 ‖𝑙 + 𝐻𝑘𝑙 , ‖ 𝑓𝑘 (𝑦𝑘 )‖𝑙 ≤ 𝑀𝑘𝑙 , 𝑙 = 1,2 (3)

where 𝛾𝑘 ∈ 𝑐𝑜[ 𝑓𝑘 (𝑦𝑘 )], 𝜁𝑘 ∈ 𝑐𝑜[ 𝑓𝑘 (𝑥𝑘 )], 𝑐𝑜[ 𝑓𝑘 (·)] = 𝑐𝑜[ 𝑓 𝑅𝑘 (·)]+𝑐𝑜[ 𝑓 𝐼𝑘 (·)]𝑖+𝑐𝑜[ 𝑓 𝐽𝑘 (·)] 𝑗+𝑐𝑜[ 𝑓
𝐾
𝑘 (·)]𝑘, 𝑐𝑜[ 𝑓 𝑆𝑘 (·)] = [min{ 𝑓 𝑆−𝑘 (·), 𝑓 𝑆+𝑘 (·)},max{ 𝑓 𝑆−𝑘 (·), 𝑓 𝑆+𝑘 (·)}],

𝑆 = 𝑅, 𝐼, 𝐽, 𝐾.

Due to the discontinuous functions in system (1), the traditional solution does not exist. We give the following
definition.

Definition 1 𝑥(𝑡) ∈ Q𝑛 is named a Filippov solution of the network (1) on [−𝜏, 𝑇0), if

(1) 𝑥(𝑡) is absolutely continuous on [0, 𝑇0).

(2) There exist measurable functions 𝜁𝑘 (𝑡) ∈ 𝑐𝑜[ 𝑓𝑘 (𝑥𝑘 (𝑡))] such that

𝑆𝑇𝑀 : 𝜖 ¤𝑥𝑚 (𝑡) = − 𝑐𝑚𝑥𝑚 (𝑡) +
𝑛∑
𝑘=1

𝑎𝑚𝑘 𝜁𝑘 (𝑡) +
𝑛∑
𝑘=1

𝑏𝑚𝑘 𝜁𝑘 (𝑡 − 𝜏𝑘 ) + 𝑑𝑚𝑆𝑚 (𝑡) (4)

𝐿𝑇𝑀 : ¤𝑆𝑚 (𝑡) = − 𝛼𝑚𝑆𝑚 (𝑡) + 𝛽𝑚𝜁𝑚 (𝑡)

For slave system (2), there exist measurable functions 𝜛𝑘 (𝑡) ∈ 𝑐𝑜[ 𝑓𝑘 (𝑦𝑘 (𝑡))] such that

𝑆𝑇𝑀 : 𝜖 ¤𝑦𝑚 (𝑡) = − 𝑐𝑚𝑦𝑚 (𝑡) +
𝑁∑
𝑘=1

𝑎𝑚𝑘𝜛𝑘 (𝑡) +
𝑁∑
𝑘=1

𝑏𝑚𝑘𝜛𝑘 (𝑡 − 𝜏𝑘 ))

+ 𝑑𝑚𝑅𝑚 (𝑡) + 𝑢𝑚 (𝑡) (5)
𝐿𝑇𝑀 : ¤𝑅𝑚 (𝑡) = − 𝛼𝑚𝑅𝑚 (𝑡) + 𝛽𝑚𝛾𝑚 (𝑡) + 𝑣𝑚 (𝑡)
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Next, we consider the projective synchronization of above systems. Let 𝜆𝑚 ∈ Q be a projective coefficient. Define

𝑧𝑚 (𝑡) = 𝑦𝑚 (𝑡) − 𝜆𝑚𝑥𝑚 (𝑡), 𝜀𝑚 (𝑡) = 𝑅𝑚 (𝑡) − 𝜆𝑚𝑆𝑚 (𝑡)

as the projective synchronization error. Then we obtain the error dynamics:

𝜖 ¤𝑧𝑚 (𝑡) = − 𝑐𝑚𝑧𝑚 (𝑡) +
𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡)) +
𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡))

+
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 )) +
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 ))

+ 𝑑𝑚𝜀𝑚 (𝑡) + 𝑢𝑚 (𝑡) (6)
¤𝜀𝑚 (𝑡) = − 𝛼𝑚𝜀𝑚 (𝑡) + 𝛽𝑚 (𝛾𝑚 (𝑡) − 𝜆𝑚𝜁𝑚 (𝑡)) + 𝑣𝑚 (𝑡)

where 𝜛𝑘 (𝑡) ∈ 𝑐𝑜[ 𝑓𝑘 (𝑦𝑘 (𝑡))], 𝛿𝑘 (𝑡) ∈ 𝑐𝑜[ 𝑓𝑘 (𝜆𝑚𝑥𝑘 (𝑡))], 𝜁𝑘 (𝑡) ∈ 𝑐𝑜[ 𝑓𝑘 (𝑥𝑘 (𝑡))].

Lemma 1 [31] For 𝜅, 𝜔 ∈ Q𝑛, we have
(1) 𝜅∗ [𝜅] + [𝜅]∗𝜅 = 2‖𝜅‖1

(2) ‖𝜅∗𝜔‖1 ≤ ‖𝜅‖1‖𝜔‖1, ‖𝜅∗𝜔‖2 ≤ ‖𝜅‖2‖𝜔‖2

(3) 1
2 (𝜅∗𝜔 + 𝜔∗𝜅) = (𝜅∗𝜔)𝑅 ≤ ‖𝜅‖2‖𝜔‖2

(4) 𝐷+ ([𝜅(𝑡)]∗𝜅(𝑡) + 𝜅(𝑡)∗ [𝜅(𝑡)])
= [𝜅(𝑡)]∗ ¤𝜅(𝑡) + ¤𝜅(𝑡)∗ [𝜅(𝑡)], ‖𝜅(𝑡)‖1 ≠ 0

where [𝜅] denotes the sign function of 𝜅.

Definition 2 Given 𝜖 > 0, system (1) and (2) are said to reach projective FTS, if there exists 𝑇0 (𝜖) > 0, such that

lim
𝑠→𝑇0 (𝜖 )

‖𝑧𝑚 (𝑠)‖𝑙 = lim
𝑠→𝑇0 (𝜖 )

‖𝜀𝑚 (𝑠)‖𝑙 = 0, 𝑚 = 1, · · · , 𝑁

‖𝑧𝑚 (𝑠)‖𝑙 = ‖𝜀𝑚 (𝑠)‖𝑙 = 0, ∀𝑠 ∈ [𝑇0 (𝜖), +∞). (7)

where 𝑙 = 1,2, 𝑇0 (𝜖) is related to initial system condition. Moreover, (1) and (2) are said to reach projective FXTS, if
𝑇0 (𝜖) < 𝑇max (𝜖), where 𝑇max (𝜖) is independent on initial system condition, but may be related with the coefficients in
system and controller.

Definition 3 The systems (1) and (2) are said to reach projective PTS, if there exists 𝑇𝑝 > 0, such that

lim
𝑠→𝑇𝑝

‖𝑧𝑚 (𝑠)‖𝑙 = lim
𝑠→𝑇𝑝

‖𝜀𝑚 (𝑠)‖𝑙 = 0, 𝑚 = 1, · · · , 𝑁

‖𝑧𝑚 (𝑠)‖𝑙 = ‖𝜀𝑚 (𝑠)‖𝑙 = 0, ∀𝑠 ∈ [𝑇𝑝 , +∞). (8)

where 𝑙 = 1,2, 𝑇𝑝 is independent on both initial values and system coefficients.
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Lemma 2 [31]

Assume 𝑉 (𝑠) : R𝑛 → R+ is continuous, if there are constants 𝑞1 > 0, 0 ≤ 𝛼 < 1 satisfy

¤𝑉 (𝑠) ≤ −𝑞1𝑉
𝛼 (𝑠) , 𝑠 ≥ 0 (9)

Then,

𝑉1−𝛼 (𝑠) ≤ 𝑉1−𝛼 (0) − 𝑞1 (1 − 𝛼)𝑠 , 0 ≤ 𝑠 ≤ 𝑇 (10)

and 𝑉 (𝑠) ≡ 0 for 𝑠 ≥ 𝑇 , and

𝑇 ≤ 𝑉1−𝛼 (0)
𝑞1 (1 − 𝛼)

Lemma 3 [31]

Assume 𝑉 (𝑠) : Q𝑛 → R+ is continuous, if

¤𝑉 (𝑠) ≤ −𝜇 − 𝜅𝑉𝑟 (𝑠) , 𝑠 ∈ [𝑡0, +∞) (11)

where 𝜇, 𝜅, 𝑟 ≥ 0, then we can derive

(1) If 𝑟 = 0, then 𝑉 (𝑠) ≡ 0 when 𝑠 ≥ 𝑇1, where

𝑇1 ≤ 𝑇1 =
𝑉 (0)
𝜇 + 𝜅

(2) If 0 < 𝑟 < 1, 𝑉 (𝑠) ≡ 0 when 𝑠 ≥ 𝑇2, where

𝑇2 ≤ 𝑇2 =
1

1 − 𝑟

( 𝜇1−𝑟

𝜅

) 1
𝑟
((( 𝜅

𝜇

) 1
𝑟
𝑉 (0) + 1

)1−𝑟
− 1

)
(3) If 𝑟 = 1, then 𝑉 (𝑠) ≡ 0 for 𝑠 ≥ 𝑇3, where

𝑇3 ≤ 𝑇3 =
1
𝜅

ln 𝜇 + 𝜅𝑉 (0)
𝜇

(4) If 𝑟 > 1, then 𝑉 (𝑠) ≡ 0 for 𝑠 ≥ 𝑇4, where

𝑇4 ≤ 𝑇4 =
1
𝜇

( 𝜇
𝜅

) 1
𝑟
(
1 + 1

1 − 𝑟

)
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Lemma 4 [18] Consider a continuous function 𝑉 (𝑒(𝑠)): Q𝑛 → {0} ∪ R+, if

(1) 𝑒(𝑠) = 0 ⇔ 𝑉 (𝑒(𝑠)) = 0.

(2) The following condition holds for any solution 𝑒(𝑠) ∈ Q𝑛 of network (6)

¤𝑉 (𝑒(𝑠)) ≤ −𝑏𝑉 (𝑒(𝑠)) − 𝑘̂𝜑(𝑠)𝑉 (𝑒(𝑠)), 𝑓 𝑜𝑟 𝑠 ≥ 𝑡0 (12)

Then the origin of (6) can be stable within a predefined time 𝑇𝑝. Herein, 𝑘̂ > 0, 𝑇𝑝 > 0 and 𝑏 < 𝑝̂𝑘̂
𝑇𝑝
. Meanwhile, 𝜂(𝑠)

and 𝜑(𝑠) are given as:

𝜑(𝑠) =


¤𝜂 (𝑠)
𝜂 (𝑠) , 𝑠 ∈ [𝑡0, 𝑡0 + 𝑇𝑝),
𝑝̂
𝑇𝑝
, 𝑠 ∈ [𝑡0 + 𝑇𝑝 , +∞),

(13)

𝜂(𝑠) =
(𝑇𝑝) 𝑝̂

(𝑡0 + 𝑇𝑝 − 𝑠) 𝑝̂
, 𝑠 ∈ [𝑡0, 𝑡0 + 𝑇𝑝) (14)

Lemma 5 For 𝑧1, · · · , 𝑧𝜖 ≥ 0,0 < 𝑝 < 1, 𝑞 > 1, it has

𝜖∑
𝜎=1

𝑧𝑝𝜎 ≥ (
𝜖∑
𝜎=1

𝑧𝜎) 𝑝 ,
𝜖∑
𝜎=1

𝑧𝑞𝜎 ≥ 𝜖1−𝑞 (
𝜖∑
𝜎=1

𝑧𝜎)𝑞 . (15)

RESULTS AND DISCUSSION

Now, we design the criteria for projective synchronization of QVMTSCNNs (1) and (2). Provide the control
scheme:

𝑢𝑚 (𝑡) = − 𝑘𝑚𝑧𝑚 (𝑡) − 𝜌[𝑧𝑚 (𝑡)] ‖𝑧𝑚 (𝑡)‖ 𝛿1 − [𝑧𝑚 (𝑡)]
(
𝜗𝑚 +

𝑁∑
𝑘=1

𝜉𝑚𝑘 ‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖1
)

𝑣𝑚 (𝑡) = − 𝜂𝑚𝜀𝑚 (𝑡) − 𝜌[𝜀𝑚 (𝑡)] ‖𝜀𝑚 (𝑡)‖ 𝛿1 (16)

where 𝑘𝑚, 𝜂𝑚, 𝜗𝑚, 𝜉𝑚𝑘 , 𝜌 are positive constants and 𝛿 ≥ 0, [𝑧𝑚 (𝑡)], [𝜀𝑚 (𝑡)] are sign functions of 𝑧𝑚 (𝑡) and 𝜀𝑚 (𝑡).

Denote

𝑊 = min
𝑚=1, · · · ,𝑁

{
𝜗𝑚 −

𝑁∑
𝑘=1

(
(‖𝑎𝑚𝑘 ‖1 + ‖𝑏𝑚𝑘 ‖1)(1 + ‖𝜆𝑚‖1)𝑀𝑘1 + ‖𝑎𝑚𝑘 ‖1𝐻𝑘1

)
− |𝛽𝑚 |𝐻𝑚1 − |𝛽𝑚 | (1 + ‖𝜆𝑚‖1)𝑀𝑚1

}
Then, the theorem for quaternion projective synchronization of QVMTSCNNs is derived.
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Theorem 1 With Assumption 2.1 and 2.2 and controller (16), for a given 𝜖 > 0, if

𝑘𝑚 ≥ − 𝑐𝑚 + |𝛽𝑚 |𝑙𝑚1 +
𝑁∑
𝑘=1

‖𝑎𝑘𝑚‖1𝑙𝑚1, 𝜂𝑚 ≥ |𝑑𝑚 | − 𝛼𝑚, 𝜉𝑚𝑘 ≥ ‖𝑏𝑚𝑘 ‖1𝑙𝑘1,

𝜗𝑚 ≥
𝑁∑
𝑘=1

(
(‖𝑎𝑚𝑘 ‖1 + ‖𝑏𝑚𝑘 ‖1) (1 + ‖𝜆𝑚‖1)𝑀𝑘1 + ‖𝑎𝑚𝑘 ‖1𝐻𝑘1

)
+ |𝛽𝑚 |𝐻𝑚1

+ |𝛽𝑚 | (1 + ‖𝜆𝑚‖1)𝑀𝑚1

the following results for quaternion projective synchronization can be obtained.

(1) For 𝑊 = 0, 0 < 𝛿 < 1, the projective FTS of networks (1) and (2) can be achieved in 𝑇1 (𝜖) estimated as

𝑇1 (𝜖) ≤ 𝑇1 (𝜖) =
(1 + 𝜖 𝛿 ) (𝜖 ‖𝑧0‖1 + ‖𝜀0‖1)1−𝛿

𝜌(1 − 𝛿)

(2) For 𝑊 > 0 and 𝛿 = 0, (1) and (2) can realize projective FTS in 𝑇2 (𝜖)

𝑇2 (𝜖) ≤ 𝑇2 (𝜖) =
(1 + 𝜖 𝛿 ) (𝜖 ‖𝑧0‖1 + ‖𝜀0‖1)

𝑊 (1 + 𝜖 𝛿 ) + 𝜌

(3) For 𝑊 > 0 and 0 < 𝛿 < 1, the projective FTS of networks (1) and (2) can be achieved in 𝑇3 (𝜖)

𝑇3 (𝜖) ≤ 𝑇3 (𝜖) =
1

1 − 𝛿

( (1 + 𝜖 𝛿 )𝑊1−𝛿

𝜌

) 1
𝛿
((

1 +
( 𝜌

𝑊 (1 + 𝜖 𝛿 )

) 1
𝛿
𝑉 (0)

)1−𝛿
− 1

)
(4) For 𝑊 > 0 and 𝛿 = 1, the projective FTS of networks (1) and (2) can be achieved in 𝑇4 (𝜖)

𝑇4 (𝜖) ≤ 𝑇4 (𝜖) =
1 + 𝜖 𝛿
𝜌

ln (1 + 𝜖 𝛿 )𝑊 + 𝜌𝑉 (0)
(1 + 𝜖 𝛿 )𝑊

(5) For 𝑊 > 0 and 𝛿 > 1, networks (1) and (2) can reach projective FXTS in 𝑇5 (𝜖) estimated by

𝑇5 (𝜖) ≤ 𝑇5 (𝜖) =
𝛿

𝑊 (𝛿 − 1)
(𝑊 (1 + 𝜖 𝛿 )
𝜌(2𝑁)1−𝛿

) 1
𝛿

where 𝑧0 = (𝑧1 (0), 𝑧2 (0), · · · , 𝑧𝑁 (0))𝑇 , 𝜀0 = (𝜀1 (0), 𝜀2 (0), · · · , 𝜀𝑁 (0))𝑇 .

Proof. Select the following composite Lyapunov candidate

𝑉 (𝑡) =𝑉1 (𝑡) +𝑉2 (𝑡)

where
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𝑉1 (𝑡) =𝜖
𝑁∑
𝑚=1

‖𝑧𝑚 (𝑡)‖1, 𝑉2 (𝑡) =
𝑁∑
𝑚=1

‖𝜀𝑚 (𝑡)‖1 (17)

Calculating the derivative of 𝑉1 (𝑡) by (6), we derive

𝐷+𝑉1 (𝑡) =
𝑁∑
𝑚=1

𝜖

2
(
[𝑧𝑚 (𝑡)]∗𝐷+𝑧𝑚 (𝑡) + 𝐷+𝑧𝑚 (𝑡)∗ [𝑧𝑚 (𝑡)]

)
=

1
2

𝑁∑
𝑚=1

[𝑧𝑚 (𝑡)]∗
(
− 𝑐𝑚𝑧𝑚 (𝑡) +

𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡))

+
𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡)) +
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 ))

+
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 )) + 𝑑𝑚𝜀𝑚 (𝑡) + 𝑢𝑚 (𝑡)
)

+ 1
2

𝑁∑
𝑚=1

(
− 𝑐𝑚𝑧𝑚 (𝑡) +

𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡))

+
𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡)) +
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 ))

+
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 )) + 𝑑𝑚𝜀𝑚 (𝑡) + 𝑢𝑚 (𝑡)
)∗
[𝑧𝑚 (𝑡)] (18)

By Assumption 2.2 and Lemma 1, we have

1
2

𝑁∑
𝑘=1

(
[𝑧𝑚 (𝑡)]∗𝑎𝑚𝑘 (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡)) + (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡))∗𝑎∗𝑚𝑘 [𝑧𝑚 (𝑡)]

)
+ 1

2
𝑁∑
𝑘=1

(
[𝑧𝑚 (𝑡)]∗𝑎𝑚𝑘 (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡)) + (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡))∗𝑎∗𝑚𝑘 [𝑧𝑚 (𝑡)]

)
≤

𝑁∑
𝑘=1

‖𝑎𝑚𝑘 ‖1 (𝑙𝑘1‖𝑧𝑘 (𝑡)‖1 + 𝐻𝑘1) +
𝑁∑
𝑘=1

‖𝑎𝑚𝑘 ‖1 (1 + ‖𝜆𝑚‖1)𝑀𝑘1 (19)

Similarly, for the delayed term, we have

1
2
(
[𝑧𝑚 (𝑡)]∗𝑏𝑚𝑘 (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 )) + (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 ))∗𝑏∗𝑚𝑘 [𝑧𝑚 (𝑡)]

)
+ 1

2
(
[𝑧𝑚 (𝑡)]∗𝑏𝑚𝑘 (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 ))

+ (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 ))∗𝑏∗𝑚𝑘 [𝑧𝑚 (𝑡)]
)

≤‖𝑏𝑚𝑘 ‖1 (𝑙𝑘1‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖1 + 𝐻𝑘1) + ‖𝑏𝑚𝑘 ‖1 (1 + ‖𝜆𝑚‖1)𝑀𝑘1 (20)

Based on above inequalities, we have

𝐷+𝑉1 (𝑡)

≤
𝑁∑
𝑚=1

( 𝑁∑
𝑘=1

‖𝑎𝑘𝑚‖1𝑙𝑚1 − 𝑐𝑚 − 𝑘𝑚
)
‖𝑧𝑚 (𝑡)‖1 +

𝑁∑
𝑚,𝑘=1

(
‖𝑎𝑚𝑘 ‖1 (1 + ‖𝜆𝑚‖1)𝑀𝑘1

+ ‖𝑎𝑚𝑘 ‖1𝐻𝑘1 + ‖𝑏𝑚𝑘 ‖1 (1 + ‖𝜆𝑚‖1)𝑀𝑘1 + ‖𝑏𝑚𝑘 ‖1𝐻𝑘1
)
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+
𝑁∑

𝑚,𝑘=1
‖𝑏𝑚𝑘 ‖1𝑙𝑘1‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖1 +

𝑁∑
𝑚=1

|𝑑𝑚 |‖𝜀𝑚 (𝑡)‖1

−
𝑁∑
𝑚=1

(
𝜌‖𝑧𝑚 (𝑡)‖ 𝛿1 + 𝜗𝑚 +

𝑁∑
𝑘=1

𝜉𝑚𝑘 ‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖1
)

(21)

Similarly, we have

𝐷+𝑉2 (𝑡) ≤ −
𝑁∑
𝑚=1

(
(𝛼𝑚 + 𝜂𝑚)‖𝜀𝑚 (𝑡)‖1 + |𝛽𝑚 | (𝑙𝑚1‖𝑧𝑚 (𝑡)‖1 + 𝐻𝑚1)

+ |𝛽𝑚 | (1 + ‖𝜆𝑚‖1)𝑀𝑚1
)
− 𝜌

𝑁∑
𝑚=1

‖𝜀𝑚 (𝑡)‖ 𝛿1 (22)

Combining (21) and (22), we obtain

𝐷+𝑉 (𝑡)

≤
𝑁∑
𝑚=1

(
− 𝑐𝑚 + |𝛽𝑚 |𝑙𝑚1 +

𝑁∑
𝑘=1

‖𝑎𝑘𝑚‖1𝑙𝑚1 − 𝑘𝑚
)
‖𝑧𝑚 (𝑡)‖1

+
𝑁∑
𝑚=1

( 𝑁∑
𝑘=1

(‖𝑎𝑚𝑘 ‖1 + ‖𝑏𝑚𝑘 ‖1)(1 + ‖𝜆𝑚‖1)𝑀𝑘1 +
𝑁∑
𝑘=1

‖𝑎𝑚𝑘 ‖1𝐻𝑘1

+ |𝛽𝑚 | (1 + ‖𝜆𝑚‖1)𝑀𝑚1 + |𝛽𝑚 |𝐻𝑚1 − 𝜗𝑚
)
+

𝑁∑
𝑚=1

(|𝑑𝑚 | − 𝛼𝑚 − 𝜂𝑚)‖𝜀𝑚 (𝑡)‖1

+
𝑁∑
𝑚=1

𝑁∑
𝑘=1

(
‖𝑏𝑚𝑘 ‖1𝑙𝑘1 − 𝜉𝑚𝑘

)
‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖1 − 𝜌

𝑁∑
𝑚=1

(
‖𝑧𝑚 (𝑡)‖ 𝛿1 + ‖𝜀𝑚 (𝑡)‖ 𝛿1

)
≤ −𝑊 − 𝜌

𝑁∑
𝑚=1

(
‖𝑧𝑚 (𝑡)‖ 𝛿1 + ‖𝜀𝑚 (𝑡)‖ 𝛿1

)
(23)

When 𝑊 = 0 and 0 < 𝛿 < 1, we have

𝑉 𝛿 (𝑡) =
𝑁∑
𝑚=1

(
𝜖 ‖𝑧𝑚 (𝑡)‖1 + ‖𝜀𝑚 (𝑡)‖1

) 𝛿
≤ (1 + 𝜖 𝛿 )

𝑁∑
𝑚=1

(
‖𝑧𝑚 (𝑡)‖ 𝛿1 + ‖𝜀𝑚 (𝑡)‖ 𝛿1

)
Hence,

𝐷+𝑉 (𝑡) ≤ − 𝜌

1 + 𝜖 𝛿
𝑉 𝛿 (𝑡)

According to Lemma 3, networks (1) and (2) can realize projective FTS in

𝑇1 (𝜖) =
(1 + 𝜖 𝛿 )

(
𝜖 ‖𝑧0‖1 + ‖𝜀0‖1

)1−𝛿

𝜌(1 − 𝛿)

When 𝑊 > 0 and 𝛿 = 0, by Lemma 3, networks (1) and (2) can reach projective FTS in

𝑇2 (𝜖) =
(1 + 𝜖 𝛿 )

(
𝜖 ‖𝑧0‖1 + ‖𝜀0‖1

)
𝑊 (1 + 𝜖 𝛿 ) + 𝜌
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When 𝑊 > 0 and 0 < 𝛿 < 1, from Lemma 3, networks (1) and (2) can reach projective FTS in

𝑇3 (𝜖) =
1

1 − 𝛿

( (1 + 𝜖 𝛿 )𝑊1−𝛿

𝜌

) 1
𝛿
((

1 +
( 𝜌

𝑊 (1 + 𝜖 𝛿 )

) 1
𝛿
𝑉 (0)

)1−𝛿
− 1

)
For 𝛿 = 1, we have

𝑇4 (𝜖) =
1 + 𝜖 𝛿
𝜌

ln (1 + 𝜖 𝛿 )𝑊 + 𝜌𝑉 (0)
(1 + 𝜖 𝛿 )𝑊

When 𝑊 > 0 and 𝛿 > 1, by Lemma 5, we get

𝐷+𝑉 (𝑡) ≤ −𝑊 − 𝜌

1 + 𝜖 𝛿
(2𝑁)1−𝛿𝑉 𝛿 (𝑡)

from Lemma 3, networks (1) and (2) can reach projective FXTS in

𝑇5 (𝜖) =
𝛿

𝑊 (𝛿 − 1)
(𝑊 (1 + 𝜖 𝛿 )
𝜌(2𝑁)1−𝛿

) 1
𝛿

The proof is completed.

Remark 2 Compared with the decomposition method, the direct approach applied in our work can simplify the
theorem condition and computation process significantly; the obtained results are less conservative and more inclu-
sive. Moreover, compared with the investigation in [17]- [19], the effects of the discontinuous function and quaternion
neuron are discussed here, which makes the model more applicable for practical situations.

Remark 3 In [15], the PTS of MTSCNNs is considered. Compared with [15], we extend the MTSCNNs model to
the quaternion area for the first time and consider the effect of time delay; thus, our results are more practical in
applications.

Remark 4 In [18], the projective preassigned-time synchronization problem of delayedQVNNs is explored. However,
due to the existence of multiple time scales, the approach in [18] cannot be directly used in this work. To cope with
this, an 𝜖-dependent composite Lyapunov function is designed to derive the criteria for projective FTS and FXTS of
QVMTSCNNs.

In order to realize synchronization in a preassigned settling time, now we consider the predefined-time projec-
tive synchronization problem. Moreover, To avoid the chattering phenomenon, the following control strategy
is designed

𝑢𝑚 (𝑡) = − 𝑧𝑚 (𝑡)
‖𝑧𝑚 (𝑡)‖2 + 𝜎̂

(
𝑆𝑚 +

𝑁∑
𝑘=1

𝜉𝑚𝑘 ‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖2 + 𝑋𝑚𝜑(𝑡)‖𝑧𝑚 (𝑡)‖2
)

𝑣𝑚 (𝑡) = − 𝜀𝑚 (𝑡)
‖𝜀𝑚 (𝑡)‖2 + 𝜎̂

(
𝑄𝑚 + 𝑌𝑚𝜑(𝑡)‖𝜀𝑚 (𝑡)‖2

)
(24)

where 𝑆𝑚 > 0, 𝑄𝑚 > 0, 𝑌𝑚 > 0, 𝑋𝑚 > 0, 𝜉𝑚𝑘 > 0; 𝜑(𝑡) is given in Lemma 4, 𝜎̂ is a sufficient small positive constant.
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Remark 5 Different from conventional sliding-mode controllers involving discontinuous sign functions, the con-
troller (24) adopts continuous feedback terms. Since 𝜎̂ > 0, abrupt switching actions are avoided and the control
input remains continuous. Therefore, the chattering phenomenon can be effectively suppressed. Moreover, the pa-
rameter 𝜎̂ provides a compromise between synchronization precision and control smoothness.

Remark 6 The controller parameters are selected according to the inequalities inTheorem 2. Specifically, 𝑆𝑚 and 𝑄𝑚
are employed to dominate the uncertain nonlinear terms generated by activation functions, while 𝜉𝑚𝑘 compensates
the delayed coupling terms.

𝜈̂ = min
1≤𝑚≤𝑁

{2
𝜖
𝑋𝑚,2𝑌𝑚

}
.

Furthermore, 𝑋𝑚 and 𝑌𝑚 determine the convergence rate through the parameter 𝜈̂. Larger values of 𝑋𝑚 and 𝑌𝑚 lead
to faster convergence and provide greater flexibility in satisfying the predefined-time condition.

Theorem 2 With Assumption 2.1 and 2.2, networks (1) and (2) can reach projective PTS within a settling time 𝑇1
𝑝

via controller (24) if

𝑆𝑚 ≥
𝑁∑
𝑘=1

(‖𝑎𝑚𝑘 ‖2 + ‖𝑏𝑚𝑘 ‖2) (𝐻𝑘2 + (1 + ‖𝜆𝑚‖2)𝑀𝑘2), 𝜉𝑚𝑘 ≥ ‖𝑏𝑚𝑘 ‖2𝑙𝑘2,

𝑄𝑚 ≥ |𝛽𝑚 | (𝐻𝑚2 + (1 + ‖𝜆𝑚‖2)𝑀𝑚2), 𝜛 <
𝑝𝜈̂

𝑇1
𝑝

, 𝑝𝜈̂ ≥ 1, 𝑚 = 1, · · · , 𝑁

where 𝜛 = max1≤𝑚≤𝑁

{
1
𝜖

(
− 2𝑐𝑚 + 𝑑𝑚 + |𝛽𝑚 |𝑙𝑚2 +∑𝑁

𝑘=1 ‖𝑎𝑚𝑘 ‖2𝑙𝑘2 + ‖𝑎𝑘𝑚‖2𝑙𝑚2
)
, 𝑑𝑚 − 2𝛼𝑚 + |𝛽𝑚 |𝑙𝑚2

}
, 𝜈̂ = min1≤𝑚≤𝑁

{
2
𝜖 𝑋𝑚,2𝑌𝑚

}
, 𝑝

is given in Lemma 4.

Proof. Choose the Lyapunov function

𝑉 (𝑡) = 𝑉3 (𝑡) +𝑉4 (𝑡)

𝑉3 (𝑡) =
𝑁∑
𝑚=1

𝜖𝑧𝑚 (𝑡)∗𝑧𝑚 (𝑡), 𝑉4 (𝑡) =
𝑁∑
𝑚=1

𝜀𝑚 (𝑡)∗𝜀𝑚 (𝑡)

By calculation, we get

𝐷+𝑉3 (𝑡)

=
𝑁∑
𝑚=1

𝜖
(
𝑧𝑚 (𝑡)∗𝐷+𝑧𝑚 (𝑡) + 𝐷+𝑧𝑚 (𝑡)∗𝑧𝑚 (𝑡)

)
=

𝑁∑
𝑚=1

𝑧𝑚 (𝑡)∗
(
− 𝑐𝑚𝑧𝑚 (𝑡) +

𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡))

+
𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡)) +
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 ))

+
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 )) + 𝑑𝑚𝜀𝑚 (𝑡) + 𝑢𝑚 (𝑡)
)
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+
𝑁∑
𝑚=1

(
− 𝑐𝑚𝑧𝑚 (𝑡) +

𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡))

+
𝑁∑
𝑘=1

𝑎𝑚𝑘 (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡)) +
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 ))

+
𝑁∑
𝑘=1

𝑏𝑚𝑘 (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 )) + 𝑑𝑚𝜀𝑚 (𝑡) + 𝑢𝑚 (𝑡)
)∗
𝑧𝑚 (𝑡) (25)

By Assumption 2.2, Lemma 1, we yield

𝑁∑
𝑚,𝑘=1

(
𝑧𝑚 (𝑡)∗𝑎𝑚𝑘 (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡)) + (𝜛𝑘 (𝑡) − 𝛿𝑘 (𝑡))∗𝑎∗𝑚𝑘 𝑧𝑚 (𝑡)

)
≤2

𝑁∑
𝑚,𝑘=1

‖𝑎𝑚𝑘 ‖2‖𝑧𝑚 (𝑡)‖2 (𝑙𝑘2‖𝑧𝑘 (𝑡)‖2 + 𝐻𝑘2)

≤
𝑁∑

𝑚,𝑘=1
‖𝑎𝑚𝑘 ‖2𝑙𝑘2 (‖𝑧𝑚 (𝑡)‖2

2 + ‖𝑧𝑘 (𝑡)‖2
2) + 2

𝑁∑
𝑚,𝑘=1

‖𝑎𝑚𝑘 ‖2𝐻𝑘2‖𝑧𝑚 (𝑡)‖2

=
𝑁∑
𝑚=1

( 𝑁∑
𝑘=1

‖𝑎𝑚𝑘 ‖2𝑙𝑘2 + ‖𝑎𝑘𝑚‖2𝑙𝑚2
)
‖𝑧𝑚 (𝑡)‖2

2 + 2
𝑁∑

𝑚,𝑘=1
‖𝑎𝑚𝑘 ‖2𝐻𝑘2‖𝑧𝑚 (𝑡)‖2 (26)

and

𝑁∑
𝑚=1

𝑁∑
𝑘=1

(
𝑧𝑚 (𝑡)∗𝑎𝑚𝑘 (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡)) + (𝛿𝑘 (𝑡) − 𝜆𝑚𝜁𝑘 (𝑡))∗𝑎∗𝑚𝑘 𝑧𝑚 (𝑡)

)
≤2

𝑁∑
𝑚=1

( 𝑁∑
𝑘=1

‖𝑎𝑚𝑘 ‖2 (1 + ‖𝜆𝑚‖2)𝑀𝑘2
)
‖𝑧𝑚 (𝑡)‖2 (27)

and

𝑁∑
𝑚=1

𝑁∑
𝑘=1

(
𝑧𝑚 (𝑡)∗𝑏𝑚𝑘 (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 ))

+ (𝜛𝑘 (𝑡 − 𝜏𝑘 ) − 𝛿𝑘 (𝑡 − 𝜏𝑘 ))∗𝑏∗𝑚𝑘 𝑧𝑚 (𝑡)
)

≤2
𝑁∑
𝑚=1

𝑁∑
𝑘=1

‖𝑏𝑚𝑘 ‖2‖𝑧𝑚 (𝑡)‖2 (𝑙𝑘2‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖2 + 𝐻𝑘2) (28)

and

𝑁∑
𝑚=1

𝑁∑
𝑘=1

(
𝑧𝑚 (𝑡)∗𝑏𝑚𝑘 (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 ))

+ (𝛿𝑘 (𝑡 − 𝜏𝑘 ) − 𝜆𝑚𝜁𝑘 (𝑡 − 𝜏𝑘 ))∗𝑏∗𝑚𝑘 𝑧𝑚 (𝑡)
)

≤2
𝑁∑
𝑚=1

( 𝑁∑
𝑘=1

‖𝑏𝑚𝑘 ‖2 (1 + ‖𝜆𝑚‖2)𝑀𝑘2
)
‖𝑧𝑚 (𝑡)‖2 (29)

In light of the quaternion-valued controller (24), we have

𝑧𝑚 (𝑡)∗𝑢𝑚 (𝑡) + 𝑢𝑚 (𝑡)∗𝑧𝑚 (𝑡) + 𝜀𝑚 (𝑡)∗𝑣𝑚 (𝑡) + 𝑣𝑚 (𝑡)∗𝜀𝑚 (𝑡)
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= − 2
(
𝑆𝑚 +

𝑁∑
𝑘=1

𝜉𝑚𝑘 ‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖2 + 𝑋𝑚𝜑(𝑡)‖𝑧𝑚 (𝑡)‖2
) ‖𝑧𝑚 (𝑡)‖2
‖𝑧𝑚 (𝑡)‖2 + 𝜎̂

− 2
(
𝑌𝑚𝜑(𝑡)‖𝜀𝑚 (𝑡)‖2 +𝑄𝑚

) ‖𝜀𝑚 (𝑡)‖2
𝜎̂ + ‖𝜀𝑚 (𝑡)‖2

(30)

Obviously, when 𝑧𝑚 (𝑡), 𝜀𝑚 (𝑡) ≠ 0, lim𝜎̂→0
‖𝑧𝑚 (𝑡 ) ‖2

‖𝑧𝑚 (𝑡 ) ‖2+𝜎̂ = lim𝜎̂→0
‖ 𝜀𝑚 (𝑡 ) ‖2

‖ 𝜀𝑚 (𝑡 ) ‖2+𝜎̂ = 1. Similarly, we obtain

𝐷+𝑉2 (𝑡) =
𝑁∑
𝑚=1

𝜀𝑚 (𝑡)∗
(
− 𝛼𝑚𝜀𝑚 (𝑡) + 𝛽𝑚 (𝛾𝑚 (𝑡) − 𝜆𝑚𝜁𝑚 (𝑡)) + 𝑣𝑚 (𝑡)

)
+

𝑁∑
𝑚=1

(
− 𝛼𝑚𝜀𝑚 (𝑡) + 𝛽𝑚 (𝛾𝑚 (𝑡) − 𝜆𝑚𝜁𝑚 (𝑡)) + 𝑣𝑚 (𝑡)

)∗
𝜀𝑚 (𝑡)

≤ −
𝑁∑
𝑚=1

2𝛼𝑚‖𝜀𝑚 (𝑡)‖2
2 +

𝑁∑
𝑚=1

|𝛽𝑚 |𝑙𝑚2
(
‖𝑧𝑚 (𝑡)‖2

2 + ‖𝜀𝑚 (𝑡)‖2
2
)

+
𝑁∑
𝑚=1

2|𝛽𝑚 |
(
(1 + ‖𝜆𝑚‖2)𝑀𝑚2 + 𝐻𝑚2

)
‖𝜀𝑚 (𝑡)‖2

−
𝑁∑
𝑚=1

2
(
𝑄𝑚 + 𝑌𝑚𝜑(𝑡)‖𝜀𝑚 (𝑡)‖2

)
‖𝜀𝑚 (𝑡)‖2 (31)

To sum up, we yield

𝐷+𝑉 (𝑡) ≤
𝑁∑
𝑚=1

(
− 2𝑐𝑚 + 𝑑𝑚 + |𝛽𝑚 |𝑙𝑚2 +

𝑁∑
𝑘=1

‖𝑎𝑚𝑘 ‖2𝑙𝑘2 + ‖𝑎𝑘𝑚‖2𝑙𝑚2
)
‖𝑧𝑚 (𝑡)‖2

2

+ 2
𝑁∑
𝑚=1

( 𝑁∑
𝑘=1

(‖𝑎𝑚𝑘 ‖2 + ‖𝑏𝑚𝑘 ‖2) [𝐻𝑘2 + (1 + ‖𝜆𝑚‖2)𝑀𝑘2] − 𝑆𝑚
)
‖𝑧𝑚 (𝑡)‖2

+ 2
𝑁∑
𝑚=1

𝑁∑
𝑘=1

(
‖𝑏𝑚𝑘 ‖2𝑙𝑘2 − 𝜉𝑚𝑘

)
‖𝑧𝑚 (𝑡)‖2‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖2

+
𝑁∑
𝑚=1

(𝑑𝑚 − 2𝛼𝑚 + |𝛽𝑚 |𝑙𝑚2)‖𝜀𝑚 (𝑡)‖2
2

+ 2
𝑁∑
𝑚=1

(
|𝛽𝑚 |

(
𝐻𝑚2 + (1 + ‖𝜆𝑚‖2)𝑀𝑚2

)
−𝑄𝑚

)
‖𝜀𝑚 (𝑡)‖2

−
𝑁∑
𝑚=1

2
𝜖
𝑋𝑚𝜑(𝑡)𝜖 ‖𝑧𝑚 (𝑡)‖2

2 −
𝑁∑
𝑚=1

2𝑌𝑚𝜑(𝑡)‖𝜀𝑚 (𝑡)‖2
2

≤
𝑁∑
𝑚=1

1
𝜖

(
− 2𝑐𝑚 + 𝑑𝑚 + |𝛽𝑚 |𝑙𝑚2 +

𝑁∑
𝑘=1

‖𝑎𝑚𝑘 ‖2𝑙𝑘2 + ‖𝑎𝑘𝑚‖2𝑙𝑚2
)
𝜖 ‖𝑧𝑚 (𝑡)‖2

2

+
𝑁∑
𝑚=1

(
𝑑𝑚 − 2𝛼𝑚 + |𝛽𝑚 |𝑙𝑚2

)
‖𝜀𝑚 (𝑡)‖2

2

− 𝜑(𝑡) min
𝑚∈ℏ

{2
𝜖
𝑋𝑚,2𝑌𝑚}

𝑁∑
𝑚=1

(
𝜖 ‖𝑧𝑚 (𝑡)‖2

2 + ‖𝜀𝑚 (𝑡)‖2
2
)

≤𝜛𝑉 (𝑡) − 𝜈̂𝜑(𝑡)𝑉 (𝑡) (32)

By Lemma 4, we get

𝑉 (𝑡) ≤ 𝑉 (𝑡0) exp(𝜛(𝑡 − 𝑡0))
( 𝑡0 + 𝑇1

𝑝 − 𝑡
𝑇1
𝑝

) 𝜈̂ 𝑝̂
, 𝑡 ∈ [𝑡0, 𝑡0 + 𝑇1

𝑝 ) (33)
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Thus,

lim
𝑡→𝑡0+𝑇1

𝑝

𝑉 (𝑡0) exp(𝜛(𝑡 − 𝑡0))
( 𝑡0 + 𝑇1

𝑝 − 𝑡
𝑇1
𝑝

) 𝜈̂ 𝑝̂
= 0 (34)

When 𝑡 ≥ 𝑡0 + 𝑇1
𝑝 , for 𝜛 < 𝑝̂𝜈̂

𝑇1
𝑝
, we have

𝑉 (𝑡) ≡ 0, 𝑡 ∈ [𝑡0 + 𝑇1
𝑝 , +∞) (35)

Hence, networks (1) and (2) can achieve projective PTS via controller (24).

Particularly, if the projection coefficient is chosen as 𝜆𝑚 = 1, the following results are derived.

Corollary 1 Under Assumption 2.1 and 2.2, the networks (1) and (2) can reach complete PTS within a settling time
𝑇2
𝑝 via controller (24) if

𝑆𝑚 ≥
𝑁∑
𝑘=1

(‖𝑎𝑚𝑘 ‖2 + ‖𝑏𝑚𝑘 ‖2) (𝐻𝑘2 + 2𝑀𝑘2), 𝜉𝑚𝑘 ≥ ‖𝑏𝑚𝑘 ‖2𝑙𝑘2,

𝑄𝑚 ≥ 𝐻𝑚2 + 2𝑀𝑚2, 𝜛 <
𝑝𝜈̂

𝑇2
𝑝

, 𝑝𝜈̂ ≥ 1, 𝑚 = 1, · · · , 𝑁

Proof.

The analysis can follow from the Theorem 2 when 𝜆𝑚 = 1.

When we choose 𝜆𝑚 = −1, the following results can be obtained.

Corollary 2 UnderAssumption 2.1 and 2.2, the networks (1) and (2) can reach anti-synchronization in a predefined-
time 𝑇3

𝑝 by controller (24) if

𝑆𝑚 ≥
𝑁∑
𝑘=1

(‖𝑎𝑚𝑘 ‖2 + ‖𝑏𝑚𝑘 ‖2) (𝐻𝑘2 + 2𝑀𝑘2), 𝜉𝑚𝑘 ≥ ‖𝑏𝑚𝑘 ‖2𝑙𝑘2,

𝑄𝑚 ≥ 𝐻𝑚2 + 2𝑀𝑚2, 𝜛 <
𝑝𝜈̂

𝑇3
𝑝

, 𝑝𝜈̂ ≥ 1, 𝑚 = 1, · · · , 𝑁

Proof. The analysis can follow from the Theorem 2 when 𝜆𝑚 = −1.

Remark 7 Note that the convergence time for PTS can be preset based on practical requirements, which is more
flexible than the parameter-related case in Theorem 1. Moreover, the projective parameter is a quaternion instead
of a real number; thus, the existing results in [17,18,19] are extended.

Remark 8 In [34], the authors discuss the FXTS problem for QVNNs, but due to the existence of multiple time scales,
that approach cannot be directly applied here. To cope with the ill-conditioning caused by different time scales, we
design two novel synchronizing controllers. The controllers are designed through well-posed algebraic conditions,
which are easy to implement.
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EXPERIMENTAL

In this section, two simulations are provided to verify our results. Consider Theorem 1 firstly.

Example 1 Consider the 2-node QVMTSCNNs model

𝑆𝑇𝑀 : 𝜖 ¤𝑥𝑚 (𝑡) = − 𝑐𝑚𝑥𝑚 (𝑡) +
2∑
𝑘=1

𝑎𝑚𝑘 𝑓𝑘 (𝑥𝑘 (𝑡)) +
2∑
𝑘=1

𝑏𝑚𝑘 𝑓𝑘 (𝑥𝑘 (𝑡 − 𝜏𝑘 ))

+ 𝑑𝑚𝑆𝑚 (𝑡) (36)
𝐿𝑇𝑀 : ¤𝑆𝑚 (𝑡) = − 𝛼𝑚𝑆𝑚 (𝑡) + 𝛽𝑚 𝑓𝑚 (𝑥𝑚 (𝑡))

where 𝜏1 = 𝜏2 = 0.5, 𝑐1 = 0.2, 𝑐2 = 0.5, 𝑑1 = 0.4, 𝑑2 = 0.6, 𝛽1 = 1, 𝛽2 = 2, 𝛼1 = 2, 𝛼2 = 1, 𝜖 = 0.05.
𝐴 =


0.4 + 0.1𝑖 − 0.4 𝑗 + 0.3𝑘 0.2 + 0.3𝑖 + 0.3 𝑗 + 0.3𝑘
0.1 + 0.5𝑖 + 0.4 𝑗 − 0.2𝑘 0.1 + 0.4𝑖 + 0.2 𝑗 + 0.3𝑘

 ,
𝐵 =


0.1 + 0.4𝑖 + 0.2 𝑗 + 0.3𝑘 −0.3 + 0.2𝑖 + 0.4 𝑗 − 0.2𝑘
−0.1 + 0.4𝑖 − 0.2 𝑗 + 0.4𝑘 −0.2 − 0.3𝑖 + 0.2 𝑗 + 0.3𝑘


(37)

Choose

𝑓𝑘 (𝑥) =0.2tanh(𝑥𝑅) + {0.2tanh(𝑥𝐼 )}𝑖 + {0.3tanh(𝑥𝐽 ) + 0.04sgn(𝑥𝐽 )} 𝑗

+ {0.6tanh(𝑥𝐾 ) − 0.03sgn(𝑥𝐾 )}𝑘

It can be checked that 𝑙11 = 0.6, 𝑙21 = 0.6, 𝐻11 = 𝐻21 = 0.2, 𝑀11 = 𝑀21 = 1.6. The condition in Assumptions 2.1 and 2.2
holds. The response system is

𝑆𝑇𝑀 : 𝜖 ¤𝑦𝑚 (𝑡) = − 𝑐𝑚𝑦𝑚 (𝑡) +
2∑
𝑘=1

𝑎𝑚𝑘 𝑓𝑘 (𝑦𝑘 (𝑡)) +
2∑
𝑘=1

𝑏𝑚𝑘 𝑓𝑘 (𝑦𝑘 (𝑡 − 𝜏𝑘 ))

+ 𝑑𝑚𝑅𝑚 (𝑡) + 𝑢𝑚 (𝑡) (38)
𝐿𝑇𝑀 : ¤𝑅𝑚 (𝑡) = − 𝛼𝑚𝑅𝑚 (𝑡) + 𝛽𝑚 𝑓𝑚 (𝑦𝑚 (𝑡)) + 𝑣𝑚 (𝑡)

Choose 𝜆1 = 𝜆2 = 1, 𝑘1 = 1.8, 𝑘2 = 2, 𝜗1 = 18, 𝜗2 = 18, 𝜂1 = 0.4, 𝜂2 = 0.4, 𝜉11 = 0.7, 𝜉12 = 0.7, 𝜉21 = 0.8, 𝜉22 = 0.8, 𝜌 = 1, 𝛿 = 0.6.
The quaternion controller is designed as

𝑢𝑚 (𝑡) = − 𝑘𝑚𝑧𝑚 (𝑡) − 𝜌[𝑧𝑚 (𝑡)] ‖𝑧𝑚 (𝑡)‖ 𝛿1 − [𝑧𝑚 (𝑡)]
(
𝜗𝑚 +

2∑
𝑘=1

𝜉𝑚𝑘 ‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖1
)

𝑣𝑚 (𝑡) = − 𝜂𝑚𝜖𝑚 (𝑡) − 𝜌[𝜖𝑚 (𝑡)] ‖𝜖𝑚 (𝑡)‖ 𝛿1 (39)

After calculation, it is checked that

𝑘𝑚 ≥ − 𝑐𝑚 + |𝛽𝑚 |𝑙𝑚1 +
2∑
𝑘=1

‖𝑎𝑘𝑚‖1𝑙𝑚1, 𝜂𝑚 ≥ |𝑑𝑚 | − 𝛼𝑚, 𝜉𝑚𝑘 ≥ ‖𝑏𝑚𝑘 ‖1𝑙𝑘1,
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Figure 1. (MatLab) Error states of system (36) and (38) in Simulation 1. (A-D) represents the real and imaginary parts of error state.

𝜗𝑚 ≥
2∑
𝑘=1

(
(‖𝑎𝑚𝑘 ‖1 + ‖𝑏𝑚𝑘 ‖1) (1 + ‖𝜆𝑚‖1)𝑀𝑘1 + ‖𝑎𝑚𝑘 ‖1𝐻𝑘1

)
+ |𝛽𝑚 |𝐻𝑚1

+ |𝛽𝑚 | (1 + ‖𝜆𝑚‖1)𝑀𝑚1

According to the case 3 in Theorem 1, the settling time is estimated as 𝑇0 = 8.4 s. Choosing 8 initial values, Figure 1
gives the states of system error under controller (39). The system (36) and (38) can realize FTS in 𝑇0 via control
scheme (39).

Next, we focus onTheorem 2.

Example 2 Consider the QVMTSCNNs (36) and (38). The PTS controller is designed as:

𝑢𝑚 (𝑡) = − 𝑧𝑚 (𝑡)
‖𝑧𝑚 (𝑡)‖2 + 𝜎̂

(
𝑆𝑚 +

2∑
𝑘=1

𝜉𝑚𝑘 ‖𝑧𝑘 (𝑡 − 𝜏𝑘 )‖2 + 𝑋𝑚𝜑(𝑡)‖𝑧𝑚 (𝑡)‖2
)

𝑣𝑚 (𝑡) = − 𝜀𝑚 (𝑡)
‖𝜀𝑚 (𝑡)‖2 + 𝜎̂

(
𝑄𝑚 + 𝑌𝑚𝜑(𝑡)‖𝜀𝑚 (𝑡)‖2

)
(40)

Choose 𝑆1 = 𝑆2 = 7, 𝜉11 = 0.7, 𝜉12 = 0.7, 𝜉21 = 0.8, 𝜉22 = 0.8, 𝑋1 = 𝑋2 = 1, 𝑄1 = 𝑄2 = 2, 𝑌1 = 𝑌2 = 1. After calculation, we get
𝑙12 = 0.6, 𝑙22 = 0.6, 𝐻12 = 𝐻22 = 0.2, 𝑀12 = 𝑀22 = 1.6, 𝜎̂ = 0.001. The condition in Assumption 2.1 and 2.2 holds. Preset
𝑇𝑝 = 6.4𝑠, choose projection coefficient 𝜆1 = 𝜆2 = 1. It is computed that

𝑆𝑚 ≥
2∑
𝑘=1

(‖𝑎𝑚𝑘 ‖2 + ‖𝑏𝑚𝑘 ‖2) (𝐻𝑘2 + (1 + ‖𝜆𝑚‖2)𝑀𝑘2), 𝜉𝑚𝑘 ≥ ‖𝑏𝑚𝑘 ‖2𝑙𝑘2,
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Figure 2. (MatLab) Error states of system (36) and (38) in Simulation 2. (A-D) represents the real and imaginary parts of error state.

𝑄𝑚 ≥ |𝛽𝑚 | (𝐻𝑚2 + (1 + ‖𝜆𝑚‖2)𝑀𝑚2), 𝜛 <
𝑝𝜈̂

𝑇𝑝
, 𝑝𝜈̂ ≥ 1, 𝑚 = 1,2

Choose 8 initial values, Figure 2 depicts the states of system error under controller (40). The projective PTS can be
realized within 𝑇𝑝.

CONCLUSIONS

This work established the model of QVMTSCNNs for the first time and investigates the projective synchro-
nization problem of this network via non-separation method. Considering the effect of time delays and dis-
continuous activations, novel controllers are designed without decomposing the quaternion system. Based on
nonsmooth analysis and quaternion inequality technique, concise criteria for quaternion projective FTS and
PTS of QVMTSCNNs are derived, the convergence time can be adjusted according to task requirement. Fur-
thermore, the proposed control method is designed through algebraic conditions, which is easy to implement.
Lastly, simulations are given to verify the results.
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