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Abstract

A novel optimal trajectory tracking scheme is introduced for nonlinear continuous-time systems in strict feedback
form with uncertain dynamics by using neural networks (NNs). The method employs an actor-critic-based NN back-
stepping technique for minimizing a discounted value function along with an identifier to approximate unknown sys-
tem dynamics that are expressed in augmented form. Novel online weight update laws for the actor and critic NNs
are derived by using both the NN identifier and Hamilton-Jacobi-Bellman residual error. A new continual lifelong
learning technique utilizing the Fisher Information Matrix via Hamilton-Jacobi-Bellman residual error is introduced to
obtain the significance of weights in an online mode to overcome the issue of catastrophic forgetting for NNs, and
closed-loop stability is analyzed and demonstrated. The effectiveness of the proposed method is shown in simulation
by contrasting the proposed with a recent method from the literature on an underactuated unmanned aerial vehicle,
covering both its translational and attitude dynamics.

Keywords: Continual lifelong learning, optimal control, neural networks, unmanned aerial vehicles, strict-feedback
systems
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1. INTRODUCTION

Optimal control of nonlinear dynamical systems with known and uncertain dynamics is an important field of
study due to numerous practical applications. Traditional optimal control methods!*?! for nonlinear continuous-
time (CT) systems with known dynamics often require the solution to a partial differential equation, referred
to as Hamilton-Jacobi-Bellman (HJB) equation, which cannot be solved analytically. To address this challenge,
actor-critic designs (ACDs) combined with approximate dynamic programming (ADP) have been proposed
as an online method **/. Numerous optimal adaptive control (OAC) techniques for nonlinear CT systems
using strict-feedback structure have emerged, leveraging backstepping design as outlined in[>¢/. These ap-
proaches, however, require predefined knowledge of the system dynamics. In real-world industrial settings,
where system dynamics might be partially or completely unknown, the application of neural network (NN)-
based optimal tracking for uncertain nonlinear CT systems in strict feedback form has been demonstrated
in37], utilizing the policy/value iterations associated with ADP. However, these policy/value iteration meth-
ods often require an extensive number of iterations within each sampling period to solve the HJB equation

and ascertain the optimal control input, leading to a significant computational challenge.

The optimal trajectory tracking of nonlinear CT systems involves obtaining a time-varying feedforward term
to ensure precise tracking and a feedback term to stabilize the system dynamics. Recent optimal tracking ef-
forts (%), have utilized a backstepping-based approach with completely known or partially unknown system
dynamics, but the design of feedforward term while minimizing a cost function has not been addressed. In-
stead, a linear term is used to design the control input. A more recent study ! employed a positive function
for obtaining simple weight update laws of the actor and critic NN, which also relaxes the persistency of exci-
tation (PE) condition. However, finding such a function for the time-varying trajectory tracking problem of
a nonlinear CT system will be challenging by using an explicit time-dependent value function and HJB equa-
tion at each stage of backstepping design since the Hamiltonian is nonzero along the optimal trajectory[*°!. In
simplified and optimized backstepping control schemes were developed for a class of nonlinear strict feedback
systems!®1:12] These approaches are different from the one proposed in!5/. However, they either require com-
plete knowledge of the system dynamics or do not assume that the system dynamics are completely unknown.

Moreover, all control techniques rooted in NN-based learning, whether aimed at regulation or tracking, rou-
tinely face the issues of catastrophic forgetting!'*). This is understood as the system’s ability to lose previously
acquired knowledge while assimilating new information ['>'#!. Continual lifelong learning (CLL) is conceived
as the sustained ability of a nonlinear system to acquire, assimilate, and retain knowledge over prolonged pe-
riods without the interference of catastrophic forgetting. This concept is particularly critical when delving
into the realm of online NN control strategies for nonlinear CT systems, as these systems are often tasked
with navigating and managing complex processes within dynamic and varying environments and conditions.
Nonetheless, the lifelong learning (LL) methodologies shown in['*!3! operate in an offline mode and have
not been applied to real-time NN control scenarios yet. This scenario offers a promising direction to leverage
the advantage of LL in online control systems, addressing catastrophic forgetting and thus enhancing the ef-
ficacy of the control system progressively. Implementing LL-oriented strategies in online NN control enables
persistent learning and adaptation without discarding prior knowledge, thereby improving its overall perfor-
mance. By developing an LL-based NN trajectory tracking scheme, it is possible to continuously learn and
track trajectories of interest without losing information about previous tasks.

This paper presents an optimal backstepping control approach that incorporates reinforcement learning (RL)
to design the controller. The proposed method utilizes an augmented system to address the tracking problem,
incorporating both feedforward and feedback controls, which sets it apart from prior work such as[®!). This
approach uses a trajectory generator to generate the trajectories and hence deals with the non-stationary condi-
tion in the HJB equation that arises in optimal tracking problems due to the time-varying reference trajectory.
In addition, the proposed weight update laws are direct error driven based, obtained using Hamiltonian and
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control input error, in contrast to where the weight update laws are obtained using some positive functions %6,
Furthermore, the control scheme incorporates an identifier where the approximation error is bounded above
by system states to approximate the unknown system dynamics, as opposed to prior work, such as (®1), where
the system dynamics are either completely known or partially known. Additionally, the utilization of an HJB
equation at each step of the backstepping process is intended to ensure that the entire sequence of steps is
optimized.

The paper also examines the impacts of LL and catastrophic forgetting on control systems and proposes strate-
gies for addressing these challenges in control system-based applications. Specifically, the proposed method
employs a weight velocity attenuation (WVA)-based LL scheme in an online manner, in contrast to prior work,
such as['*15), which utilizes offline learning. Additionally, the proposed method demonstrates the stability of
the LL scheme via Lyapunov analysis in contrast to offline-based learning [, where the weight convergence
is not addressed. To validate the effectiveness of the proposed method, an unmanned aerial vehicle (UAV)
application is considered, and the proposed method is contrasted with the existing approach. Lyapunov sta-
bility shows the uniform ultimate boundedness (UUB) of the overall closed-loop continual lifelong RL (LRL)
scheme.

The contributions include

(1) A novel optimal trajectory tracking control formulation is presented, utilizing an augmented system ap-
proach for nonlinear strict-feedback systems within an ADP-based framework, offering a novel perspective.

(2) An NN-based identifier is employed, wherein the reconstruction error is presumed to be upper-bounded
by the norm of the state vector, providing an enhanced approximation of the system dynamics. The new weight
update laws are introduced, incorporating Hamiltonian and the NN identifier within an actor-critic framework
at each step of the backstepping process.

(3) An online LL method is developed in the critic NN weight update law, mitigating both catastrophic forget-
ting and gradient explosion, with the significance of weights for NN layers obtained using Fisher Information
Matrix (FIM) determined by the Bellman error, as opposed to offline LL-based methods with targets.

(4) Lyapunov stability analysis is undertaken for the entire closed-loop tracking system, involving the identifier
NN and the LL-based actor-critic NN framework to show the UUB of the closed-loop system.

2.CONTINUAL LIFELONG OPTIMAL CONTROL FORMULATION

In this section, we provide the problem formulation and the development of our proposed LRL approach for
uncertain nonlinear CT systems in strict feedback form.

2.1 System description
Consider the following strict feedback system

x1(2) = fi (x1) + g1(x1)x2,
x2(1) = fo (X2) + g2(X2)u,

(1)

where %, (f) = [x1(¢),x2(t)]" € R? is the system state, u € R is the control input, and f; (), gi(.),i = 1,2
are unknown yet Lipschitz continuous functions on €, and satisfying f;(0) = 0. The standard following
assumptions are stated to proceed.

Assumption 1 (")) The nonlinear CT system is controllable and observable. In addition, the control coefficient
matrix satisfies ||g: ()|l < gim, where giy is an unknown positive constant.
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Assumption 2 (141Y The state vector is considered measurable. The desired trajectory &, € R is bounded, and there
exists a Lipschitz continuous command generator function hy (&,(t)) such that &,(t) = hy (&,(1)) and ha(0) = 0.

Next, the LRL control design is introduced. The goal of the LRL control scheme is to achieve satisfactory
tracking and maintain the boundedness of all closed-loop system signals while minimizing the control effort
and addressing the issue of catastrophic forgetting.

The design of the control system begins by implementing an optimal backstepping approach using augmented
system-based actor-critic architecture and then using an online LL to mitigate catastrophic forgetting.

2.2 Optimal backstepping control

To develop optimal control using the backstepping technique, first, a new augmented system is expressed in
terms of tracking error as follows. Define the tracking error as e, (¢) = x; (1) —&, (7). Taking the time derivative
and using the value of X; to obtain

én1(t) = fi(x1) + g1(x1)x2 — ha(&,(1)), (2)

where x,(t) is the virtual control.

In order to get both the feedforward and feedback part of the controller, the tracking problem is changed to a

regulation problem by defining a new augmented state as z; = | e/, &' ]T. Then, we can write

21(8) = Fs1(z1) + Go1 (z1)ay, (3)

where %1 (z1) = Jir (1) = ha(&:(1)) ]

hd(fr(l‘)) and gsl(Z]) =

is virtual control. From Assumption 1, it follows that 0 < ||G;(.)|| < G;, where G; > 0 fori = 1, 2. The design
is presented in two steps.

gl(oxl) ],withzl(O): [ et-l;l(o) fﬂ—(O) ]Tandal

Step 1: For the first backstepping step, let @; and @] be the virtual and optimal virtual control inputs, respec-
tively. The optimal performance index function Jy(z) is defined as

Ji(z1) = min ( / e—”“—’)hl(zl,al)ds): / e VD hy (21, 27) ds, (4)
1 t

@1€¥(Qy1)

where ¥ (Q;) denotes the set of admissible control policies over a compact set Q.;, J; (z1) = (ftw e MG h (21, 1) ds),

and hy(z1, 1) = z1(s) "q1z1(s) + @1(z1) "r11 (z1) with , g is a positive definite, r; > 0, y; is the discount
factor, y; > 0.

Remark 1 Generally, addressing trajectory tracking control problems poses considerable challenges, particularly
when dealing with a system characterized by nonlinear dynamics and a trajectory that evolves over time. In such
instances, a prevalent approach is to employ a discounted cost function, denoted as (4), to render the cost index,
J{, finite. The control input, consisting of both feedforward and feedback components, is obtained simultaneously
by minimizing the performance function (4) along the trajectories of the augmented system (3). In addition, the
performance function is not explicitly dependent on time.

By taking the time derivative on both sides of the optimal performance function (4), the tracking Bellman
equation is obtained as
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iy ©0 . .
Jl(Z1)=/ 52¢ Dy (21, a7))ds — hi (21, @)) (5)
1

By noting that the first term of (5) is /1, therefore, (5) can be rewritten as

dli’ (z1)

h (21, ay) + — -

L) - yiJE=0. (6)

Therefore, the tracking HJB equation is generated as

i dJ* . dJ*T (Zl) .
H, (Zbal, d_zi) =hy (z1,0]) + ldTil(f) -/
dJT (z1) @)
1
= ldT (Fo1 (z1) + Gsi (z1)a}) + Q1 + a1 — y1J] = 0.

i _
where H, (zl,al, Ve )15 the Hamiltonian function for the ﬁrststep,Q1 =z1(5)Tq1z1(s), @1 = @} (z1) "r1aj(21).

The optimal control solution a7

| (M* = 0. This equation represents the condition

for finding the optimal control that minimizes the performance index and satisfies the HJB equation as

dJy
a’ =——r1 gsl( — (Zl) (8)

It is well known that NNs have universal function approximation abilities and can approximate a nonlinear
continuous function H(z) : R” — R™ on a compact set Q, as H(z) = W' o (z), where W € RP*™ is the weight
matrix, p is the number of neurons, and o (z) is the basis function vector.

Since J7 is unknown, an NN and its derivative will be used to approximate it on a compact set as

i =Wioa(zi) + e (21) (9)
dJy (21)
—d21 1(ZI)W¢1 +Ve 1(11) (10)
where W7, 0¢1, and & are the target weights, basis function vector, and the NN reconstruction error, respec-

tively, Vo1 and Ve, are the partial derivative of o; and €., respectively, with respect to input z;. Substituting
(8) and (9) into the HJB equation (6) to get

=—(W (Vo +Vee) A (Vo Wi+ Vel ) —yi(W oei1(z1) +&c1)

(11)
+ (Wi Ve (z1) + Vaer) x (7'_1(11)—( A (Vo (z) Wi +Vel) |+ 01,

. e . i . .
where optimal Hamiltonian function H} = H, (zl, ay, 7o ) and Ay = Gary ]QT Since the target weight

matrix, W7, , is unknown, an actor-critic NN and its derivative will be designed to find the solution as follows

=W](D)oe1 (z1)

j (12)
2i(z1) = Vo (z1)Wer,
dm
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where W, is the estimate of the weight matrices for critic NN, and o1 (z;) is the basis function vector. Next,
using (12), we can rewrite (11) as

. 1 . R N N o A 1. N
Hy = ZWLVO'HMVO'CT]WM —-nW]oei(z) + (W], Voe) (5”:1(21) - (E/\1V0'CT]Wc1 )) + 01, (13)

where the estimated Hamiltonian function H; = H, (zl,m, ) Al = gslr lgsl and 7:1(21) G, are the
estimate of augmented internal dynamics and input dynamics to be generated in the subsequent section by
using an NN identifier. From (8), @; is unknown, continuous on a compact set .1, and an NN is used to
approximate it over a compact set, as shown in the subsequent steps. We can write

aJy
e T - L, (14)

d./ (Z]) dJ (Zl)

where V'(z1) = rl‘1 J (z1) == where G,(21) € R?, and =4 € R? which makes V" (z1) a scaler. To
achieve the tracking, decompose the term V" into following two parts

Vi =2B1z21 + V), (15)

where "VIO = —2B1z1 + V?, where By is a [$1,0] i.e 81 € R™>2, B > 0, z; € R%. The optimal virtual controller

@] can be written as

B} 1
a] =-p1z1 - E(Vlo. (16)

Therefore, V can be approximated using NN,

J*
Gl (a2 (Z‘) = 2Bz + (W T (21) + 1), (17)

where W, € RP*™" are the target bounded unknown weights, and £; € R™ denotes the function reconstruction
error; 0,1 (z1) with z; € Q, is the basis function vector. Hence, the virtual controller (8) can be written as

1
o = =1z = 5 (Wil o (z1) +21 (1), (1s)

where W, € RP*" are the target bounded unknown weights, and £; € R™ denotes the function reconstruction
error; 0,1 (z1) with z; € Q;, is the basis function vector. Since the target weights are unknown, the actor NN
will be designed to estimate the optimal virtual control as

=-fiz1 - 1 0a1 (21), (19)

where W,1, 041(21), 21 € Q.1 are the estimated weights and the basis function of actor NN. According to the
HJB equation (11) and its approximation (13), define the HJB residual error e;(7) as

ei(t)=H, - H; = H, (20)

since the optimal Hamiltonian value is zero. Notice that the estimated Hamiltonian, H, requires the estimate
of unknown dynamics from the identifier. The second step is discussed next.
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Remark 2 The subsequent section will leverage the HJB residual error (20) to formulate the weight update laws
for the critic NN. Additionally, the control input error u,, delineated in Lemma 1, will facilitate the derivation of
the actor NN weight update laws.

Employing the HJB residual error and the control input error for formulating the weight update laws is pivotal
as it enables efficient optimization of the weights in NN. This methodology ensures more accurate and reliable
learning processes, allowing the network to better approximate the desired functions or policies, thereby enhancing
the overall performance and robustness of the system.

Step 2: This is the second step, and the actual controller 7 will be derived. Define e,2(r) = x2(f) — &;; then
using (1), the error dynamics are written as

éira(t) = fo(%2) + g2(F2)u — @1 (21)

Since & = -1z — W], 0., on using the values from step 1, & can be calculated by using a virtual generator
hq(a). Letzo = [e,,,@[]" € R2. One can write

2(1) = F(z2) + G2 (22)u, (22)

f2(%2) = ha(d1)
ha(@1)
integral cost function is defined as

where F(z2) =

and G (20) = [ 82 E)Xz) ] . Letting ™ be the optimal control, the optimal

J5(z2) = min ( / me-m-’)hz(zZ(s),u(zz))ds)= / Ooe‘”(x_’)hz(zz(s),u*(Zz))dS, (23)

ue¥(Q:») t

where hy = 72(s) Tqaz2(s) + u*(22) "rau*(z2) is the cost function. The user-defined penalties, g, and r», are
positive definite and y, > 0.

The HJB equation for step 2 is given by

% d']; — dJ;T % *
Hy|z,u", —=| = Q2 +ii + (Fs2 (22) + G2 (22)u™) = v2J5 =0, (24)
dz dzn

where H, (Zz, u*, 3—2) is the Hamiltonian function for the second step, Q2 = z2(s) " q222(s), it = u*(z2) "rou*(z2).
Similar to previous steps, solving (dH»/du*) = 0 yields

. 1 daJs
u :_Erzlgsz(@)d_zi' (25)

Since J; is unknown, an NN will be used to approximate it on a compact set given by

Iy = W ra(z) + £ea(22). (26)

dJi(z . L .
Therefore, ;Z(QZZ) = VO'CTZ(Zz)W:Z + VaCTZ, where W7,, 02, £.2 are the NN weights, activation function, and the

reconstruction error, respectively. Substituting (25) and (26) into the HJB equation (24) gets

* 1 * * *
H, = Z(W&TV"U +Ve) A (Vo LWiy + Vel + 02 — 72 (W 0ea(22) + &)
1 (27)
+ (W Vo (22) + Vee) | Falz2) - 5 M (Vo i, () W +Vel,) ],
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dr\ . . — .
where H} = H» (z2, as, d—zi) is the optimal Hamiltonian for the second step, Ay = Gior; 19qu- Since the target

weight matrix, W7, is unknown, an actor-critic NN will be designed to find the solution as follows

J=Whi(t)oe (22)

dJs(z . (28)
% = Vo, (z22)We,
)

where W, is the estimate of the weight matrices for critic NN, and 0¢2(z2), 22 € Q. is the basis function
vector. Next, we can rewrite (27) as follows

N 1. . . . A A 1. .
H> = ZWCTZVO'cz/\zVo-CEWcz + 02— yaWhon(z) + (WhHVon) [Fo(z2) - (5/\2V0’CT2W62) ., (29)

where H, = H, (z2, @, Z! ) is the estimated Hamiltonian, A, = gézr lg and ?ATQ(ZZ), G, are the estimate of

augmented internal and input dynamics to be generated in the subsequent section by using the NN identifier.

(Zz)
Since G»(z2) and 2 are unknown, continuous on a compact set Q,», an NN is used to approximate them
over a compact set, we can write

1 dJ; (Zz) 1.
_‘rz Go(n)—— = _E(Vz (22), (30)
where V) (z2) =15 ! D (20) =2 a4 (22) . To achieve tracking, decompose the term V;" into following two parts
V5 =2Brz2 + VY, (31)

where "VO = 2P0+ Vy, B2 = [B2,0] i.e B2 € R™2, B, > 0, zo € R%. The optimal controller u* can be written
asu* = —ﬁzzz - —"VO Therefore, we can write
o (22) dJ; (22)
r ﬂTfiT =2Brz2 + (W), 0 (22) + €2), (32)
2

where W, € RP*" are the target bounded unknown weights, and &, € R™ denotes the function reconstruction
error; o (z2) with zp € Q, is the basis function vector. Therefore, the actual controller (16) can be written as

=270 — %(W;{%z (z2) + &2 (22)). (33)

Similarly, the actor NN will be designed to estimate the optimal control as

1.
—W;zo'az (z2), (34)

i=-prz2— >

where Wao, 042(22), 22 € Q. are the estimated weights and the basis function of actor NN. According to the
HJB equation (27) and its approximation (29), define the HJB residual error e,(7) as follows

ex(t) = H, — H; = H», (35)

since the optimal Hamiltonian for the second step is zero, notice that the estimated Hamiltonian, H», requires
the estimate of unknown dynamics from the identifier. Similar to the two steps, the proposed method can be
extended to nth order.


http://dx.doi.org/10.20517/ces.2023.35

Ganie et al. Complex Eng Syst 2024;4:4 | http://dx.doi.org/10.20517/ces.2023.35 Page 9 of 25

Remark 3 The optimal control input can be obtained by utilizing the gradient of the optimal value function (26)
and an NN identifier. As a result, the critic NN outlined in (26) may be utilized to determine the actor input
without the need for an additional NN. However, for the purpose of simplifying the derivation of weight update
rules and subsequent stability analysis, separate NNs are employed for the actor and critic.

Next, an NN identifier will be used to approximate the unknown dynamics given by (3) and (22).

2.3 NN identifier

A single-layer NN is used to approximate both the nonlinear functions #; and G,; where j = 1,2, that
govern the augmented dynamics!'”). Then, by using G,;, which is obtained from the NN identifier, the es-
timated control policy is applied to the nonlinear system. The approximations are represented as %5;(z;) =
VFjTO'Fj(zj) +e&r;(z;) and Gy(z5) = ngo-(;j (z) + &6, (z;), where Vi, and Vi, are the NN's weight matrices,
or,;(z;) and 0, (z;) are the activation functions, and e, (z;) and &g, (z;) are the NN’s reconstruction errors
respectively. The estimated values of the internal dynamics and control coefficient matrix of the augmented
system are given by ¥5;(z;) = V;J_O'Fj(z]') and Qsj (zj) = VC-;I—IO'GJ.(Z]'), where ij and VGj are the estimated
NN'’s weight matrices. Define

Zj(1) = Z] o (€))a; +&1(z)), (36)

where @; = [1, ozj]T , is the augmented control input, @; is given by (19), (34), Z; = [ V,,TI, VCT;j ]T € R2xn
represents the augmented NN identifier weights, and o (§1) = diag{cF, (zj) .06 ;(z;)} denotes the augmented
activation function for the NN identifier. The reconstruction error of the NN identifier, denoted by &;(z;), is
defined as £/(z;) = (&F;(z;) + &¢,(z;)a;). Next, the following assumption is stated.

Assumption 3 (I'7l) The NN identifier is of single-layer, and its reconstruction error is bounded above such that
lerz)I? < bollzil® and | Zi ]| < Zp,-
Remark 4 Because £/(z;) depends on input a; and the system state z;(t), it is assumed to be bounded above by

the norm of the state vector unlike'®), where &/(z;) is bounded by a constant value.

Define the dynamics of the NN identifier as

4i(t) = 2] o(€))a; +K(z; - 2)), (37)

where Z;(t) represents the estimated augmented state vector, K is a user defined constant gain matrix, and

. " N T
Z; = [ Vi, Vg, ] represents the augmented NN identifier estimated weights. The state estimation error is
defined as e¢;; = z; — Z;. The weight update law for the NN identifier is given by

Zj = —avj2j+0'(§j)&je;, (38)

where a@,; > 0 is a tuning parameter.

Remark 5 The NN identifier weights are tuned by using both augmented state estimation error and the input
vector. The boundedness of the control input is needed to show the convergence of the NN identifier if proof is
shown separately, whereas this assumption is relaxed when the identifier is combined with the LRL control scheme,
as shown in the next section.

Remark 6 Since the control input error and the HJB error used to tune the actor-critic NN weights require the
system dynamics which are uncertain, the NN identifier is used to approximate the unknown dynamics of an
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augmented system. The estimated values from the identifier are used in the actor-critic weight update laws to tune
the NN weights, as shown in the subsequent section.

2.4 Actor critic NN weight tuning
In this section, the actor-critic weight update laws are obtained using the gradient descent method to the
Hamiltonian-based performance function. The following Lemma is stated.

Lemma 1 Consider a system (1), transformed system (3), NN identifier weight update laws (38), the update laws
for the critic NN (12), (26) and actor NN (19), (34). They can be written as

2 n 1. R . . A .
Wcj z')/cjl,bj(t) e;‘r(t)_ZW:jVO—Cj/\jVO—:jWCj —W:jVO'Ejﬁj _O-IjWCj (39)
Waj(t):ﬂaj(saju;rj _O'ZjWaj (40)
. . . _ ,Bc l/; j H —
where j denotes the number of steps in backstepping, y.; = W, BejsBjsBaj > 0 are the learning rates, S,; =
0aj (2j), Sej = 0¢j (zj), and (1) = y;Sc; — Voo (F5j + Gsj@;), where oy > 0, 0250 are the design constants,
ucj is the error between estimated control and actual control and is given by u.; = —B;z; — %WLO’W (z) +

Ardd; . A 4 4 PN .

%r;l ;EJI/ e; is the HJB error for each step given by (20),(35), A; = Qsjrjflg;j, and ¥, Gy, are approximated

by using NN identifier.

Proof: The weight update laws for critic NN in step j are obtained by defining the performance function as

1
Ej= Eef. (41)

By using the gradient descent algorithm, the weight update law can be obtained as

Voo Beji  OE (1) (42)
Y () oW

On simplifying (42), we will get the weight update law for critic NN, as shown in Lemma. The weight update
law for actor NN is obtained by defining the performance function as

Eqj==u,;. (43)

By using the gradient descent approach, the weight update law for an actor NN is obtained as

P 0E,;
Waj(t) Z—W@. (44)
aj

On further solving and adding the stabilization terms, we will get the weight update law shown in Lemma 1.

Remark 7 . The weight update laws are obtained using the gradient descent method to the Hamiltonian-based
performance function. The weight update equations for the critic and actor have additional terms to ensure stability
and facilitate convergence proof. The last term, known as the sigma modification term, relaxes the PE condition
needed to ensure weight convergence. It is important to note that the right-hand side terms in the weight update
equation can be measured.
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The following assumption is stated next.

Assumption 4 ([41) It is assumed that the ideal weights exist and are bounded over a compact set by an unknown
basis function o (-), function reconstruction error £;(-), and their derivatives with respect to their arguments are
assumed to be bounded over a compact set, with unknown bounds as ||o|| < &, ||| < 07, €;(:) < €m, & (+) < Em.

positive constant, such that HW:J. < Win ; where Wan s V_Vng are unknown constant values. The

Next, the following theorem is stated.

Theorem 1 Consider the nonlinear system in strict-feedback form defined by (1). By using the augmented system
(3), consider the optimal virtual control (19) and actual control terms (34), along with the identifier, actor-critic
updating laws (38), (39), and (40). Further, assume that the design parameters are selected as per the conditions
stated and that Assumptions 1 through 4 hold. If the system input is PE and its initial value, uo, is admissible,
then tracking errors, augmented state z;, the actual state x; and NN weight estimation errors, V4 i =Z; - V4 s
WC]. =W, - WCJ-, and Waj =W, - Waj are guaranteed to be bounded. This, in turn, ensures that the actual
system output tracks the desired trajectory and estimated/actual control inputs are bounded close to their optimal
values.

Proof: See Appendix.

Remark 8 In the proposed optimal backstepping technique, the RL/ADP is employed at every step to obtain the
optimal virtual and actual control inputs. We have derived the backstepping for a two-step process; however, it
can be implemented up to n steps using a similar procedure.

Remark 9 The sigma modification term does serve to alleviate the PE condition and assists in the process of
forgetting; however, it does not prove effective in multitasking scenarios to minimize forgetting. Subsequently, a
novel online LL strategy is presented to address the issue of catastrophic forgetting.

Next, an online regularization-based approach to LL is introduced.

2.5 Continual lifelong learning
(131 a novel technique called WVA was proposed '5). However,

WVA has only been used in an offline manner, which cannot be applied to NN-based online techniques.

To mitigate the issues of catastrophic forgetting

In contrast, this study introduces a new online LL technique that can be integrated into an online NN-based
trajectory tracking control scheme by identifying and safeguarding the most critical parameters during the
optimization process. To achieve this, the proposed technique employs a performance function given by

2

_ (45)
Qi

W - W

N A
Lj(WCj)%Ebj+? cip

Qi Qun .
oo O }, Q, represents

the significance of the i-th weight, where i = 1,...,n, of the NN in step j after learning from prior tasks,

where Ej; is the loss function for the current task B in step j (41), Qi j =diag{

the diagonal elements of the FIM € ;, with k denoting the task, are estimated using HJB error since targets
are unavailable in online learning, A; is the design parameter controlling the strength of the regularization,

We, _W:jP”Qk- = Wej = Wejp)Qu;(Wej = W,
J

)T, W;‘jp is the optimized bounded weight vector of the

previous task, and W, is the weight vector of the current task that needs to be optimized. The FIM for each
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task is calculated by defining the log-likelihood function as:

f(Wij,sz) =10gp(ejp|Wcjp,ij)’ (46)

where e, represents the HJB residual error, as defined by (20) and (35) from the previous task. The term
p(ejp|Wejp, z;p) denotes the probability density function of the HJB error, given the input z;, from the previ-
ous task and the weights W, ;, at step j from the previous task. Calculate the Jacobian matrix as

IWejp. 2jp)

J(Wejp,2jp) = Wes

, (47)

where M denotes the partial derivative of the log-likelihood function with respect to the weights from
cjp
the previous task. Therefore, the estimation of FIM is obtained as

&= / I Wejps2p) I (Wejps2p) " (48)
1 0 to

where fy denotes the task start time, #; denotes the task end time. The elements of the FIM illustrate the
extent of information concerning the HJB error that is conveyed by every weight within the network. Sure!
Here’s a clearer and more structured way to convey the information. For the first task, the FIM is zero. When
estimating the FIM for the second task using data from the first task, the estimate remains bounded. This
bounded behavior is due to the fact that the closed-loop system associated with task 1 is also bounded, as
demonstrated in Theorem 1.

Subsequently, leveraging normalized gradient descent allows us to formulate an additional term in the critic
weight update law. This term is derived as follows

a . OE;(1) -
———(Lj(Wej)) = =—— = 4;Qu;(We; = WS,,).
cj cj

(49)

For LL, the terms from (49) are combined with the terms from the previously defined update law that is given
in Theorem 1. Next, the following theorem is stated.

Theorem 2 Consider the hypothesis stated in Theorem 1, and let Assumptions 1 to 4 hold, with the LRL critic NN
tuning law for j step optimal backstepping, given by

Wcj:')/cjl//j(t) ej(t)—ZWCTJ-VO'CJ'/\]'VO'CTJ-WCJ'—W;;-V(J'cjﬁj _o-jIWcj_a'j/ljgkj(wcj_wcjp)’ (50)

where j denotes the number of steps in backstepping, A; is the design parameter, and a; are the NN learning rates;
then, W and all closed-loop signals, including those in Theorem 1, are UUB.

Proof: See Appendix.

Remark 10 From (49), when the significance of the weights increases, Q,,, can become infinite; therefore, %

will become 1; hence, the gradient explosion can be avoided.
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Remark 11 The first part of the NN weight update law in Theorem 2 is the same as in Theorem 1, whereas the
second part includes regularization terms resulting from LL. Notice that the tracking and weight estimation error
bounds increase due to the LRL-based control scheme because the bounding constant, C = Cy; + ¥ penj» includes
additional terms that are obtained from the penalty function from LL, where C; is bound when LL is absent, and
Ypenj is because of LL in jth step. The overall stability is unaffected due to LL.

Remark 12 The proposed LL method is scalable to encompass n tasks. A third task, C, aims to maintain network
weights in alignment with the learned weights from the preceding two tasks, implementable via single or dual
penalties, given the quadratic nature of the penalties.

Remark 13 The efficacy of the LL method is pronounced when Tasks 1 and 2 share informational overlap re-
flected in the weights, facilitating the knowledge transfer for Task 2. However, in the absence of shared weights
or knowledge between non-overlapping tasks, the visible enhancement in Task 2 performance might be negligible
with online LL, albeit it mitigates the catastrophic forgetting of Task 1, offering long-term benefits when reverting
to Task 1.

3. UAV TRACKING SIMULATION OUTCOMES

This section delineates the outcomes of optimal tracking control founded on LRL, applied on an underactuated
UAV system.

3.1 Unmanned aerial vehicle (UAV) problem formulation and control design

Consider the UAV model depicted in Figure 1, which is characterized by two reference frames: the inertial
frame I = {x;, ys, z7} fixed to the earth and the body-fixed frame A = {x4,y4,za}. The UAV is steered using
four forces Fj_; 34, each produced by a respective rotor. To negate the yaw drift due to the reactive torque,
rotors are arranged in two pairs, with (1, 3) spinning clockwise and (2,4) spinning counterclockwise.

The quadrotor dynamics can be modeled by two unique equations: (1) translational; and (2) rotational. How-
ever, these dynamic equations interrelate via the rotation matrix, rendering them as two cohesive subsystems.
A holistic control strategy involves both outer and inner loop controls, corresponding to the two subsystems.
The outer loop aims to execute positional control by managing the state variables of x, y, and z while con-
currently generating command inputs for roll and pitch states in the inner loop through a correction block,
dependent on a predefined yaw reference signal. The inner loop’s objective is to achieve attitude control by
managing the state variables of roll, pitch, and yaw.

Define £ (1) = [x(£), y(¢),z(¢)]T € R? as the UAV’s positional state and £ (¢) = [x(), ¥(¢), 2(¢)]T € R? as its
velocity state within the inertial frame /. A transformation relation exists: £>(7) = R(171)V. Consequently, the
translational dynamic equation can be represented as

&i(t) = &(1)
0 0
LW)==|0 |[+R(m)| 0 |uc.
g 1/m

Given the underactuated nature of UAV translational dynamics, an intermediate control vector

0
V=RGm)| 0 |u
1/m

is introduced for optimal position control derivation, and the translational dynamic can thus be reformulated


http://dx.doi.org/10.20517/ces.2023.35

Page 14 of 25 Ganie et al. Complex Eng Syst 2024;4:4 1 http://dx.doi.org/10.20517/ces.2023.35

Figure 1. Quadrotor UAV.

as _

&i1(1) = £a(1)
0
0
8

LH(t) = - +V.

Remark 14 The relation between V = [Vy, V>, V3] € R and u, is given by

Vi = (cos(¢) sin(0) cos(y) + sin(¢) sin(w))%
V2 = (cos(¢) sin(6) sin(w) ~ sin(¢) cos(v)) ==

Vi = cos(¢) cos(H)%

Solving yields the control u. as

ue=m(VE+v3+v3)®

Using the reference trajectory vector {pef(r) = [Xref(£), Yref(£), zref(£)] T € R3, we define the tracking error
variables as e/, (1) = {1(t) — {ref(?) and ey, (1) = {2(t) — az, where @ is the virtual control.

For the coordinate transformation of rotational dynamic, the transformation relationship between rotational
velocity Q and the Euler angles rate of change 12 (¢) = 171 (¢) = [$(2), 8(2),¥(¢)]T € R? is represented as:

n2(t) =01 (1) = @ (1) Q
with
1 s(¢)e(0) c(9)t(6)

©(m)=|0 c(¢) —s(¢)
0 s(p)sec() c(¢p)sec(6)

Applying time derivation to both sides yields the attitude dynamic as:

i(t) =—@ () I (‘D_l (m) m(t)xI1®™! (Ul)nz(f)) +® () @ () () + @ (1) 7.
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The function f (11, 72) is represented as:

fm)=-® )1 (‘D_l () m (1)<~ (771)772(f)) +® (7)) @' (1) (1)

So, the attitude dynamic can be rephrased in strict feedback form as
1 (2) = m(2)
(1) = f (m,m) + @ (m) Iz

Reference signals are denoted as 1y () = [¢re(t), Ore(2), ¥re ()] . The yaw command element i (t) is prede-
fined, and the roll and pitch command angles are derived as

Vi sin (Yre) — V2 cos (Yre) )

¢re (1) = arcsin (m
Uc

Vi cos (l//re) +V sin ((//re)
V3 '

O (1) = arctan (

Tracking error variables are designated as ;1 () = 11 (#) — 17 (¢) and e;2(¢) = 12() — @y, where @, € R3 is the
virtual control.

Therefore, using the control law (34) and the weight update laws shown in Theorems 1 and 2 for translational
and attitude dynamics will drive the UAV system to track the reference trajectory, as shown in the simulations.

3.2 Simulation parameters and results

The desired position trajectory for & (¢) = [21—20,5,0] " and, for task 2, is & (¢) = [5sin(#), Scos(),¢] T. The
yaw command angle is predefined as . = 7/4; then, the roll and pitch command signals ¢,. and 6, can be
produced. The design parameter 81 = [6,0], 82 = [4.2,0],m =5, 01; = 0.75 and 0»; = 0.82, B¢; = 0.6, Bui =
0.6, 4,, = 2, @, = 0.85. The initial values are set as z;(0) = [1.7,3.8,0.41]7,z,(0) = [2.31,3,0.4]". In
this configuration, the NN is based on a Random Vector Functional Link (RVFL) architecture. The network
is structured with a single layer, where the input layer is directly connected to the output layer, bypassing
traditional hidden layers. The interlayer connections are facilitated by a weight matrix V, which is randomly
initialized. This matrix V effectively represents the neurons in the network. Specifically, the network comprises
ten neurons, each corresponding to a column in the V matrix. These neurons functionally link the input to
the output through the RVFL mechanism. The transformation from the input to the output layer is given
by WTo (VT X), where o denotes the activation function applied element-wise, and X is the input and W is
tuned using the weight update laws in Theorems 1 and 2. Similarly, seven neurons are used for the identifier;
sigmoid is used as an activation function, €y = 0.65. For attitude control, the initial values are set as z3(0) =
[7/4,7/4, /4], 24(0) = [7/3,7/3,7/3]T.

We consider two task scenarios in which the reference trajectory is changed in each task as if the UAV is
moving in a different path or environment. In the simulations, we have shown task 1 again to demonstrate
that when the UAV returns to task 1, the LL-based control will help mitigate the catastrophic forgetting. The
proposed method is able to drive the UAV to track the reference trajectory accurately, even on changing tasks.
Figure 2 shows the performance of the position and attitude tracking; it indicates that using the proposed LRL
method shown by the blue color, and the UAV position states can accurately follow the reference trajectory
shown by the red color. The attitude tracking performance demonstrates that the UAV attitudes can also follow
the reference attitudes better as compared to recent literature [! shown by green color. Figure 3 illustrates the
tracking errors, indicating that the tracking performance of the proposed method is superior when compared
with recent literature, referred to as r-lit' ). Figure 4 illustrates the position and attitude tracking errors.
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Figure 3. Tracking performance of position and attitude subsystems using LRL and recent literature (r-lit) [°1 methods.

Both the system state tracking plots and positional error plots in Figure 2 and Figure 3 demonstrate the superior
performance of the proposed LL method, represented by blue lines. However, the recent literature ) exhibits
higher error, thus showing the need for LL. In contrast, the 'Lit’ method, as shown in green, has a higher
error rate when compared to other methods. Notably, the total average error shown in Figure 4 is low when
the proposed LL method is employed over the "Lit’ method, indicating a substantial enhancement in tracking
accuracy.

Figure 5 depicts torque inputs and cumulative costs where it can be seen that the cost of using the proposed
method is minimal, and all the closed-loop signals are bounded. The control effort demanded by the ’Lit’
method is higher in comparison to the proposed LL-based method. Figure 5 also showcases the cumulative
cost. It is observed that the cost associated with Lit (shown in green color) is higher compared to the proposed
LL method (represented in blue) during the tasks and as the tasks change.
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4. CONCLUSION AND DISCUSSION

This paper proposed an innovative LL tracking control technique for uncertain nonlinear CT systems in strict
feedback form. The method combined the augmented system, trajectory generator, and optimal backstepping
approach to design both feedforward and feedback terms of the tracking scheme. By utilizing a combination
of actor-critic NN and identifier NN, the method effectively approximated the solution to the HJB equations
with unknown nonlinear functions. The use of RL at each step of the backstepping process allows for the
development of virtual and actual optimal controllers that can effectively handle the challenges posed by un-
certain, strict feedback systems. The proposed work highlighted the significance of considering catastrophic
forgetting in online controller design and developed a new method to address this issue. Simulation results on
a UAV tracking a desired trajectory show acceptable performance. The proposed approach can be extended
by using deep NN for better approximation. In addition, the integral RL (IRL)-based approach can relax the
drift dynamics. Dynamic surface control can be included to minimize the number of NNs used.

DECLARATIONS

Authors’ contributions
Made substantial contributions to the conception and design of the study: Ganie I, Jagannathan S
Made contributions in writing, reviewing, editing, and methodology: Ganie I, Jagannathan S


http://dx.doi.org/10.20517/ces.2023.35

Page 18 of 25 Ganie et al. Complex Eng Syst 2024;4:4 1 http://dx.doi.org/10.20517/ces.2023.35

Availability of data and materials
Not applicable.

Financial support and sponsorship
The project or effort undertaken was or is sponsored by the Office of Naval Research Grant N00014-21-1-2232
and Army Research Office Cooperative Agreements W911NF-21-2-0260 and W911NF-22-2-0185.

Conflicts of interest

Both authors declared that there are no conflicts of interest.

Ethical approval and consent to participate
Not applicable.

Consent for publication

Not applicable.

Copyright
© The Author(s) 2024.

REFERENCES

1.

Abu-Khalaf M, Lewis FL. Nearly optimal control laws for nonlinear systems with saturating actuators using a neural network HJB
approach. Automatica 2005;41:779-91. DOI

McLain TW, Beard RW. Successive galerkin approximations to the nonlinear optimal control of an underwater robotic vehicle. In
Proceedings of the1998 IEEE international conference on robotics and automation (Cat. No.98CH36146). Leuven, Belgium. 20-20 May
1998. DOI

Vrabie D, Pastravanu O, Abu-Khalaf M, Lewis FL. Adaptive optimal control for continuous-time linear systems based on policy iteration.
Automatica 2009;45:477-84. DOI

Modares H, Lewis FL. Optimal tracking control of nonlinear partially-unknown constrained-input systems using integral reinforcement
learning. Automatica 2014;50:1780-92. DOI

Gao W, Jiang ZP. Learning-Based adaptive optimal tracking control of strict-feedback nonlinear systems. /EEE Trans Neural Netw Learn
Syst 2018;29:2614-24. DOI

Zargarzadeh H, Dierks T, Jagannathan S. Optimal control of nonlinear continuous-time systems in strict-feedback form. /EEE Trans
Neural Netw Learn Syst 2015;26:2535-49. DOIL

Huang Z, Bai W, Li T, et al. Adaptive reinforcement learning optimal tracking control for strict-feedback nonlinear systems with prescribed
performance. Inf'Sci 2023;621:407-23. DOI

Wen G, Chen CLP, Ge SS. Simplified optimized backstepping control for a class of nonlinear strict-feedback systems with unknown
dynamic functions. /EEE Trans Cybern 2021;51:4567-80. DOI

Wen G, Hao W, Feng W, Gao K. Optimized backstepping tracking control using reinforcement learning for quadrotor unmanned aerial
vehicle system. /IEEE Trans Syst Man Cybern Syst 2022;52:5004-15. DOI

Bryson AE. Applied optimal control: optimization, estimation and control. New York: Routledge; 1975. p. 496. DOI

Wen G, Ge SS, Tu F. Optimized backstepping for tracking control of strict-feedback systems. [EEE Trans Neural Netw Learn Syst
2018;29:3850-62. DOI

Wu J, Wang W, Ding S, Xie X, Yi Y. Adaptive neural optimized control for uncertain strict-feedback systems with unknown control
directions and pre-set performance. Commun Nonlinear Sci Numer Simul 2023;126:107506. DOI

. Kirkpatrick J, Pascanu R, Rabinowitz NC,et al. Overcoming catastrophic forgetting in neural networks. Proc Natl Acad Sci USA

2017;114:3521-6. DOI
Ganie I, Jagannathan S. Adaptive control of robotic manipulators using deep neural networks. /F4AC-PapersOnLine 2022;55:148-53. DOI

. Kutalev A, Lapina A. Stabilizing elastic weight consolidation method in practical ML tasks and using weight importances for neural

network pruning. 4rXiv 2021. Available from: https://arxiv.org/abs/2109.10021 [Last accessed on 2 Feb 2024].

Liu Y, Zhu Q, Wen G. Adaptive tracking control for perturbed strict-feedback nonlinear systems based on optimized backstepping tech-
nique. [EEE Trans Neural Netw Learn Syst 2022;33:853-65. DOL

Moghadam R, Jagannathan S. Optimal adaptive control of uncertain nonlinear continuous-time systems with input and state delays. /EEE
Trans Neural Netw Learn Syst 2023;34:3195-204. DOI

. Mishra A, Ghosh S. Simultaneous identification and optimal tracking control of unknown continuous-time systems with actuator con-

straints. /nt J Control 2022;95:2005-23. DOI


http://dx.doi.org/10.20517/ces.2023.35
http://dx.doi.org/https://doi.org/10.1016/j.automatica.2004.11.034
http://dx.doi.org/10.1109/ROBOT.1998.677069
http://dx.doi.org/https://doi.org/10.1016/j.automatica.2008.08.017
http://dx.doi.org/https://doi.org/10.1016/j.automatica.2014.05.011
http://dx.doi.org/10.1109/TNNLS.2017.2761718
http://dx.doi.org/10.1109/TNNLS.2015.2441712
http://dx.doi.org/https://doi.org/10.1016/j.ins.2022.11.109
http://dx.doi.org/10.1109/TCYB.2020.3002108
http://dx.doi.org/10.1109/TSMC.2021.3112688
http://dx.doi.org/https://doi.org/10.1201/9781315137667
http://dx.doi.org/10.1109/TNNLS.2018.2803726
http://dx.doi.org/https://doi.org/10.1016/j.cnsns.2023.107506
http://dx.doi.org/https://doi.org/10.1073/pnas.1611835114
http://dx.doi.org/https://doi.org/10.1016/j.ifacol.2022.07.623
https://arxiv.org/abs/2109.10021
http://dx.doi.org/10.1109/TNNLS.2020.3029587
http://dx.doi.org/10.1109/TNNLS.2021.3112566
http://dx.doi.org/10.1080/00207179.2021.1890824

Ganie et al. Complex Eng Syst 2024;4:4 | http://dx.doi.org/10.20517/ces.2023.35 Page 19 of 25

APPENDICES

Proof of Theorem 1
Step1: Consider the Lyapunov function as follows

1 1 cmrny 1o |
Li=Ji(z1) + EeiT]e,-l + 3 {Z]Z\} + 5tr{WdWCTl} + 5tr{WalW,jl}. (51)

The time derivative of L is
Ly = Ji(z1) +tr{e) én} + tr{Z] 21} + tr{W],Wer} + tr{ W], Wa1 }. (52)

Where 7 denotes the trace operator. Let Ly = Lyj + Lip + L13 + L4 + L5. where Ly = Ji(z1),L12 =
selein,Liz=3tr {ZTZi} ,Lia = 3tr{Wei W], }, L5 = 5tr{Wa W], }.

Considering the first term of (51), we can write it as J; (z1) = VJ;2;.
Substituting (3), (9) in (52) gives

Ji(z1) = (W] Vo1 + Ve ) (Foi(z1) + Got (z1)an). (53)

Substituting the value of @ from (8) in (53) leads to

. 1 A o

Ji(z1) = (W) Voer + Vea) (F(zi) - Egsl(Zl)leSTl(Zl)(VO'CTIWcl))- (54)
Using W, = We — W, in (54), and simplifying, one will get

. 1 -
Ji(z1) = W) Voer + Ve | Fa(z1) - 5@1(11)7_1@;1 (z)Vo (Wer = Wep) (55)

Separating the terms in (55) w.r.t actual NN weights and the terms w.r.t weight estimation error gives

. 1 1A
Ji(z1) =W Vo Fu(z) - EW;V‘Tclgsl(Zl)r 1G] (z1)Va | Wey

1 A -
+ EW;VO'clgsl(Zl)r 167 (2))Va | Wer + Ve Fo(z1) (56)

VEC]
2

1A Ve, A 5
Gs1(z)r lg;—l(Zl)Vo_;Wcl"‘Tclgsl(Zl)r 1G] (z1)Va W,

Substituting Gs1 = G — Gy in (56) leads to

. 1 _ ~ 1 _
Ji(z1) = W) Vo Fu(z) - EW;VO'clgsl(Zl)r NG = G1) VO W + EW;VO'CIQSI(ZI)V !

Ve, - 5 \T T
zlgsl(zl)r 1(631 -Gs1) Vo-clwcl (57)

(gsl - GSI)TVO-C—I] Wcl + Vgclﬁl(zl) -

Ve

2“1 G (z0)r ™ (Gs1 = Go1) TV W,

+
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One can further simplify (57), as follows

. 1 _
Ji(z1) = tr{W} Vo F(z1) - EW;V(szl(Zl)r 'G Vo Wey

1 B -
+ EWCTIVOUQN (z)r ' Gl Vo Wer + Ve Foi(21)

_ V"":cl
2

| . 1 L )
+§W;1V0'c1Qs1(Z1)r 'GI Vo Wey —EW;VO'clgsl(Zl)r 'GI V] We

_ Ve _ -
G (z)r™! ;VO'CTIWc1+TCle1(ZI)Vl Vo W (58)

Ve, o~ Ve o~ -
+Tlgs1(Z1)V 'GIVa W, - ngsl(ZI)r 'G Vo W}

Using (11), we have W, Vo1 F51(z1) - %W;VUClgsl(zl)r‘lgsl(Zl)WdVa'cl < —k||z1]|>. Additionally, it is
also assumed that the effect of the NN approximation error in the system dynamics is bounded above, i.e.,
Ve Fsi(z1) — %Vsclgxl(zl)r‘lg‘gl(zl)WL‘lV(rcl < —€||z1]|*. One can write (58), as follows

Ji(z1) = —(k + )23 + ki Wer + kaWer + k3G + kaGy1 + ksWe1Got + keWe1 Gt - (59)
which can be further written as

Ji(z1) = —k12} + kaWer + k3Gt + kaWe1 G, (60)

where W]\ Vor G (21)r™' Gn Vo < ki, B2 G (20)r7 G Vo < ko, W] VoGt (21)r™ ' WVo < ks,

Vszulgsl(m)r—lwclvo- < ky, %W;Vgg‘yl(zl)r”vg' < ks, sz"‘gﬂ(zl)r‘]VO' < ke. Consider the second and
third term of (52) .
L12+L13 :tr{e;é[1}+tr{ZIT21} (61)

On substituting the value of ¢;; and Zl from Theorem 1, one can write RHS of (83) as follows
l‘r{eiT1 (—Keji + Z1yo (&)t + £1(z1)) + ZIT (—avzl — G(f)ﬁel.Tl +a,Z)) } (62)

which can be further simplified by using the cyclic property of traces as

tr{eiTl(—Ke,-l +81(Zl))+Z{r (—avzl +CZVZ1)}. (63)

To simplify, we have

Lip+Lis < —Klleal? = oo IZiIP + lleal” + 1zl + llen Z] Z (64)

Consider the fourth term of (52),

, ~ o 1. . o .
L= tr{Wch (Vclﬁl(f)(—el(f) + ZWCT] Voo AV [ Wer + W] Vo F) + 0'11Wc1)} (65)

Therefore, one can further simplify (65) by using Young’s inequality in cross-product terms as follows

i 512 7 5 112 7 52
Liy < cilWerll” + ealWerll + e3l|ZilI” + callWer |l = es[[Wei | (66)
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Consider the fifth term of (52) L5 = tr{W],Wa1}. On using the weight update law from Theorem 2, one can
write

. - 1 1
Lis = fr{WuTl (BaS3(B121 *5 noa (Z1) - —r 16 Vo W) +0'22Wa1)} (67)

USing Wcl =W - Wcl:Wal =Wu - Wal) Gsl = gsl - g’\sl

Lis= lr{ W, (BaS3(Biz1 + 5 (Wal - Wa)Toa1 (1) - —V "Gt = Go1) TV (Wei = Wer) + 0o Wat (Way — al)} (68)

Considering a last term, we can write

Wal(Wal - al) = alWal W al

Using Young’s inequality in the cross product terms, we can write

Lis = es[IWall* + collzil* + el Z1 1> + csIWer lI* + eoll Zi | + crollWerll + el War ll = c12l|War || (69)

Combining (60), (64),(66) and (69) and simplifying, we have
Ly < =&zl + kalWerll + k3l Z1 || = E20\Werll? = 11 Z1 N1 = Eslleqll® + collWarll = 4l War |, (70)

where ¢| = /El - 013,151 > C13,Co = C4 — /E4,C4 > ]E4,53 =a, — kg, , > 154,6_‘4 =cyp —c5,c12 > ¢5. We can
simplify it further as follows

. _ _ ~ ]EQ _ ~ k3 _ ~ Co _ =
Ly < =éillall = &(IWeill - 5)2 -zl - a)z —c4([Warll - a)z — &slleall® + Cor. (71)

2

k2 2 c .
where Cy; = =2 + =2 + 0. Therefore, we can write
c) c3 cy4

/ f 01
llz1ll > —0V||Wc1|| > + —0

Co 01 Co
Wil > \f + —0 rlZ| > + —Or||611|| > o

This demonstrates that the overall closed-loop system is bounded. Since G is a function of the weight estima-
tion error of the NN identifier, or Z, and from (72), Z is bounded; as a consequence, G is bounded. From (72)
W, identification error and system state are bounded. As a result, the control input error becomes bounded.

(72)

Step 2:
This is the final step. Consider the Lyapunov function as follows

1 U 1 - 1 IO
Ly=L+ JQ(ZQ) + 5 lZe,z + Etr {Z;ZZ} + El‘r{WCQWCB} + Etr{WaQW(;rZ}. (73)

The time derivative of L, is

Ly =Ly +Ja(z2) + tr{ie)én} + tr{ZzTZz} +tr{WI W) +tr{W 2W(,2} (74)
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Let Lz =L+ L21 + L22 + L23 + L24 + L25. where Ly = Jz(Zz),Lzz = %e;eiz, Loz = %tl” {Z;ZQ} , Loy =
3tr{Wea W1}, Los = 1tr{Wa, W, }.

Considering the second term of (74), substituting (3) in J,(z2), it gives
J2(22) = (WLHVo o + Ven) (Fia(z2) + G(za)u). (75)

which on further solving leads to

J2(22) = (WLVo e + Ve ) (Falzz) — Qs2(22)”21(§ 5 (22) (Vo ,Wea)). (76)

Using W = We — Wea in (76), and simplifying, one will get

Jo(22) = (WhHVo o + Ven) (Falz2) - %QSZ(ZZ)rz G (2)Vo 5 (Wer = Wea)). (77)

Separating the terms in (77) w.r.t actual NN weights and the terms w.r.t weight estimation error gives

Ja(22) = WSV Fo(z2) - WCT2VO'L2QS2(22)F2 Gh(22)Vo,We

1
+ = WdVaczgsz(zz)r;g (22)Vo L Wer + Ve Fia(22) (78)

Vé‘cz

8 1A
Qsz(m)rz SE(ZZ)VO— 2WC2 + 262 QSZ(ZZ)rz IQS—I—Z(ZZ)VO- ZWL‘Z
Substituting G = G — Gy in (78) leads to

Ja(22) = WHVoFo(za) - WﬂszQaz(Zz)rz (Gs2 — QAz)TVUdWLz

_1(gs2 - gsZ)TVO- ZWCZ (79)

+ EWCEVO'czgsz(Zz)VZ_ (G2 — G2) "V, W + Ve Fa(za
\% _ ~ -
TCZQSZ(ZZ)rz ! (gﬂ - gsZ)TVO—C—I—QWCZ-
One can further simplify (79), as follows
. 1
J2(22) = tr{W Vo2 Fo(z2) — WCTZV(RzQYz(Zz)rQ GHVoHWer

1 B -
+ EW;VO'L-zgsz(Zz)l’g GLVT LW + Ve Fo(zo)

V8C2

Ve 2 _ ~
Go(2)ry! ;VO'CTZWc2+TCQ52(Z2)F21 VoL We (80)

1 o~ 1 o~ -

+ EWCEVO—C2QS2(Z2)"2 IQXEVO—CTZWCZ - EW(;EVO-CZQSZ(ZZ)rz IQ;VUCEWCZ
VS ) 1 = VS ) 1~ ~

+ " 1GaVo L Wer = —=Ga(2)ry ' GhVop el

Using (11), we have W;VUczﬁz(Zz) IWT VO’QQQ(ZQ)V gsz(ZQ)WCQVO'L-z < —k”Zz”z. Additionally, it is
also assumed that the effect of the NN approximation error in the system dynamics is bounded above, i.e.,
Ve Fsr(z2) — %Vsczgsz(ZZ)rz‘lQsz(zg)WCZV(Tcz < —€||z2]|*. One can write (80), as follows

Jo(22) = —(k + )5 + kiWea + kaWea + k3G + kaGoo + ksWea Goo + keWea Gio. (81)
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which can be further written as

Jr(22) = —k125 + koW + k3Go + kaWer G, (82)

where 1WLV0 G (22)r;' G Vo < ki, Y Gn(22)r5' G Vo < ko, sWL Vo Ga(22)r; ' Wea Vo < ks,
Y G2 (22)ry ' Wea Vo < ku, AWL VO G (20)r; ' Vo < ks, G (20)ry ' Vo < ke.
Consider the second and third term of (52)
Lo+ Lo = tr{esén} + tr{ZZTZ} (83)
On substituting the value of é;» and Zz from Theorem 1, one can write (83) as follows
Ly + s = tr{eiTz(—Keiz + 220 @i+ £1(0) + 2] (-anZs - o (@it + . 25) } (s4)
which can be further simplified by using the cyclic property of traces as

Lzz + L23 = t}”{eiTz(—Keiz + 81(5)) + Z; (—(ZVZQ + Q'VZQ)}. (85)

To simplify, we have 8%(22) < ||z2||%. Therefore, on using Young’s inequality in ez, we have

; ; 2 5 12 2 2 5T

Loy + Loz < —Kllenll” — an | Z2]7 + [leixl|” + l|22I” + a1 2, Za || (86)
Consider the fourth term of (52),

. - o 1. A A A
Loy = l"{WCTg (Yclﬂz(t)(—ez(f) + ZWCTQVO-CZ AV LWer + WHVo o F0) + 0’21Wc2)} (87)
Therefore, one can further simplify (87) by using Young’s inequality in cross-product terms as follows

Log < c1|Waall* + c2lWeall + 311 2211 + call Weal| = 5| Wea | (88)

Consider the fifth term of (52) L5 = tr{WaTzWaz}. On using the weight update law from Theorem 2, one can
write

. - 1. B | A . .
Lys = tr{WJQ(ﬂaS3(ﬁlz2 + EWJZO'az (z2) - EFQIQSTZVO'CTZWQ) + 0’22Wa2)} (89)

USing WcZ =We - WcZa WaZ =W - Wu2> gsl =G - gASZ

. 3 1 _ 1 . 3 3 3

Los = tr{WaTz(ﬁaS3(ﬂ112 + E(WaZ - Wa2) " 0a2 (22) = Erzl(gsz - G2) Vo, (Wer = Wea) + 0o Waa (Waz — Waz)}
(90)

Considering a last term, we can write

Wa2(Wa2 - WaZ) < ”WaZWuZ” - ”WaZHZ
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Using Young’s inequality in the cross product terms, we can write

Los < es|Waall® + cellzall® + 71| Zall” + csllWeall* + coll Zall + crolWeall + ea1 [[Waall = exal|Waall* (91)

Combining (82), (86),(88) and (91) and simplifying, we have

ka

. k
L<——callall - 252 - calllzll - =222
Czl sz
- k - k
— Ca(IWerll = 2292 = Cao(|Wea || - =2)?
Ce Ce (92)
- ki3, - ka3 5
- Warll - ~ Car(I|Waall -
a(IWarll = 227 = CaallWaall = &)

. k¢ . ke _
—Cr(IWsil = L2 = Cp(IWpall = =222 + o,
Cfl Cf2

— kz k2 k2 k2 k2 k2_ k2 B . _
where Cp, = ﬁ"‘%"‘c_nl"‘c_;"‘c_f;"'c_;ll"'c_z Therefore, from (92), the bounds for ||z ||, Wk lls [Wal, [IW sl

can be obtained as
é()] ki1 602 kot
lzill > | — +— orllzall > y|— + —or
Cz1 Czk (&%) Cz2

- Coi k2 . Cor  kn
Wl > + Weall > +
Werll . T T or||We| o, or
(93)
- Coi ki3 - Con  kns
Waill > + or||Wal| > +
IWarll ¢t e [IWaall c,

This demonstrates that the overall closed-loop system is bounded. Since G;; is a function of the weight es-
timation error of the NN identifier, or Z i» and from (93), 7 ; is bounded; as a consequence, QAK ; is bounded.
From (93) W, s W, j» identification error and system state are bounded. As a result, the control input error
uej = —Bjz; — Wajoas (27) + %r;lg‘yj% becomes bounded with bound e, which can be obtained by us-
ing the bounds from (93) and Assumption 4. Therefore, the actual control inputs are bounded close to their
optimal values.

Proof of Theorem 2
The convergence of weights for Task 1 remains in alignment with Theorem 1. For Task 2, an additional term
emerges in the Lyapunov proof (92) due to the regularization penalty, denoted as

’)/penlj = W}(Wj - WA_/'*)s (94)

where Wy, " is indicative of the optimized weights for the primary task, as verified to be bounded in Theorem
1.

Substituting Wj = W;’f - Wj, we can rearrange equation (94) to

WiW; = W3 = WWa, " < IW; WS 1= W17 + 1 W5 L (95)
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Employing Young’s inequality to the first and third terms of (95), we get

~ #(|12
/ ) 2
~ * 112
§ w2 W5l
WWw; || £ ——+ ———.
LA EE 5

Substituting || W, || IW:Il, IW; W3 |l back into (95) provides
J

W )
WiW: = W:—W;Wy,* < :

; 5 + 5 (96)

wiR Iwa P
Thus, the integration of this term into the proof solely modifies the error bound to ypen, < @ + %,
without impacting the overarching stability of the system.

The aggregate contribution to the error bounds is calculated by adding Ypenj, tO (92), resulting in a compre-
hensive error bound C; = Co j + Ypenj,- It is, therefore, clear from the derived equations that the error bounds
experience an increase as the weights deviate from their optimal points; however, the comprehensive stability
of the system remains intact.
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