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Abstract

This paper investigates the optimal consensus control problem for multi-agent systems
with Markov jump characteristics in system parameters and subject to Markov switching in
communication topology. Firstly, the cost function is constructed to characterize the
impact of topology switching and jumps in system parameters on system performance.
Then, to tackle the impact of neighbor coupling terms on the performance of the cost
function, the global algebraic Riccati equation is derived to determine the optimal control
policy. Within the adaptive dynamic programming framework, global form policy iteration
and value iteration algorithm are proposed to solve the global control policy. Subsequently,
the convergence of the proposed iterative algorithm is theoretically proved, and the
stability of the system is established through the Lyapunov stability theorem. Finally, the
effectiveness of the presented optimal control scheme is verified through simulation
examples.

1. INTRODUCTION

In recent years, distributed collaborative control for multi-agent systems (MASs) has
attracted extensive attention in control theory and industrial engineering"?.. MASs
consist of multiple nodes that coordinate to accomplish complex tasks®>*. Consensus
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control is a fundamental problem in this field. Its main objective is to design distributed control protocols
based on local neighborhood information!*”). The literature!” investigated efficient communication
consensus in nonlinear MASs and proposed an adaptive temporal partitioning method to reduce
unnecessary information exchange while maintaining consensus performance. Distributed consensus control
has been extensively implemented in various practical scenarios, such as unmanned aerial vehicle (UAV)
swarm formation, smart grid synchronization, and autonomous industrial manufacturing®®. Since resource
allocation must be considered during task execution"*""), the research focus on MASs has increasingly shifted
toward optimal consensus control">". Specifically, a cost function is constructed and minimized to achieve
optimal control. This approach ensures task execution while reducing energy consumption.

Physical events such as actuator degradation, sudden payload variations, and unexpected failures frequently
cause random transitions within the internal dynamic parameters of the agents. Markov jump systems
provide a mathematical framework to describe these structural variations. In this framework, a Markov chain
dictates the transitions among different operational modes"*'). Recently, Markov jump systems have
attracted widespread attention, and numerous results have been reported for both single systems!"**”) and
MASs!">"!. Specifically, the literature!” focused on fault detection in fuzzy Markov switching systems and
proposed an adaptive memory-triggering mechanism to overcome the limitation on communication
resources. For MASs, interference attenuation and bump suppression were achieved in"* by constructing a
cost function and an error-state cost, and a balance between stability and performance of bumpless transfer
control was achieved using a weighted optimization criterion. In practice, MASs are subject not only to
parameter jumps but also to frequently experience changes in their communication topologies due to
external environmental factors®**". Consequently, MASs with switching topology have been extensively
studied”>*’). For example, the consensus problem for MASs with Markov switching topology and time-
varying delays was investigated in"””, where necessary and sufficient consensus conditions were established

[23

by considering stochastic noises and two types of network-induced delays. In"*’, the scholars transformed a
time-delay system into a delay-free system by introducing state variables and designed a value iteration (VI)
algorithm according to the inputs and outputs of the system to solve the consensus problem for MASs.
Notably, most existing studies focus solely on jumping parameters in single systems or switching topology in
MASs. However, current research on consensus issues in MASs under sudden changes in system parameters

and communication topology switching is insufficient, which motivated the work presented in this paper.

On the other hand, practical systems must not only ensure stability during task execution but also optimize
their operational costs. Consequently, optimal control problems have attracted significant attention for both
single systems”**) and MASs"***’. Specifically, a novel quasi-model network was developed in"** to solve the
problem of system model pretraining, and an algorithm based on the adaptive dynamic programming (ADP)
method was developed to address the optimal control problem for unknown continuous-time affine systems.
Meanwhile, the literature'*’ designed an optimal consensus control scheme for MASs based on the
Hamilton-Jacobi-Bellman (HJB) equation and proposed a novel policy iteration (PI) algorithm for online
learning of the solution of the HJB equation. At present, the core of most methods for solving optimal
consensus problems is to derive a coupled HJB equation. However, obtaining analytical solutions is difficult
due to factors such as the nonlinearity of the cost function kernel matrix. To overcome this challenge,
various ADP-based PI***! and VI***" algorithms have been proposed to approximate the solutions of the
HJB equation. For example, an iterative policy based on an adaptive evaluator was used in* to find the state-
feedback, infinite-horizon optimal control solution for linear continuous-time systems, and this algorithm
converges to the optimal control solution without requiring an explicit, pre-determined model of the
system’s internal dynamics. The literature® solved the linear quadratic regulator problem using the VI
algorithm and proposed a discounted cost function to achieve optimal control. However, these studies
overlook the impact of neighbor coupling terms (NCTSs) on system performance. Therefore, an improved



Liu et al. Intell. Robot. 2026, 6(4), 868-90 Page 870

ADP method is required to address the issue of NCTs, which raises two questions. (1) How to design an
improved ADP method to avoid interference from NCTs? (2) How to design suitable PI and VI algorithms
to derive the optimal control policy? This motivated the work presented in this paper.

Based on the previous discussion, the optimal consensus control problem of MASs satisfying both Markov
jump dynamics and Markov-switching topology is solved through the ADP approach. The main novelties
and contributions are summarized as follows.

« The existing studies"***! investigated the optimal control problem for single or multiple systems subject to
jumping system parameters or communication topologies. In this paper, the problem of optimal consensus
for MASs involving jumping parameters and switching topologies is discussed. Then, a cost function is
formulated to evaluate the impact of these two types of switching on system performance.

+ Unlike™, the algebraic Riccati equation (ARE) cannot be successfully derived due to the influence of NCTs.
This paper derives a global ARE to solve the optimal control policy under the influence of NCTs. Based on
the ADP framework, we develop global policy iteration (GPI) and global value iteration (GVI) algorithms to
approximate the controller gain.

The remainder of this paper is structured as follows. Section 2 shows the problem formulation and
preliminaries. GPI and GVT algorithms are proposed to find optimal control policy, with the convergence of
the algorithms and the stability of the system analyzed in Section 3. The validity of the theoretical results
obtained through numerical simulation was verified in Section 4. Finally, Section 5 summarizes the work
presented in this paper.

2. PROBLEM FORMULATION AND PRELIMINARIES

2.1. Notation
The symbol ® represents the Kronecker product. R” denotes the set of n-dimensional real vectors. R™" is the
set of n x n real matrices. I, is the N-dimensional identity matrix. 4, {-} and 4, {-} represent the smallest and

largest eigenvalues of -, respectively.

2.2. Graph theory

Define a directed graph 9 = (V.&.A) to represent the interactive relationships between a leader and N
followers.V={v,:j=1,..., N} and &= {(v,, v))[i, j €V} indicate the set of nodes and the set of edges,
respectively. Within this graph, the associated adjacency matrix is A= [a,] € R*", where the element a, > 0
if the edge (v, v)) € & exists, with agent j acts as the neighbor of agent i under this condition, whereas a, = 0.
The neighborhood set of v, is defined as N, ={j|(i, j) € &}. The degree matrix is denoted as D= diag{d, d,, ...,
dy}, where d, = ¥, a,. Then, the Laplacian matrix is expressed as £ = D - A. The pinning matrix 8= diag {b,,

b,, ..., b} characterizes the connection relationship between followers and the leader, where b, = 1 if agent i

receives information from the leader directly; otherwise b, = 0. The graph contains a directed spanning tree if

a path exists from the leader to all followers.

For a time-variant topology, the dynamic communication structure at time step k is (k) = (V, &(k),A(k)),
and all possible topological forms in the system constitute a finite set {¢,, 9,, ..., 9}. A Markov switching
signals(k) : [0, 0] — € € F£{1, 2, ..., f} is utilized to describe the switching of the topologies. Accordingly,
14
ij 2

Lin the topology ¢, respectively. It is said that ¥(k) =9, if and only if s(k) = €.9,, is indicated as9,, = U, .9,

af, bl and I/ = ¥_"a, are elements of the adjacency matrixA, the pinning matrix 8, and the Laplacian matrix
which is employed to represent the union of all possible topologies. @ = [Q, ] x,indicates the transition
probability matrix of a Markov process, where Q, =Pr{s(k+1) =j|s(k) =i}, Vi, j € F. yis the stationary
distribution for {s(k)}, then Q"y = 4.
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Assumption 1 Under the framework of Markov switching topology, the associated union graph is assumed to
contain a directed spanning tree, with the switching signal s(k) governed by an ergodic Markov chain.

2.3. Problem formulation

Consider MASs consisting of one leader and N followers. The dynamic evolution equations for each follower
and the leader can be expressed as follows:

xi(k +1) = Agxi(k) + Bgu; (k), (1a)
xo(k +1) = Agxo(k), (1b)

where x,(k) € R" is the state of the i-th agent, x,(k) € R" is the state of the leader and u,(k) € R” denotes the

system input. g represents a simplified symbol for a Markov chain {g(k)}, which takes values in a finite setS=
{1,2,3,...,m}

The transition probability of the Markov chain{g(k)} is defined as

mgp =Pr{¢(k+1) =p | {(k) =g}, )

where 7, is the transition probability from mode g to mode p at the next time step with z,, 20 forallg,p € S

and ¥ _ "z, =1 for each mode g.

Denote the tracking error of the local neighborhood for the i-th agent by
N

ei(k) = ) al;(xi(k) = x; (k) + bl (x: (k) = xo (k). 3)

=

Then, the dynamic evolution equation for the error system of agent i is expressed as follows:
N

ei(k+1)= Zafj(xi(k +1) —x;(k + 1)) + bf (x; (k + 1) = xo(k + 1))
1

~.
Il

af;(Agxi(k) + Bgu; (k) — Agx; (k) — Bgu;(k)) + b (Agx; (k) + Bgu; (k) — Agxo(k))  (4)

-
Il
—

N
Agei(k) + (15 + bY)Byu; (k) — Z Bgalju; (k).
j=1

Remark 11t is worth noting that both A and B, depend on the Markov jump process g(k), while a,/, b, and
[.f rely on the switching signal s(k) of the topology. Since the probability distribution of the signals(k) for
topology switching follows a stationary distribution, the topology graph among agents is guaranteed not to
remain in a fixed mode indefinitely. This property further ensures the joint connectivity of the Markov
switching topology graph considered in this paper. In addition, the Markov jumping signal g(k) and the
Markov switching signal s(k) are independent. Note that if they are not independent, the calculation of
transition probabilities during modal transitions may be affected, which could in turn influence the

reconstruction of the cost function and the analysis of system stability. This issue is left for future research.

To characterize the cost of the agent, the cost function of the i-th agent in mode g is defined as follows:

Vig(ei(k) = )" (ef ()Qigei(2) +uf ()Rigui(2)) = ) Cigleq(2),ui(2)), 5)
z=k

=k

where Q,, is the semidefinite matrix and R, is the positive definite matrix.
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Remark 2 In the cost function (5), the utility function C,, of each agent consists of two components: the
tracking error (3) and the energy consumed by the control input u,(k). This paper aims to make all followers
reach consensus with the leader and minimize the cost function (5) of agent i at the same time. To achieve
the optimization goal of the system, it is crucial to select appropriate weight parameters in the utility function
C, According to the classical linear quadratic regulator theory®, the weighting matrix Q, directly affects the
convergence rate of the system states, while R,, is closely related to the control input energy. Therefore,

practical implementation requires a reasonable balance between system energy consumption and
convergence performance.

Based on the above analysis, the main objective of this paper is to design an optimal controller u,(k) that

enables the MASs to achieve optimal consensus.

2.4. Problem transformation

In order to solve the optimal control problem in Markov jump MASs, a cost function is defined for each
agent under different modes in Equation (5). Since mode jumps can affect system performance and
complicate the stability analysis, the cost function is reformulated. Meanwhile, the optimal control policy is
difficult to express in a linear state-feedback form due to the NCTs. For this reason, the method of
restructuring the cost function is adopted to settle the problem caused by the jumping parameter.
Subsequently, a global approach is proposed to address the interference caused by NCTs.

Inspired by"?, the transition probability (2) is utilized to reconstruct the cost function for each agent, as
shown below:

Vi(ei(k)) = m11Vi1(ei(k)) + m12Via(ei(k)) + -+ + w1 Vim(ei(k))
Vir(ei(k)) = ma1Vi1(ei(k)) + maaVia(ei(k)) + - + w2, Vi m(ei(k)) ©

.Vm(ei(k)) =1 Vi1(ei(k)) + mpaVia(ei (k) + - + mpmVim(ei (k)).

Hence, the control problem for MASs is formulated as a multiobjective optimization problem. The above
multi-objective problem is transformed into a single-objective problem by employing the weighted sum
method. The reconstructed cost function is written as

Vi(ei(k)) = A1Vi(ei(k)) + A2Vir(ei(k)) + - -+ A, Vi (ei(k)), (7

where 4, > 0 is a weight coefficientand £_ "2, = 1. 2, represents the weights associated with the system
parameter modes. Its values can be generated by using the transition probabilities z,, between system modes.

Moreover, in practice, users can influence system performance by adjusting 4.

With the Equations (6) and (7), the cost function of each agent is derived as follows:

Vi(ei(k)) = A1Vi(ei(k)) + A2Vir(ei(k)) + -+ + 4 Vim(ei(k))
= (1711 + Aomor + -+ + Aptp1) Vi1 (ei(k))
+ (A1mi2 + Aomag + -+ + A Aim2) Vi2(ei (k)
+ooo ok (D + o+ Antm) Viom(ei(k))
=D1Vi1(ei(k)) + DaVia(ei(k)) + -+ + DpVim(ei(k))

= i Dy i (ei(Z)T (Qig) €i(2) + ui(z)" (Rig) ”i(z))
g=1 b4

=k

®)
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= ei(k)" Qiei (k) +u; (k) Ryuy (k) + ) DgVig(es(k +1)
p=1
= e;(k)TQiei (k) + ui (k)" Riu;i (k) + Vi(ei(k + 1)),
where D, =%, "4z, >0.c(e(k), u(k)) =e(k)"Qe,k) +u,(k)"Ru,k) is the utility function, where Q, =

PpPg

z."DQ,and R, =% _"DR,.
Due to the interference from the NCTs, it is difficult to directly establish a linear relationship between the
controller u,(k) and the tracking error e,(k). To overcome this limitation, the global forms of the controller

and error are proposed to establish a linear relationship between the controller and the error system.

The global error vector E(k) and the global control vector U(k) are defined as

e1(k) uy (k)
eg(k) ug(k)

E(k) = : , U(k) = . )
€N(k) MN(]()

From the Equation (4), the dynamic evolution equation of the global error system is established as follows:

Ag 0 - 07re1(k) (18, + b)) By 0 0 u (k)
0 A, - 0]]eak) 0 (15, +b)B, --- 0 uz (k)
E(k+1) = ‘ T+ . o . )
0 0 - Agllen(k) 0 0 s (15 + bR Bg | lun(k)
0 al,Bg al \Bg rui(k)
angg 0 agNBg us (k)
aileg ameg . 0 upy (k)
Ac 0 o 0qre(t] [ZmaBe —alBe e —ayBe Triny o
) 0 Ag - 0]|e2(k) N —angg Zszlangg —agNBg us (k)
0 0 - Agllen(k) —af\]lBg —af\mBg ?’zlag,ng up (k)
biB, 0 - 0 uy (k)
0 0By -+ 0 us (k)
+| . . ) .
0 0 - b4 Bg| lun(k)

=(In ® Ag)E(k) + (L' + B') ® By)U(k)
=AgE (k) + BrgU (k).

where Ag =Iy ® Ay and Egg = (L +B8)H)® By.

3. OPTIMAL CONSENSUS CONTROL FOR MASS UNDER SWITCHING TOPOLOGY

In this section, a global cost function is derived to solve the problem of interference from NCTs in the
derivation of the optimal control policy. Then, the optimization problem is converted into a minimization
problem in mathematics using Bellman’s optimality principle. Based on this, GPI and GVT algorithms are
developed to find the optimal control policy. Finally, the monotonicity of the cost function kernel matrix is
derived to prove the convergence of the algorithm, and the Lyapunov stability theorem is applied to verify
the system’s stability.

3.1. Optimal consensus control
From the Equations (8) and (9), the global cost function is derived as below:
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V(E(k)) = ET(k)QE (k) + UT (k)RU (k) + V(E(k + 1))

11
= C(E(), U(R) + V(EGk + 1), "
where the matrix Q, the matrix R, and the global kernel matrix P are expressed as follows:
Q 0 0 R1 0o - 0 Py P2 -+ Pin
0 Q -~ 0 0 Ry -~ 0 Py;  Pyy -+ Pon
o=|. . . s R=. | P= . S , (12)
0 0 - Qu 0 0 - Ry Pxi Pys -+ Paw

where the matrix P, is the kernel matrix of the cost function V(e(k)) and is the positive definite matrix. Since

the cost function can be expressed in a quadratic form V(E(k)) = E"(k)PE(k), Equation (11) is rewritten as
ET(k)PE(k) = ET(k)QE (k) + UL (k)RU (k) + ET (k + 1)PE(k + 1). (13)

By Bellman’s optimality principle, the optimal cost function V' (E(k)) is defined as

VA(E(k)) = 11}1(1]3 [C(E(K),U(k)) +V(E(k +1))]. (14)

Then, the Hamilton function is constructed as follows:

H[E(k),U(k)] = ET(k)QE (k) + UT(k)RU (k) + ET (k + 1)PE(k + 1) — ET (k) PE (k)

= ET(k)(Q + AL PAg — P)E(k) + 2E" (k) Af PB1U (k) + U” (k)(R + B[ PB)U (k). (15)

Moreover, the first-order necessary condition requires that %W = 0. Furthermore, the equation (R +

E’QTPBQ) U(k) + BegTPAgE(k) = 0 holds and the global optimal controller is described as

U*(k) = =(R + B[ ,P"Bry) ™' B ,P*A E(k) = —K; E (k), (16)

where K is the global optimal controller gain and P" is the unique solution to the ARE is expressed as

P=Q+A PAy — AL PBrg(R+ Bj,PBrg) ' Bj, PAg. (17)

Remark 3 The researchers in*>****l derived the corresponding Hamilton function by constructing a cost
function for each agent and determined the optimal control policy. A local neighborhood tracking error
system is established. It is worth noting that, due to the influence of the NCTs, the methods of®******/ cannot
derive the ARE based on the local cost function, which makes it difficult to derive the optimal control policy.
To this end, a global cost function is developed to derive the global ARE in this paper. Subsequently, GPI and
GVTI algorithms are proposed to obtain approximate solutions for the global ARE and thereby determine the
optimal controller. Compared with the aforementioned literature, the GPI and GVI algorithms developed in
this paper are intended to address the problem that the ARE cannot be established due to NCTs. In addition,
since matrix P in Equation (17) exhibits nonlinear characteristics, its exact solution is difficult to obtain.

Remark 4 The problem of optimal consensus control of MASs is considered in"**, where the optimal control

policy is derived as u; (k) = -5 (d, + bi)Rii'lBiT%. By expanding the gradient section, one can obtain

uf(k) = —a/(dl- + bi)[Rii + Cl(di + b,)QRl_llB;TPlB,]_lRl_llBlTPl [Ael(k) — Z aiijuj(k)].
JEN;
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Notably, the above equation contains the term z, gNia,.ijuj(k). This causes e].(k) (assume uj(k) = Kjej(k)) to
appear when converting the Bellman equation through a quadratic value function, thereby preventing the
successful derivation of the ARE. To tackle this issue, this paper defines the global cost function and

successfully derives the global ARE suitable for the system.

3.2. GPI algorithm and GVI algorithm

To calculate the solution of the global ARE, GPI and GVTI algorithms are proposed below. Proofs of the
convergence of the two algorithms will be provided in Section 3.3.

Combining the Equations (13) and (16), the Lyapunov equation is given by

— — —_ — — T —_ — —
P=0+ KZ;,RKgg + (Ag — BegKrg) P(Ag — BrgKeg). (18)

Definition 1 (Admissible Control) If there exists a control policy U(k) that ensures the cost function (11) is
bounded and makes the system (10) stable, then this policy is an admissible control.

The specific implementation details of the proposed GPI and GVT algorithms are detailed in Algorithm 1 and
Algorithm 2, respectively.

Algorithm 1 GPI Algorithm

1) Initialization: Define / as the iteration index and set / = 0. Start from an admissible controller gain k?g.

Select a sufficiently small calculation accuracy p as the convergence criterion.
2) Policy Evaluation: The iterative kernel matrix P’ is updated by

_ T _ - _ . T - - _
P'=Q+(K},) RK;, + (Ag — BrgKyp,) Pl(Ag — BrgKy,). (19)
3) Policy Improvement: The iterative controller gain K gl is updated as the following scheme:
kg:} =(R+ B(nglégg)—léfgplfig. (20)

4)If || P! = PI=!|| < p, terminate the iteration. Otherwise, set / =/ + 1 and return to 2) .
5) Return the optimal controller gain K;g =K ég and the kernel matrix P* = P’.

Algorithm 2 GVI Algorithm

1) Initialization: Define [ as the iteration index and set / = 0. Start from an arbitrary matrix P? and calculate
the corresponding controller gain K?g via the equation (16). Select a sufficiently small calculation accuracy p

and a maximum iteration times /,,,, . -
2) Value Evaluation: The iterative kernel matrix P'*! is updated based on the controller gain K f,g as follows:

_ T - — - T — _
P! =0+ (K},) RKy, + (Ag — BegK;,) P'(Ag = BegKy,). (1)

3) Value Improvement: The iterative controller gain K Zl is updated as the following scheme:
Kb = (R+ B[ P'*' Brg) ' B[ P'* A, (22)

4) If ||Pl — P <porl > lyax, terminate the iteration. Otherwise, set / = [ + 1 and return to 2).
5) Return the optimal controller gain K, = K, f,;l and the kernel matrix P* = P!+,

Since the GPI algorithm requires the prior determination of an admissible policy, it exhibits a certain degree
of conservatism. In comparison, the VI algorithm allows the utilization of any initial policy. Hence, the
following algorithm is designed to solve for an approximate solution of ARE.
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Remark 5 In contrast to traditional local controller ui'(k) = -(R, + B,"P.B,)'B,"P, Ae,(k), the global optimal
controller is provided in the Equation (16). The reason is that it is difficult for traditional local controllers to
utilize the ARE approach for solving the optimal controller, whereas the global controller in (16) mitigates
the influence of NCTs. In fact, the controller u,(k) of each agent can also be derived in this paper: u,(k) = -
Ke(k) -2, "K,e(k), where K, = (I + )[R, + (L' + b/)’B,'P,B ] 'B,'P, A ,and K, = (I, + b/)a IR + (I, +

b/)’B,'P,B,]"B,'P,B.K; K, is the optimal controller gain for the j-th agent and its specific form is u,(k) = -

i g
Ke (k). Furthermore, the global controller gain K, in (16) is expressed in the form of K, and K, as follows:

Kiw K2 - Kin
_ Koy Koo -+ Koy
Kt’g = . .

Kni1 Kn2 -+ Knn

3.3. Properties of iterative algorithms and stability of system
This subsection analyzes the algorithms’ monotonicity and determines their convergence properties. Then,
the proof of the stability for the closed-loop system is given.

Lemma 1 The iterative cost function V/(E(k)) of GPI is a monotonically nonincreasing sequence, that is, the

following relationship holds: V**'(E(k)) < V/(E(k)).

Proof The matrix y/ is designed to be

pl=In ® Ag — (L' + BY) ® By]K;, = Ay — BegK,. (23)
Hence, the Equation (19) can be written as
Pl =0+ (KL) RKL, + ('} P'{y'}. (24)
A function of a matrix is defined as follows:
®(P,K) = Q +KTRK + (Ag — BrgK)TP'(Ag — BygK). (25)
According to Equation (16), the following conclusion can be drawn: (R + B,'PB,)K, "' - B,P'A, = o.
A matrix ITis expressed as IT = R + B,'P'B, and the Equation (25) can be rewritten as follows:
(P, K)=Q+ AL P Ay — (Kpt) TR + (K - K2 TH(K - K. (26)

+ Assuming that K = I%@l”, the Equation (25) can be expressed as ®(P, Kegl*‘) =Q+ AgTPlAg - (I%@gl”)TH(I{}gl”);
» When K is the gain of any controller, the following condition is true:

(P, K) - (P K;E) = (K - K;p ) 'TH(K - Kgth). (27)

Due to the relationship thatIT = 0, it concludes that ®(P, 125;) = ®(P, K,/""). The difference form of the kernel

matrix for the cost function is expressed by

AP' = (KL,) RKL, + ('Y P{y'y — (REEDTRREY — (™) P g1y = 0, (28)
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Therefore, it can be concluded that: P' = P, Using the relationship between the cost function and the kernel
matrix in Equation (13), the monotonicity of the cost function V(E(k)) follows.

Lemma 2 Define the iterative cost function V' of GVI as

VI*LY(E(k)) = C(E(k),U' (k) + VI(E(k + 1)). (29)

If the kernel matrix P! and controller gain Kegl are updated based on (21) and (22), the following statements
hold:

«IfP' - P’ >0, then V*'(E(k)) = VI(E(k)).
«IfP' - P’< 0, then V*'(E(k)) < V(E(k)).

Proof It is first demonstrated that the cost function sequence is nondecreasing under the assumption P' - P’
0. Define a new sequence y' with y'(E(k)) = V’(E(k)) = E"(k)P’E(k) = 0 as follows:

Y*UE (k) = C(E(k), U™ (k) + 7' (E(k +1)). (30)
Due to P' - P’ > 0, it can derive E7(k)(P' - P")E(k) 2 0. From y’(E(k)) = V’(E(k)), we have
VI(E(K)) =y (E(k)) = VH(E (k) = VO(E(k)) = E(k)" (P! = P))E(k) > 0, 31)
which means

VI(E (k) = y(E(k)). (32)

Assuming that VI(E(k)) = y"'(E(k)) is true, it follows that V(E(k+1)) 2 y"'(E(k+1)) holds. Considering

VIHL(E(K)) -y (E(k)) = C(E(k),U' (k) + VI(E(k + 1)) = C(E(k),U' (k)) = y' "M (E(k + 1))

33
=VHE(k+1)—y"NE(k+1)) >0, 59
which indicates
VEHE(K)) 2 ¥ (E(K)). (34)
Based on the Equation (21), a function is given by
F(X.K)=Q +K"RK + (Ag — BrgK) X(Ag — BroK). (35)

Select the matrix M as the kernel matrix of the Equation (30), the following equation holds: y'(E(k)) =
E"(k)M'E(k). By the conditions defined above, one can conclude that: M’ = P’. Subsequently, assume that the
relationship between M' and P' satisfies M' = P' when [ 2 1. When condition K = K, is selected, the following

conclusion can be obtained:

F(M’,IZg,g) = F(Pl,I?f,g). (36)

From the Equation (21) and the Equation (36), the following conclusion is obtained: M"' = P, which means
Y"'(E(k)) =2 V'"'(E(k)). Therefore, the inequality y/(E(k)) = V/(E(k)) holds.
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Then, the following conclusion can be derived:
VIH(E(K) 2 y!(E(K)) 2 VI(E(K)). (37)
which implies
VIPYE (k) > VI(E(K)). (38)
Hence, the first part of the proof is completed by mathematical induction.

Next, prove that the sequence of the cost function is nonincreasing by assuming P' - P’< 0. Define a new
sequence I with T'(E(k)) = V'(E(k)) = E'(k)P*E(k) as follows:

I Y(E(k) = C(E(K), U1 (k) + THE (k + 1)). (39)
Due to P' - P’ <0, it can derive E"(k)(P' - P)E(k) < 0. From I''(E(k)) = V*(E(k)), we have
Y'E(K) = VO(E(K) = VI(EK) = VU(E(K) = E(k)" (P! = P)E(K) <0, (40)
which yields
Y E(k) < VO(E(K)). (41)
Assuming that I'(E(k)) < V"'(E(k)) is true, it follows that I'(E(k+1)) < V"'(E(k+1)) holds.

Considering the following equation:

T E(K) = VIE(K) = C(E(K), U™ (k) + T (E(k + 1)) = C(E(k), U™ (k) = VI"H(E(k +1))

_ 1l il (42)
=TUE(k +1)) - VI(E(k + 1)) <0,

which means
VI(E(k)) = T (E(k)). (43)

The proof of I'"'(E(k)) = V**'(E(k)) is similar to the proof given above and will not be repeated here. Then, the
inequality can be represented as

VI(E(k)) = THYE(k)) > VHFYE (k). (44)
Therefore, the second part is proven to be complete using mathematical induction.

Remark 6 In", the monotonicity of the VI algorithm is proved by constructing two specific functions and
comparing them with the cost function, but a complete proof of y'(E(k)) = V'(E(k)) is not provided. A
rigorous proof of this inequality is given in Lemma 2 of this paper. The proof shows that the monotone
property of the cost function relies on the comparison between P' and P°’. Once this relationship is
established, the monotonic behavior is preserved throughout the iterations.
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Theorem 1 Suppose the sequences K, and P' are computed by Algorithm 1 and Algorithm 2. Then, the
iterative controller gain K’egl and the iterative kernel matrix P' converge to the optimal controller gain K’eg* and

the optimal kernel matrix P".

Proof Since the iterative cost function in Algorithm 1 and the iterative cost function in Algorithm 2 when P* -
P’< 0 are both nonincreasing, the convergence of these two cases is analyzed first. With Lemma 1, Lemma 2,
and Equation (13), the nonincreasing property of the iterative kernel matrix P'is obtained as P'*' < P'.
Subsequently, it can be derived from Equation (18) that P'= 0.

As the matrix sequence {P'} is monotonically bounded, there exists a limit lim,_,,, P' = P. According to

Algorithms 1 and 2, Kegl = K when [ — «. Then, the Equations (17) and (19) are transformed as
P=0+K'RK +(Ag — BoK)' P(Ag — BreK). (45)

As a result, the limit matrix P satisfies the ARE. Since the proof of case P' - P’ 0 in Lemma 2 is similar to the
above process, it will not be repeated in the subsequent derivation. Under the above analysis, it is concluded
that the iterative controller gain K, and iterative kernel matrix P' converge to the optimal solutions K}g* and

P, respectively.

Next, the convergence of the iterative kernel matrix P'in Algorithm 2 when P' - P’ -0 is analyzed. From
Equation (30), the following equation can be derived as
YHE®)) =C(E(K), U™ () + ! (E(k +1)
=C(E(k), U (k)) + C(E(k +1),U' (k + 1)) + y' " (E(k + 2))

=C(E(k), U (k) + C(E(k + 1), U (k + 1)) + - - - (46)
+CEk+D,Uk+1)+y°(E(k +1+1))
1
= > C(E(k +x), U (k + ),
k=0

where y’(E(k + [ + 1)) = 0. Thus, the inequality is shown from (45) as follows:
1
YU E(K)) < lim Z C(E(k + &), U™ (k) = V. A7)
—00 =

By the Equation (37), it follows that V*'(E(k)) < y"*'(E(k)) < V. Furthermore, the relationship is derived as P'*!
=P, where P satisfies the equation V = E"(k)PE(k). Hence, it is obtained that P is an upper bound of P Then,
the convergence of the iterative kernel matrix P'is proven by Equation (13) and Lemma 2. Therefore, it is
concluded that the iterative controller gain Kegl and iterative kernel matrix P' converge to the optimal

solutions I%eg* and P, respectively.
Theorem 2 Assuming that the U (k) is provided by the Equation (16) and V'(E(k)) complies with the
Equation (14), then the system (10) converges to an asymptotically stable state, and the consensus of the

agents is reached.

Proof Select optimal cost function V'(E(k)) as a Lyapunov function, whose specific form as

V*(E(k)) = ET(k)QE (k) + (U*(k))TRU* (k) + V*(E(k + 1)), (48)
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where Q =0 and R > 0. Subsequently, by analyzing the Equation (48), the kernel matrix P of V'(E(k)) satisfies

P> 0. Define the minimum eigenvalue p = 7, {P'} > 0 and the maximum eigenvalue p =1, {P} > 0 of matrix

max{

P, respectively. Thus, the following equation is derived:
PIER)I? < VX (E(K) < PIEK)I?. (49)

Furthermore, from the inequality£| |E(k)||> = V'(E(k)), it follows that V'(E(k)) — o when ||E(k)|| — «. Then,
V'(E(k)) is radially unbounded.

From Equations (10), (16), and (23), the difference of the Lyapunov function is defined as

E[AVI(E(K)] = E[V'(E(k +1))] —E [V*(E(k))]
= E"(k) [(y")" P*y* - P*] E(k)
= —ET(k) [Q + (k;g)TRk;g] E(k)
E(k).

(50)

T T
=-E" ()W,
In particular, the above conditions imply that Weg‘ is a positive definite matrix and the minimum eigenvalue

of WQ* is defined as w =1 {W} (,g* > 0. Then, the Equation (50) is expressed as the following form:

AV*(E(k)) < -wlE(K)|I” < 0. (51)

Combining Equation (51) and the Lyapunov stability theorem, the state of the error system (10) is
asymptotically stable.

4. SIMULATION EXAMPLES

This section verifies the developed algorithms and the designed controller through two simulation examples.
In particular, Example 1 demonstrates the numerical simulation and compares it with methods in the
existing literature. Then, Example 2 validates the effectiveness of the proposed approach in practical systems.

Example 1: Consider a MAS consisting of one leader and six followers. Specifically, the system matrices are

shown by
0.9898  0.0198 0.1 0.15 1.0119  0.0202
A1 = -0.0198 0.9898]’ By = [0.1 0 ] A = [_0_0202 1.0119], By = 0.6B;.
0.5 0.5

Thereafter, the transition probability (2) is chosen in matrix form as [z, ],x, = [ ] Assuming that the

0.6 04|
system is more likely to be in Mode 1, the weight coefficient is specified as 2, = 0.7 and 4, = 0.3. Set the initial

status value for leader and six followers as x,(0) = [8, -6]", x,(0) = [20, -15]", x,(0) = [-15, 18], x,(0) = [18,
-12]%, x,(0) = [-12, 20]", x,(0) = [22, -18]", and x,(0) = [-18, 22]". In addition, the weight matrices in the cost
functions of each agent are selected as follows:

5 0 4 0 20 0 25 0
Q”‘[o 5]’ R“‘[o 4]’ Q"Q‘[o 20]’ Ri?‘[o 25]'
Select an appropriate stationary distribution y > 0 to ensure the ergodicity of the Markov parameter jump

process. Correspondingly, the transition probability matrix for the topology switching process<(k) is selected

04 03 02 0.1
0.1 05 02 02
02 02 05 0.1
0.3 01 03 0.3

spanning tree. The sampling time is T, = 0.01 5. According to Algorithm 1 and Algorithm 2, the global

as Q= . Thus, the switching topology in Figure 1 is jointly connected and includes a directed
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Figure 1. Switch topology diagram.

optimal controller gain kgg‘ and optimal global kernel matrix P’ are given by

0.35 0.55 0.04 0.04 O 0.16 0.18 0.04 0.04

0 0 0
0.87 -0.32 0.09 -0.03 O 0 0.36 -0.11 0.09 -0.02 O 0
0.04 0.04 0.13 027 O 0 0.06 0.07 0.07 0.10 O 0
0.09 -0.03 0.35 -0.14 O 0 0.13 -0.04 0.18 -0.07 O 0
0 0 0 0 031 0.52 0 0 0 0 012 0.14
R = 0 0 0 0 082 -031 0 0 0 0 0.28 -0.09 (=4 o=1
tg —| -0.04 -0.04 -0.13 -0.27 0 0 -0.06 -0.07 -0.07 -0.10 O 0 =sg=4
-0.09 0.03 -0.35 0.14 0 0 -0.13 0.04 -0.18 0.07 O 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
69.03 -28.40 0 0 0 0 13.95 -5.12 0 0 0 0
-28.40 101.72 0 0 0 0 -5.37 15.35 0 0 0 0
0 0 66.19 -28.83 0 0 0 0 14.93 -5.85 0 0
0 0 -28.83 101.75 0 0 0 0 -6.14 17.60 0 0
0 0 0 0 150.56 —54.20 0 0 0 0 0 0
P = 0 0 0 0 -54.20 194.24 0 0 0 0 0 0
| 13.95 =537 0 0 0 0 127.94 —-41.55 0 0 0 0
-5.12  15.35 0 0 0 0 —41.55 150.89 0 0 0 0
0 0 14.93 -6.14 0 0 0 0 112.50 -38.21 0 0
0 0 -5.85 17.60 0 0 0 0 -38.21 138.26 0 0
0 0 0 0 0 0 0 0 0 0 102.87 -35.72
0 0 0 0 0 0 0 0 0 0 -35.72 129.63

The 3D diagram in Figure 2 presents the trajectories of all agents, while Figure 3 displays the state curves for
each agent. Figure 4 shows the curves of the norms of the local tracking error e,(k) and the global tracking
error E(k). From Figures 2-4, it can be observed that under the action of the global controller, the states of all
follower agents successfully track the dynamic trajectory of the leader, and the local and global tracking
errors converge to 0 in approximately 8 s. This indicates that leader-follower consensus has been achieved
and demonstrates the validity of the proposed control policy.

Figures 5 and 6 plot the curve of the norm of the kernel matrix P' and the norm of the control gain matrix Kegl
for GPI and GVI algorithms during the iteration process. As illustrated in the figures, after corresponding
iterations, both the GPI and GVT algorithms converge stably to the optimal values for the kernel matrix and
the control gain matrix. As the number of iterations / increases, the norm of the matrix errors (P*' - P') and
(Keg“‘ - Kg;) converge to 0. This demonstrates that the proposed Algorithm 1 and Algorithm 2 effectively find
an optimal control policy for MASs. The proposed control policy and algorithm have been repeatedly
validated as effective.
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Figure 3. The state curve of each agent under the optimal controller.

Table 1 compares the characteristics of the presented approach in this paper with those of existing
studies'"*****), It should be noted that x indicates that the literature considers NCTs in the system, but the
influence of NCTs cannot be eliminated through the ARE framework, making it impossible to derive the
optimal controller. By contrast, V denotes the case where the literature considers NCTs in the system, but the
influence of NCTs can be eliminated through the ARE framework. Prior research has proposed several
algorithms for finding approximate solutions to the optimal controller. Nevertheless, the optimal consensus
problem for Markov jumping parameter under the Markov switching topology has not been thoroughly
investigated. Specifically, the literature!™” studied the stability of Markov jumping parameter systems, while
the literature™ investigated the optimal consensus of MASs under a Markov switching topology. In this
paper, GPI and GVI algorithms are proposed to successfully calculate an approximate solution for the
optimal controller in both of these cases. Notably, the methods in****) are affected by NCTs when solving for
the ARE. Thus, they are unable to successfully derive the ARE, and the optimal control policy cannot be
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Figure 5. Convergence of GPl and GVI algorithms. GPI: Global policy iteration; GVI: global value iteration.

computed. The global ARE using the global method is successfully derived in this paper. Based on this, two
global algorithms are proposed for approximating the optimal control policy.

Then, Table 2 describes the consensus comparison between this paper and the literature®*>** under Markov
jumping parameter and Markov switching topology, as well as the optimality comparison under the ARE
framework. In contrast, although the method employed in the literature'” achieves consensus under Markov
jumping parameter and Markov switching topology, it fails to achieve optimality within the ARE framework.
Meanwhile, the methods used in the literature”®***! cannot achieve consensus under Markov jumping

parameter and Markov switching topology. By comparison, the method proposed in this paper achieves
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Figure 6. Iterative error in GPl and GVI algorithms. GPI: Global policy iteration; GVI: global value iteration.
Table 1. Comparison with literature
Method Markov jumping parameter Markov switching topology Pl Vi NCTs
[16] Yes No No Yes
[23] No Yes No Yes x
[28] No No Yes No x
Our Yes Yes Yes Yes v

Pl: Policy iteration; VI: value iteration; NCTs: neighbor coupling terms.

Table 2. Performance comparison under Markov jumping parameter and Markov switching topology

Method Consensus Optimality under ARE
[23] Yes No

[35] No

[36] No No

Our Yes Yes

ARE: Algebraic Riccati equation.

optimal consensus within the ARE framework. This further verifies that the proposed approach effectively
resolves problems that have not been sufficiently investigated in earlier literature.

Subsequently, as shown in Figures 7 and 8, a comparison is conducted between the proposed algorithm and
the VI algorithm based on gradient and neural network approximation presented in the literature®, subject
to both Markov jumping parameter and Markov switching topology. Correspondingly, the convergence
times of the norm of the kernel matrix and the norm of the tracking error for each agent under the two
algorithms are compared using identical parameter settings and illustrated in Figures 7 and 8. As shown in

Figures 7 and 8, the algorithm proposed in this paper can mitigate the effects of NCTs while ensuring
comparable performance to the VI algorithm in.



Page 885

Liu et al. Intell. Robot. 2026, 6(4), 868-90

——GVI — - — - VIin [23]|

40F 40 40
§ 30F § 30 § 30
& 20¢ 20 20
10 ! 10 10
0 2 4 6 8 10 0 2 4 6 8 10 0 4 6 8 10
Time (s) Time (s) Time (s)
40 40 40
@ 30 é 30 § 30
<20 £20 $20
10 10 10
0 2 4 6 8 10 0 2 4 6 8 10 0 4 6 8 10
Time (s) Time (s) Time (s)

Figure 7. The state responses of each agent for VI int? and GVI in this paper. VI: Value iteration; GVI: global value iteration.
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Example 2: To further demonstrate the effectiveness of the proposed optimal consensus control method in
practical applications, this example applies a practical example related to UAVsP”**. According to the
literature"” and®, the dynamics of the agent represented by a UAV can be expressed as

S'i _ 0 1 Si —r; i 0 0
Si| ~ |-%g —cg S; 1 0

where %, and c, represent the damping and spring coefficients, respectively. The cooperative formation

(52)

ui’

problem of UAVs is considered. s, and §, denote the position and velocity of the ith UAV, while 7, is
introduced to characterize the desired relative displacement among the UAVs. The state of the agent is
represented as x, = [s,- 1, s]7, i =0, 1, ..., N. Next, discretization converts the continuous-time dynamics into
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Graph 1 Graph 2 Union Graph

Figure 9. The switching topology graph.
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Figure 10. The local tracking error e,(k) under jumping signals g(k) and s (k).

system (1a). Two operating modes are adopted to represent variations in the UAV dynamics. The

corresponding system matrices are chosen as

0.0050 0
0.0991 0

A | 0-9960 0.0084] o _[0.0049 O] _[0.9965 0.0991 B -
L= 1-0.0787 0.9665|> '~ 10.0984 0> “27[-0.0694 0.9816|° "2~

The jump between the two UAV modes is governed by the Markov chain g(k), whose transition probability
0.5 0.5]

matrix is chosen as [z, ] x,=
0.6 0.4

Pq
This paper employs the switching topology to describe the exchange of information among agents. Figure 9

shows the switching topology diagram and the joint connect diagram. The transition probability matrix for

. 0.7 03
the topology switching signal ¢ (k) is selected as Q = | "/ ;' |-

The initial states of the leader agent and the follower agent are as follows: x,(0) = [-2, 4], x,(0) = [0, 3], x,(0)
=[2, 2]", x,(0) = [4, 1]" by choosing suitable s,and r, i = 0, 1, ..., N. Using the optimal controller (16), the
tracking error of local neighborhood and the global error system are depicted in Figures 10 and 11,

respectively. Subsequently, Figure 12 illustrates the convergence of the GPI and GVT algorithms. From the
simulation results, it can be found that both algorithms converge as the number of iterations increases.
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Through the simulation example, the state curves of the leader and each follower are obtained and are shown
in Figure 13. As can be seen from the figure, under the designed consensus control policy, the followers
always reach consensus with the leader agent.

5. CONCLUSION

The problem of optimal control for MASs with Markov jumping parameter under the Markov switching
topology has been investigated. Since optimizing the analysis becomes complicated when defining a cost
function for each agent in each mode, the cost function restructuring approach has been employed. Then, a
global cost function is constructed to alleviate the influence of NCTs on the system performance and the
global ARE is derived. Based on this, GPI and GVI algorithms inspired by ADP framework are proposed to
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Figure 13. The state curves of all agents in the 3D plane.

approximate the optimal controller gain. Subsequently, the convergence of the algorithms and the stability of
the system have been proven. Finally, simulations demonstrate that the proposed control policy and
algorithms achieve comparable performance to reported in the existing literature and mitigate the impact of
NCTs, while ensuring optimal consensus under Markov jumping parameter and Markov switching topology.

In future research, the topic of optimal consensus in heterogeneous MASs is of great significance. The issue
of interdependence between two Markov jump processes also warrants further study. In addition, the
practical system may suffer from cyber attacks (e.g., denial-of-service attacks and false data injection attacks).
This means that it is important to study the impact of cyber attacks on the performance of MASs.
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