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Abstract
This paper investigates the issue of decentralized control for interconnected semi-Markovian systems with partially
accessible transition rates (TRs). Firstly, a dynamic systemmodelwith amemory event-triggeredmechanism(METM)
is designed, which can effectively improve the fault tolerance of the event-triggering mechanism by employing the
historical trigger data. Then a state feedback control model with dynamic METM is constructed, in which the semi-
Markovian parameters with completely unknown and partially known transition probabilities are considered. Some
sufficient conditions that insure the stochastic stability of the interconnected semi-Markovian systems can be ob-
tained by utilizing the Lyapunov function and suitable model transformations method. Meanwhile, the parameters
and the controller gain matrices of dynamic METM are also solved simultaneously by applying the linear matrix in-
equalities (LMIs). Finally, a simulation example is given to verify the effectiveness of the proposed method.

Keywords: Decentralized control method, interconnected semi-Markovian jump systems, partially accessible transi-
tion rate, dynamic memory event-triggered mechanism.

© The Author(s) 2023. Open Access This article is licensed under a Creative Commons Attribution 4.0
International License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, shar-

ing, adaptation, distribution and reproduction in any medium or format, for any purpose, even commercially, as long as you
give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.

www.comengsys.com

https://creativecommons.org/licenses/by/4.0/
www.comengsys.com
OAE
图章

http://crossmark.crossref.org/dialog/?doi=10.20517/ces.2023.10&domain=pdf


Page 2 of 23 Tan et al. Complex Eng Syst 2023;3:6 I http://dx.doi.org/10.20517/ces.2023.10

1. INTRODUCTION
With the prompt development of modern industry, the requirements for system scale and control objectives
are increasing. Many single systems improve their own characteristics through interconnection to meet local
and global performance requirements [1]. Nowadays, interconnected systems are widely used in actual pro-
duction and life, such as power systems [2], intelligent transportation systems [3], and network communication
systems [4]. The interconnected systems are large-scale composite systems which are composed of several sub-
systems connected in a specific way. Interconnected systems usually have strong coupling, strong uncertainty,
high dimensions, and other characteristics. Thus, the existing traditional control strategies designed for a
single system are difficult to directly solve the analysis and control problems of interconnected systems [5,6].
Therefore, many scholars are devoted to the control analysis and design for this kind of large-scale system.

Recently, decentralized control methods have been applied to interconnected control systems, where the sub-
system only uses its own information to achieve the control design. Due to its simple structure, low cost, and
high reliability, the decentralized control method has drawn wide attention in the control design of large-scale
complex systems, and numerous research results have emerged [7,8]. For example, a decentralized control strat-
egy for the linearized power systemwith different load distributions was studied in [9]. A decentralized adaptive
sliding mode control mechanism for the stability of large-scale semi-Markovian jump interconnected systems
was proposed in [10,11], and a decentralized output feedback control for large-scale systems with communica-
tion delay and random shortcoming measurements was studied in [12]. Recently, it has also witnessed rapid
growth in the application of decentralized control methodologies in the field of engineering. For instance, a
decentralized Markovian jump 𝐻∞ control routing strategy for mobile multi-agent networked systems were
investigated in [13]. The adaptive fuzzy decentralized tracking control for large-scale interconnected nonlinear
networked control systems was studied in [14,15], and a Lyapunov-function based event-triggered control was
adopted to develop nonlinear discrete-time cyber-physical systems [16]. However, the decentralized control of
interconnected systems is still an open field to be developed, and there are still many problems to be discussed.

It is noticed that most actual systems are often affected by some sudden changes during operation, and such
systems can be represented by Markovian jump systems (MJSs). However, the residence time in MJSs fol-
lows exponential distribution and the distribution of residence time has no memory, that is, the transition
rate is a random process independent of past modes, which brings some limitations to its application [17]. In
comparison with MJSs, the dwell time of semi-Markovian jump systems (S-MJSs) can obey non-exponential
distributions, such as Weibull distribution and Gaussian distribution. The S-MJSs release the limitation of the
probability distribution function and reduce the conservatism of the system, thus they have wider application
in practice [18]. In recent years, many important theoretical advances and practical significance for S-MJSs can
be found. For example, the authors in [19] studied the dynamic output feedback control for a class of linear
S-MJSs in the discrete-time domain. The stability of singular switching S-MJSs with uncertain TRs was de-
veloped in [20]. In [21], by using the LMI method, the authors studied the stochastic stability of linear S-MJSs,
where TRs were divided into different parts. It is often difficult to fully know the jumping probability of modes
when the system is modeled as a MJS or S-MJS. It is noticed that the TRs in S-MJSs are more complex because
they stick to a more ordinary distribution instead of an exponential distribution [22,23]. Consequently, the
study of different forms of TRs would increase the complexity of the process of control design. Recently, an
estimationmethod has been proposed for nonlinear S-MJSs with partially unknown transition probability and
output quantization, see [24] and the literature wherein. However, few related works involve exactly unknown
and uncertain bounded transition rates of interconnected S-MJSs, which is one of the main motivations of this
paper.

Additionally, the event-triggeredmechanism (ETM) was drawn to avoid the waste of network resources. Com-
pared with the periodic sampling method, the ETM can avoid the generation of data redundancy [25–27]. How-
ever, if the event-triggered threshold argument is a constant, it is difficult to fit in the variety of outside and
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internal environments. The methods for solving this problem can be summarized as the following two types:
the adaptive event-triggered mechanism and the dynamic event-triggered mechanism (DETM) [28,29]. For in-
stance, the authors in [30] proposed an improved dynamic ETM to handle fault detections and isolation issues.
And the authors in [31] studied the adaptive event-triggered problem of networked interconnected systems. It
should be noted that the majority of triggering conditions are devised based on the diversity between the cur-
rent sampling signal and the latest released packet [32]. In the above DETM methods, when the relative error
between two sampled signals is faint, the current packet is unlikely to be released. Thus, the error message is
not sufficient to reflex all dynamic characteristics. A sensitive DETM should consider more system trends in
order to achieve a good balance between system performance and utilization of communication resources [33].
For instance, during the transient process, when the system dynamic curve achieves the response peak, the
proportional error among two sampled signals is faint [34]. The DETM is unlikely to deliver the packet. How-
ever, we expect more sampled signals to be delivered in order to curtail the transient process. For this purpose,
we design a weight-based dynamic METM on the base of the existing literature [35,36]. Applying some of the
recently released information to ETM has shown to be effective in improving system performance. Obviously,
the dynamicMETMcan appropriately releasemore packets and get better control performance under the same
triggering parameters within a predefined limited time interval [37]. To our knowledge, there are few results on
dynamic memory event-triggered control for the interconnected semi-Markovian jump systems, which is the
second motivation that lead to our current study.

Enlightened by the viewpoints above, this paper focuses on the decentralized control for a dynamic mem-
ory event-triggered interconnected S-MJSs with partially accessible TRs. The main highlights of this paper
are summarized below: (1) a decentralized control model for the S-MJSs with partially accessible transition
rates is constructed, where a weight-based dynamic METM is first developed to reduce the signal communi-
cation burden and save limited broadband resources; (2) construct a semi-Markovian jump mode-depended
Lyapunov-Krasovskii functional, and some sufficient conditions are deduced to guarantee the asymptotic sta-
bility of the considered system. The controller gain matrices and weighting matrices of dynamic METM are
gained in terms of the LMIs technique. Meanwhile, the design scheme proposed is verified via a simulation
example.

The rest of this paper is described as below: Interconnected semi-Markovian jump system models with mem-
ory event-triggered mechanisms are established in Section 2. Some main results are presented in Section 3. A
simulation example is given in Section 4, and a concise conclusion is drawn in Section 5.

Notation: In this paper, R𝑛 and R𝑛×𝑚 represent the n-dimensional Euclidean space and the set of 𝑛 × 𝑚 real
matrix respectively; the superscripts 𝑃T and 𝑃−1 stand for transposition and inverse, respectively; 𝑑𝑖𝑎𝑔{· · · }
indicates a block diagonal matrix; 𝑄 > 0(≥ 0) denotes a positive matrix; E{𝑋} submits the mathematical
expectation of the stochastic variable 𝑋 ; the notation ” ∗ ” stands for the symmetric structure.

2. PROBLEM STATEMENT
2.1. System model description
Consider an interconnected semi-Markovian system, which is defined in a fixed probability space (𝑋, 𝐹, 𝑃)
and composed of 𝑁 subsystems 𝑋𝑖 (𝑖 = 1, 2, · · · , 𝑁). The dynamic description of the 𝑖 th subsystem is as follows

¤𝑥𝑖 (𝑡) = A𝑖 (𝑟𝑡)𝑥𝑖 (𝑡) + B𝑖 (𝑟𝑡)𝑢𝑖 (𝑡) +
𝑁∑

𝑗=1, 𝑗≠𝑖
G𝑗𝑖 (𝑟𝑡)𝑥 𝑗 (𝑡), (1)

where 𝑥𝑖 (𝑡) ∈ R𝑛𝑖 and 𝑢𝑖 (𝑡) represent the state vector of the 𝑖 th subsystem and control input, respectively. The
matrices A𝑖 (𝑟𝑡), B𝑖 (𝑟𝑡) are of proper dimensions. G𝑗𝑖 (𝑟𝑡) denotes the interconnection matrix of the 𝑖 th and
𝑗 th subsystems; {𝑟𝑡 ≥ 0} defines a continuous time semi-Markovian process taking discrete values in a finite
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Figure 1. A framework of decentralized control system with METM.

set 𝑆 = {1, 2, · · · , 𝑠} and the generator is given by

𝑃𝑟{𝑟𝑡+𝛿 = 𝑙 |𝑟𝑡 = 𝑚} =
{
𝜋𝑚𝑙 (𝛿)𝛿 + 𝑜(𝛿), 𝑚 ≠ 𝑙,

1 + 𝜋𝑚𝑚 (𝛿)𝛿 + 𝑜(𝛿), 𝑚 = 𝑙,
(2)

where 𝛿 > 0 and lim
𝛿→0

𝑜(𝛿)
𝛿 = 0, 𝜋𝑚𝑙 (𝛿) > 0, 𝑚 ≠ 𝑙, denotes the transition rate from mode 𝑚 at time 𝑡 to mode

𝑙 at time 𝑡 + 𝛿, and satisfies 𝜋𝑚𝑚 (𝛿) = −∑𝑠
𝑙=1,𝑙≠𝑚 𝜋𝑚𝑙 (𝛿) < 0, for each 𝑟𝑡 = 𝑚 ∈ 𝑆. More universal uncertain

transition rates are taken into account with the following cases. (1) 𝜋𝑚𝑙 (𝛿) is completely unknown; (2) 𝜋𝑚𝑙 (𝛿) is
not completely known but there are upper and lower bounds. In case (2), we assume that 𝜋𝑚𝑙 (𝛿) ∈ [𝜋𝑚𝑙 , 𝜋𝑚𝑙],
inwhich 𝜋𝑚𝑙 and 𝜋𝑚𝑙 are known real constantsmeaning the lower and upper bounds of 𝜋𝑚𝑙 (𝛿) respectively. The
parameter matrix of the system (1) can be abbreviated as (A𝑖𝑚 ,G𝑗𝑖𝑚 ,B𝑖𝑚). The TRs matrix can be described
as 

𝜋11(𝛿) ? 𝜋13(𝛿) · · · ?
? ? 𝜋23(𝛿) · · · 𝜋2𝑠 (𝛿)
...

...
...

...
...

? 𝜋𝑠2(𝛿) ? · · · 𝜋𝑠𝑠 (𝛿)


where ”?” represents a completely unknown element of TRs. For brevity, ∀𝑚 ∈ 𝑆, let

∧
𝑚 =

∧
𝑚,𝑘

∪∧
𝑚,𝑢𝑘 ,

where
∧
𝑚,𝑘 = {𝑙 : 𝜋𝑚𝑙 (𝛿) known upper and lower bounds for 𝑙 ∈ 𝑆},∧𝑚,𝑢𝑘 = {𝑙 : 𝜋𝑚𝑙 (𝛿) completely unknown for

𝑙 ∈ 𝑆}.

2.2. Interconnected semi-Markovian jump systems with dynamic METM
To economize network resources and improve data transmission efficiency, here one introduces a dynamic
METM. Unlike the other ETM, which only uses instantaneous system information, the proposed METM con-
siders the historically triggered information. Suppose the event-triggered time of the current sampling data
is 𝑡𝑘ℎ, where 𝑡𝑘 (𝑘 = 1, 2, 3, · · · ) and ℎ represent some positive integers satisfying 𝑡𝑘 ⊂ {0, 1, 2, · · · } and the
sampling period of the sensor, respectively. Define the difference between the latest released sampling data
and the current sampling data

Δ(𝑘)
𝑞𝑖 (𝑡) = 𝑥𝑖 (𝑡𝑘−𝑞+1ℎ) − 𝑥𝑖 (𝑡𝑘ℎ + 𝜖ℎ), 𝑞 = 1, 2, · · · , 𝑀, (3)

where 𝜖 ∈ 𝑁1 = {1, 2, · · · }, 𝑀 denotes the memory length, and 𝑡𝑘ℎ indicates the event-triggered instant. The
next releasing instant 𝑡𝑘+1ℎ is determined as follows

𝑡𝑘+1ℎ = 𝑡𝑘ℎ + min
𝜖∈𝑁1

{𝜖ℎ |
𝑀∑
𝑞=1

𝛾𝑞 (Δ(𝑘)
𝑞𝑖 (𝑡))

TΩ𝑖Δ
(𝑘)
𝑞𝑖 (𝑡) > 𝜃𝑖 (𝑡)𝑥

T
𝑖 (𝑡𝑘ℎ + 𝜖ℎ)Ω𝑖𝑥𝑖 (𝑡𝑘ℎ + 𝜖ℎ)}, (4)
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where Ω𝑖 > 0 are the weighting matrix; 𝛾𝑞 ∈ [0, 1] are the weighting parameters of the corresponding packet
and satisfy

∑𝑀
𝑞=1 𝛾𝑞 = 1. 𝜃𝑖 (𝑡) are the memory event-triggered threshold and meet the following conditions

¤𝜃𝑖 (𝑡) = ( 1
𝜃2
𝑖 (𝑡)

− 𝜃0

𝜃𝑖 (𝑡)
)
𝑀∑
𝑞=1

𝛾𝑞 (Δ(𝑘)
𝑞𝑖 (𝑡))

TΩ𝑖Δ
(𝑘)
𝑞𝑖 (𝑡), (5)

where 𝜃𝑖 (𝑡) ∈ (0, 1] and 𝜃0 > 0 is used to regulate the release rate of sampling data. The framework of the
decentralized control for interconnected semi-Markovian jump systems with a dynamic METM is shown in
Figure 1.

Remark 1. From (5), we can obtain that the dynamic threshold 𝜃𝑖 (𝑡) is related to the error variable 𝑒(𝑘)𝑞𝑖 (𝑡).
When the error variable tends to zero, for instance, the system tends to be stable at the equilibrium, the dynamic
threshold converges to a constant. When ¤𝜃𝑖 (𝑡) > 0, 𝜃𝑖 (𝑡) is monotonically increasing, which means that the
release rate of data at the sampling time will reduce. On the contrary, when ¤𝜃𝑖 (𝑡) < 0, 𝜃𝑖 (𝑡) is monotonically
decreasing, the release rate of data at the sampling time will increase. In particular, when ¤𝜃𝑖 (𝑡) ≡ 0, the event-
triggered condition becomes the traditional memory event-triggered condition [22].

Remark 2. By using the historical trigger signals, a memory-base event-triggered condition is proposed in (4),
where the past events are assigned appropriate weighting values. This METM can not only save network re-
sources but also can improve the fault tolerance of the event-triggeringmechanism compared to the traditional
design.

We divide the sampling time interval [𝑡𝑘ℎ + 𝜏𝑘 , 𝑡𝑘+1ℎ + 𝜏𝑘+1) into 𝜀𝑀 + 1 parts as follows:

[𝑡𝑘ℎ + 𝜏𝑘 , 𝑡𝑘+1ℎ + 𝜏𝑘+1) = ∪𝜀𝑀𝑙=0𝐼𝑙 , (6)

where 𝑙 = 0, 1, 2, · · · , 𝜀𝑀 , 𝜀𝑀 = min{𝑙 |𝑡𝑘ℎ+(𝑙+1)ℎ+𝜏𝑘 ≥ 𝑡𝑘+1ℎ+𝜏𝑘+1} and 𝐼𝑙 = [𝑡𝑘ℎ+𝑙ℎ+𝜏𝑘 , 𝑡𝑘+1ℎ+𝑙ℎ+ℎ+𝜏𝑘+1),
𝜏𝑘 denotes the network induced delay. Define delay function 𝜏𝑖 (𝑡) = 𝑡 − (𝑡𝑘ℎ + 𝜖ℎ), and we can get

0 ≤ 𝜏𝑘 ≤ 𝜏𝑖 (𝑡) ≤ 𝜏𝑘 + ℎ ≤ 𝜏𝑀 , 𝑡 ∈ 𝐼𝑙 . (7)

Define the error variable 𝑒(𝑘)𝑞𝑖 (𝑡) = 𝑥𝑖 (𝑡𝑘−𝑞+1ℎ)−𝑥𝑖 (𝑡𝑘ℎ+𝜖ℎ), and combine the delay function 𝜏𝑖 (𝑡) = 𝑡−(𝑡𝑘ℎ+𝜖ℎ),
then we can obtain

𝑥𝑖 (𝑡𝑘−𝑞+1ℎ) = 𝑒(𝑘)𝑞𝑖 (𝑡) + 𝑥𝑖 (𝑡𝑘ℎ + 𝜖ℎ) = 𝑒
(𝑘)
𝑞𝑖 (𝑡) + 𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)). (8)

The control input 𝑢𝑖 (𝑡) in system (1) can be designed as

𝑢𝑖 (𝑡) =
𝑀∑
𝑞=1

𝐾
𝑞
𝑖 (𝑟𝑡)𝑥𝑖 (𝑡𝑘−𝑞+1ℎ) =

𝑀∑
𝑞=1

𝐾
𝑞
𝑖 (𝑟𝑡) [𝑒

(𝑘)
𝑞𝑖 (𝑡) + 𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡))], 𝑡 ∈ 𝐼𝑙 . (9)

Based on the above analysis, system (1) can be rewritten as

¤𝑥𝑖 (𝑡) = A𝑖𝑚𝑥𝑖 (𝑡) + B𝑖𝑚
𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)) + B𝑖𝑚

𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑒

(𝑘)
𝑞𝑖 (𝑡) +

𝑁∑
𝑗=1, 𝑗≠𝑖

G𝑗𝑖𝑚𝑥 𝑗 (𝑡), (10)

where 𝐾𝑞𝑖𝑚 is the controller gain matrix. Next, a definition and some lemmas will be innovated to deduce the
subsequent results of this paper.

Definition 1( [16]): Suppose 𝑉 (𝑥(𝑡), 𝑟𝑡 , 𝑡 ≥ 0) is a functional candidate, then the infinitesimal operator =𝑉 (𝑡)
is represented as

=𝑉 (𝑥(𝑡), 𝑟𝑡) = lim
𝛿→0

𝐸{𝑉 (𝑥(𝑡 + 𝛿), 𝑟𝑡+𝛿) |𝑥(𝑡), 𝑟𝑡} −𝑉 (𝑥(𝑡), 𝑟𝑡)
𝛿

. (11)
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Lemma 1( [38]): For a given scalar 𝜇𝑖 ∈ (0, 1), the continuous function 𝜏𝑖 (𝑡) ∈ (0, 𝜏𝑀 ] and ¤𝑥𝑖 (𝑡) : [−𝜏𝑀 , 0) →
R𝑛𝑖 , there exist positive symmetric matrices R𝑖 ∈ R𝑛𝑖×𝑛𝑖 and S𝑖 ∈ R2𝑛𝑖×2𝑛𝑖 to make the inequality hold

𝜏𝑀

∫ 𝑡

𝑡−𝜏𝑀
¤𝑥T
𝑖 (𝑠)R𝑖 ¤𝑥𝑖 (𝑠)𝑑𝑠 ≥ 𝜔T

1 R̃1𝑖𝜔1 + 𝜔T
2 R̃2𝑖𝜔2 + 2𝜔T

1S𝑖𝜔2, (12)

where

R̃1𝑖 = R̃𝑖 + (1 − 𝜇𝑖)(R̃𝑖 − S𝑖R̃−1
𝑖 ST

𝑖 ), R̃2𝑖 = R̃𝑖 + 𝜇𝑖 (R̃𝑖 − ST
𝑖 R̃−1

𝑖 S𝑖), R̃𝑖 = 𝑑𝑖𝑎𝑔{R𝑖 , 3R𝑖},

𝜔1 =

[
𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)) − 𝑥𝑖 (𝑡 − 𝜏𝑀 )

𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)) + 𝑥𝑖 (𝑡 − 𝜏𝑀 ) − 2𝜌1𝑖

]
, 𝜔2 =

[
𝑥𝑖 (𝑡) − 𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)

𝑥𝑖 (𝑡) + 𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)) − 2𝜌2𝑖

]
,

S𝑖 =
[
S1𝑖 S2𝑖
S3𝑖 S4𝑖

]
, 𝜌1𝑖 =

1
𝜏𝑖 (𝑡)

∫ 𝑡

𝑡−𝜏𝑖 (𝑡)
𝑥𝑖 (𝑠)𝑑𝑠, 𝜌2𝑖 =

1
𝜏𝑀 − 𝜏𝑖 (𝑡)

∫ 𝑡−𝜏𝑖 (𝑡)

𝑡−𝜏𝑀
𝑥𝑖 (𝑠)𝑑𝑠.

Lemma 2( [39,40]): For a real scalar 𝛼𝑖 > 0, the matrices𝑊𝑖 > 0, 𝑋𝑖𝑚 > 0, the following inequality holds

−𝑋𝑖𝑚𝑊−1
𝑖 𝑋𝑖𝑚 ≤ −2𝛼𝑖𝑋𝑖𝑚 + 𝛼2

𝑖𝑊𝑖 , 𝑚 ∈ 𝑆. (13)

3. MAIN RESULTS
Our purpose is to co-design the memory controller (9) and dynamic METM (4) so that system (10) with
partially accessible transition rates is stochastically stable. By utilizing the Lyapunov function method, some
sufficient conditions that insure the stochastic stability of the interconnected semi-Markovian system (10) are
given. Then, a controller design scheme based on LMI is given in Theorem 2.

Theorem 1. For given positive real number 𝜏𝑀 > 0, 𝛼𝑖 > 0, 𝛾 > 0, 𝜀0 > 0, 𝜀𝑖 𝑗 > 0 ( 𝑗 = 1, 2, 3, · · · , 𝑀 + 3),
and 𝜇𝑖 ∈ (0, 1), the interconnected semi-Markovian jump control system (10) is said to be randomly stable
with partially accessible transition rates and dynamic METM if there are positive symmetric matrices P𝑖𝑚 > 0,
Q𝑖𝑚 > 0, Q𝑖 > 0, R𝑖 > 0, Ω𝑖 > 0, and matrices 𝐾𝑞𝑖𝑚 , S1𝑖 , S2𝑖 , S3𝑖 and S4𝑖 with proper dimensions, such that the
following matrix inequalities hold:

Case 1. If∧𝑚,𝑘 ≠ ∅ and∧
𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧

𝑚,𝑘 , for ∀ 𝑗 ∈
∧
𝑚,𝑢𝑘 , we have



Ξ̃𝑖𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ11
𝑖𝑚 −P̌𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ21
𝑖𝑚 0 −R𝑖 ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ31
𝑖𝑚 0 0 −𝜀𝑖2R𝑖 ∗ ∗ · · · ∗ ∗ ∗

Γ41
𝑖𝑚 0 0 0 −𝜀𝑖3R𝑖 ∗ · · · ∗ ∗ ∗

Γ51
𝑖𝑚 0 0 0 0 −𝜀𝑖4R𝑖 · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ61
𝑖𝑚 0 0 0 0 0 · · · −𝜀𝑖,𝑀+3R𝑖 ∗ ∗

Γ71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (14)

−Q𝑖 +
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(Q𝑖𝑙 − Q𝑖 𝑗 ) < 0, (15)
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where

Ξ̃𝑖𝑚 =



Ξ̃11
𝑖𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗

Ξ̃21
𝑖𝑚 Ξ̃22

𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗
Ξ̃31
𝑖𝑚 Ξ̃32

𝑖𝑚 Ξ̃33
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ̃41
𝑖𝑚 Ξ̃42

𝑖𝑚 Ξ̃43
𝑖𝑚 Ξ̃44

𝑖𝑚 ∗ ∗ · · · ∗
Ξ̃51
𝑖𝑚 Ξ̃52

𝑖𝑚 −S4𝑖 S4𝑖 Ξ̃55
𝑖𝑚 ∗ · · · ∗

Ξ̃61
𝑖𝑚 0 0 0 0 Ξ̃66

𝑖𝑚 · · · ∗
...

...
...

...
...

...
. . .

...

Ξ̃𝑀+5,1
𝑖𝑚 0 0 0 0 0 · · · Ξ̃𝑀+5,𝑀+5

𝑖𝑚


,

Ξ̃11
𝑖𝑚 = 𝑠𝑦𝑚{P𝑖𝑚A𝑖𝑚} + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖 + Q𝑖𝑚 +

∑
𝑙∈∧𝑚,𝑢𝑘

𝜋𝑚𝑙 (ℎ)
−𝜆𝑘

[
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ) (P𝑖𝑙 − P𝑖 𝑗 )] .

Case 2. If∧𝑚,𝑘 ≠ ∅ and∧
𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧

𝑚,𝑢𝑘 , for ∀ 𝑗 ∈
∧
𝑚,𝑢𝑘 , we have

Ξ̂𝑖𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ11
𝑖𝑚 −P̌𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ21
𝑖𝑚 0 −R𝑖 ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ31
𝑖𝑚 0 0 −𝜀𝑖2R𝑖 ∗ ∗ · · · ∗ ∗ ∗

Γ41
𝑖𝑚 0 0 0 −𝜀𝑖3R𝑖 ∗ · · · ∗ ∗ ∗

Γ51
𝑖𝑚 0 0 0 0 −𝜀𝑖4R𝑖 · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ61
𝑖𝑚 0 0 0 0 0 · · · −𝜀𝑖,𝑀+3R𝑖 ∗ ∗

Γ71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (16)

P𝑖𝑚 − P𝑖 𝑗 ≥ 0,Q𝑖𝑚 − Q𝑖 𝑗 ≥ 0, (17)

−Q𝑖 +
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(Q𝑖𝑙 − Q𝑖 𝑗 ) < 0, (18)

where

Ξ̂𝑖𝑚 =



Ξ̂11
𝑖𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗

Ξ̃21
𝑖𝑚 Ξ̃22

𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗
Ξ̃31
𝑖𝑚 Ξ̃32

𝑖𝑚 Ξ̃33
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ̃41
𝑖𝑚 Ξ̃42

𝑖𝑚 Ξ̃43
𝑖𝑚 Ξ̃44

𝑖𝑚 ∗ ∗ · · · ∗
Ξ̃51
𝑖𝑚 Ξ̃52

𝑖𝑚 −S4𝑖 S4𝑖 Ξ̃55
𝑖𝑚 ∗ · · · ∗

Ξ̃61
𝑖𝑚 0 0 0 0 Ξ̃66

𝑖𝑚 · · · ∗
...

...
...

...
...

...
. . .

...

Ξ̃𝑀+5,1
𝑖𝑚 0 0 0 0 0 · · · Ξ̃𝑀+5,𝑀+5

𝑖𝑚


,

Ξ̂11
𝑖𝑚 = 𝑠𝑦𝑚{P𝑖𝑚A𝑖𝑚} + Q𝑖𝑚 + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖

+
∑

𝑙∈∧𝑚,𝑢𝑘

𝜋𝑚𝑙 (ℎ)
−𝜋𝑚𝑚 (ℎ) − 𝜆𝑘

[
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ) (P𝑖𝑙 − P𝑖 𝑗 ) + 𝜋𝑚𝑚 (ℎ)(P𝑖𝑙 − P𝑖 𝑗 )] .
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Case 3. If∧𝑚,𝑘 = ∅,∧𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧
𝑚,𝑢𝑘 , and there exist 𝑙 ≠ 𝑚 and 𝑙 ∈ ∧

𝑚,𝑢𝑘 , we have



Ξ̌𝑖𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ11
𝑖𝑚 −P̌𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ21
𝑖𝑚 0 −R𝑖 ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ31
𝑖𝑚 0 0 −𝜀𝑖2R𝑖 ∗ ∗ · · · ∗ ∗ ∗

Γ41
𝑖𝑚 0 0 0 −𝜀𝑖3R𝑖 ∗ · · · ∗ ∗ ∗

Γ51
𝑖𝑚 0 0 0 0 −𝜀𝑖4R𝑖 · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ61
𝑖𝑚 0 0 0 0 0 · · · −𝜀𝑖,𝑀+3R𝑖 ∗ ∗

Γ71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (19)

where

Ξ̌𝑖𝑚 =



Ξ̌11
𝑖𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗

Ξ̃21
𝑖𝑚 Ξ̃22

𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗
Ξ̃31
𝑖𝑚 Ξ̃32

𝑖𝑚 Ξ̃33
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ̃41
𝑖𝑚 Ξ̃42

𝑖𝑚 Ξ̃43
𝑖𝑚 Ξ̃44

𝑖𝑚 ∗ ∗ · · · ∗
Ξ̃51
𝑖𝑚 Ξ̃52

𝑖𝑚 −S4𝑖 S4𝑖 Ξ̃55
𝑖𝑚 ∗ · · · ∗

Ξ̃61
𝑖𝑚 0 0 0 0 Ξ̃66

𝑖𝑚 · · · ∗
...

...
...

...
...

...
. . .

...

Ξ̃𝑀+5,1
𝑖𝑚 0 0 0 0 0 · · · Ξ̃𝑀+5,𝑀+5

𝑖𝑚


,

Ξ̌11
𝑖𝑚 = 𝑠𝑦𝑚{P𝑖𝑚A𝑖𝑚} + Q𝑖𝑚 + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖 + 𝑎𝑚𝜋𝑙𝑙 (ℎ) (P𝑖𝑚 − P𝑖 𝑗 ).
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In addition, the other scalars are given as follows

Ξ̃21
𝑖𝑚 =

𝑀∑
𝑞=1

(𝐾𝑞𝑖𝑚)
TBT

𝑖𝑚P𝑖𝑚 − 2(1 + 𝜇𝑖)R𝑖 − S1𝑖 − S2𝑖 − S3𝑖 − S4𝑖 ,

Ξ̃22
𝑖𝑚 = −2(4 + 𝜇𝑖)R𝑖 − 2S1𝑖 + 2S2𝑖 − 2S3𝑖 + 2S4𝑖 +Ω𝑖 , Ξ̃

31
𝑖𝑚 = −S1𝑖 − S2𝑖 + S3𝑖 + S4𝑖 ,

Ξ̃32
𝑖𝑚 = −2(2 − 𝜇𝑖)R𝑖 + S1𝑖 − S2𝑖 − S3𝑖 + S4𝑖 , Ξ̃

33
𝑖𝑚 = −Q𝑖𝑚 − 4(2 − 𝜇𝑖)R𝑖 ,

Ξ̃41
𝑖𝑚 = −S3𝑖 − S4𝑖 , Ξ̃

42
𝑖𝑚 = S3𝑖 − S4𝑖 + 3(2 − 𝜇𝑖)R𝑖 , Ξ̃43

𝑖𝑚 = 3(2 − 𝜇𝑖)R𝑖 , Ξ̃44
𝑖𝑚 = −3(2 − 𝜇𝑖)R𝑖 ,

Ξ̃51
𝑖𝑚 = 3(1 + 𝜇𝑖)R𝑖 , Ξ̃52

𝑖𝑚 = −S2𝑖 + 3(1 + 𝜇𝑖)R𝑖 , Ξ̃55
𝑖𝑚 = −3(1 + 𝜇𝑖)R𝑖 ,

Ξ̃61
𝑖𝑚 = (𝐾1

𝑖𝑚)TBT
𝑖𝑚P𝑖𝑚 , Ξ̃66

𝑖𝑚 = −𝜃0𝛾1Ω𝑖 , Ξ̃
𝑀+5,1
𝑖𝑚 = (𝐾𝑀

𝑖𝑚)TBT
𝑖𝑚P𝑖𝑚 , Ξ̃

𝑀+5,𝑀+5
𝑖𝑚 = −𝜃0𝛾𝑀Ω𝑖 ,

Γ11
𝑖𝑚 =

[
GT
𝑖 𝑗𝑚P𝑖𝑚 0 0 0 0 0 · · · 0

]
,

P̌𝑖𝑚 = −(𝑁 − 1)−1𝑑𝑖𝑎𝑔{𝜀−1
𝑖1 P𝑖𝑚 , · · · , 𝜀−1

𝑗1P 𝑗𝑚 , 𝑗≠𝑖 , · · · , 𝜀−1
𝑁1P𝑁𝑚},

Γ21
𝑖𝑚 = 𝜏𝑀R𝑖

[
A𝑖𝑚 B𝑖𝑚

∑𝑀
𝑞=1 𝐾

𝑞
𝑖𝑚 0 0 0 B𝑖𝑚𝐾1

𝑖𝑚 · · · B𝑖𝑚𝐾𝑀
𝑖𝑚

]
,

Γ31
𝑖𝑚 = 𝜏𝑀R𝑖

[
A𝑖𝑚 0 0 0 0 0 · · · 0

]
,

Γ41
𝑖𝑚 = 𝜏𝑀R𝑖

[
0 B𝑖𝑚

∑𝑀
𝑞=1 𝐾

𝑞
𝑖𝑚 0 0 0 0 · · · 0

]
,

Γ51
𝑖𝑚 = 𝜏𝑀R𝑖

[
0 0 0 0 0 B𝑖𝑚𝐾1

𝑖𝑚 · · · 0
]
,

Γ61
𝑖𝑚 = 𝜏𝑀R𝑖

[
0 0 0 0 0 0 · · · B𝑖𝑚𝐾𝑀

𝑖𝑚

]
,

Γ71
𝑖𝑚 = 𝜏𝑀R𝑖

[
G𝑖 𝑗𝑚 0 0 0 0 0 · · · 0

]
,

Ř𝑖 = −(𝑁 − 1)−1𝑑𝑖𝑎𝑔{(1 + 𝜀𝑖2 + 𝜀𝑖3 + · · · + 𝜀𝑖,𝑀+3)−1R1, · · · , (1 + 𝜀 𝑗2 + 𝜀 𝑗3 + · · · + 𝜀 𝑗 ,𝑀+3)−1R 𝑗 , 𝑗≠𝑖 ,

· · · , (1 + 𝜀𝑁2 + 𝜀𝑁3 + · · · + 𝜀𝑁,𝑀+3)−1R𝑁 },

Γ81
𝑖𝑚 =


0 S1𝑖 + S3𝑖 −S1𝑖 + S3𝑖 −S3𝑖 0 0 · · · 0
0 S2𝑖 + S4𝑖 −S2𝑖 + S4𝑖 −S4𝑖 0 0 · · · 0

S1𝑖 + S3𝑖 −S1𝑖 + S3𝑖 0 0 −S3𝑖 0 · · · 0
S2𝑖 + S4𝑖 −S2𝑖 + S4𝑖 0 0 −S4𝑖 0 · · · 0


,

R̂𝑖 = 𝑑𝑖𝑎𝑔{−(1 − 𝜇𝑖)−1R𝑖 ,−3(1 − 𝜇𝑖)−1R𝑖 ,−𝜇−1
𝑖 R𝑖 ,−3𝜇−1

𝑖 R𝑖}.

Proof : Define the following Lyapunov-Krasovskii functional 𝑉 (𝑥(𝑡), 𝑟𝑡):

𝑉 (𝑥(𝑡), 𝑟𝑡) =
𝑁∑
𝑖=1

[𝑉1(𝑥𝑖 (𝑡), 𝑟𝑡) +𝑉2(𝑥𝑖 (𝑡), 𝑟𝑡) +𝑉3(𝑥𝑖 (𝑡), 𝑟𝑡) +𝑉4(𝑥𝑖 (𝑡), 𝑟𝑡)], (20)

where

𝑉1(𝑥𝑖 (𝑡), 𝑟𝑡) = 𝑥T
𝑖 (𝑡)P𝑖 (𝑟𝑡)𝑥𝑖 (𝑡),

𝑉2(𝑥𝑖 (𝑡), 𝑟𝑡) =
∫ 𝑡

𝑡−𝜏𝑀
𝑥T
𝑖 (𝑠)Q𝑖 (𝑟𝑡)𝑥𝑖 (𝑠)𝑑𝑠 +

∫ 0

−𝜏𝑀

∫ 𝑡

𝑡+𝜈
𝑥T
𝑖 (𝑠)Q𝑖𝑥𝑖 (𝑠)𝑑𝑠𝑑𝜈,

𝑉3(𝑥𝑖 (𝑡), 𝑟𝑡) = 𝜏𝑀
∫ 0

−𝜏𝑀

∫ 𝑡

𝑡+𝜈
¤𝑥T
𝑖 (𝑠)R𝑖 ¤𝑥𝑖 (𝑠)𝑑𝑠𝑑𝜈,

𝑉4(𝑥𝑖 (𝑡), 𝑟𝑡) =
1
2
𝜃2
𝑖 (𝑡).

According to Definition 1, we can get
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=𝑉1(𝑥𝑖 (𝑡), 𝑟𝑡)

= lim
𝛿→0+

1
𝛿
{[

𝑠∑
𝑙=1,𝑙≠𝑚

𝑃𝑟{𝑟𝑡+𝛿 = 𝑙 |𝑟𝑡 = 𝑚}𝑥T
𝑖 (𝑡 + 𝛿)P𝑖𝑙𝑥𝑖 (𝑡 + 𝛿)]

+ [𝑃𝑟{𝑟𝑡+𝛿 = 𝑚 |𝑟𝑡 = 𝑚}𝑥T
𝑖 (𝑡 + 𝛿)P𝑖𝑚𝑥𝑖 (𝑡 + 𝛿) − 𝑥T

𝑖 (𝑡)P𝑖𝑚𝑥𝑖 (𝑡)]}

= lim
𝛿→0+

1
𝛿
[

𝑠∑
𝑙=1,𝑙≠𝑚

𝑃𝑟{𝑟𝑡+𝛿 = 𝑙, 𝑟𝑡 = 𝑚}
𝑃𝑟{𝑟𝑡 = 𝑚}

𝑥T
𝑖 (𝑡 + 𝛿)P𝑖𝑙𝑥𝑖 (𝑡 + 𝛿)]

+ lim
𝛿→0+

1
𝛿
[𝑃𝑟{𝑟𝑡+𝛿 = 𝑚, 𝑟𝑡 = 𝑚}

𝑃𝑟{𝑟𝑡 = 𝑚}
𝑥T
𝑖 (𝑡 + 𝛿)P𝑖𝑚𝑥𝑖 (𝑡 + 𝛿) − 𝑥T

𝑖 (𝑡)P𝑖𝑚𝑥𝑖 (𝑡)]

= lim
𝛿→0+

1
𝛿
[

𝑠∑
𝑙=1,𝑙≠𝑚

𝜆𝑚𝑙 (𝜙𝑚 (ℎ + 𝛿) − 𝜙𝑚 (ℎ))
1 − 𝜙𝑚 (ℎ)

𝑥T
𝑖 (𝑡 + 𝛿)P𝑖𝑙𝑥𝑖 (𝑡 + 𝛿)]

+ lim
𝛿→0+

1
𝛿
[1 − 𝜙𝑚 (ℎ + 𝛿)

1 − 𝜙𝑚 (ℎ)
𝑥T
𝑖 (𝑡 + 𝛿)P𝑖𝑚𝑥𝑖 (𝑡 + 𝛿) − 𝑥T

𝑖 (𝑡)P𝑖𝑚𝑥𝑖 (𝑡)]

= lim
𝛿→0+

1
𝛿
[

𝑠∑
𝑙=1,𝑙≠𝑚

𝜆𝑚𝑙 (𝜙𝑚 (ℎ + 𝛿) − 𝜙𝑚 (ℎ))
1 − 𝜙𝑚 (ℎ)

𝑥T
𝑖 (𝑡 + 𝛿)P𝑖𝑙𝑥𝑖 (𝑡 + 𝛿)]

+ lim
𝛿→0+

1
𝛿
[1 − 𝜙𝑚 (ℎ + 𝛿)

1 − 𝜙𝑚 (ℎ)
(𝑥T
𝑖 (𝑡 + 𝛿) − 𝑥T

𝑖 (𝑡))P𝑖𝑚𝑥𝑖 (𝑡 + 𝛿)]

+ lim
𝛿→0+

1
𝛿
[1 − 𝜙𝑚 (ℎ + 𝛿)

1 − 𝜙𝑚 (ℎ)
𝑥T
𝑖 (𝑡)P𝑖𝑚 (𝑥𝑖 (𝑡 + 𝛿) − 𝑥𝑖 (𝑡)) −

𝜙𝑚 (ℎ + 𝛿) − 𝜙𝑚 (ℎ)
1 − 𝜙𝑚 (ℎ)

𝑥T
𝑖 (𝑡)P𝑖𝑚𝑥𝑖 (𝑡)],

(21)

where ℎ is the dwell time when the system jumps from the previous mode to mode 𝑚, 𝜙𝑚 (ℎ) represents
the cumulative distribution function of residence time when the system (10) maintains in 𝑚 th mode, 𝜆𝑚𝑙
represents the probability density from mode 𝑚 to mode 𝑙. Using the properties of cumulative distribution
function, it can be seen that

lim
𝛿→0+

1 − 𝜙𝑚 (ℎ + 𝛿)
1 − 𝜙𝑚 (ℎ)

= 1, lim
𝛿→0+

1
𝛿

𝜙𝑚 (ℎ + 𝛿) − 𝜙𝑚 (ℎ)
1 − 𝜙𝑚 (ℎ)

= 𝜋𝑚 (ℎ), (22)

where 𝜋𝑚 (ℎ) represents the transition probability of the system in mode 𝑚. When 𝑚 ≠ 𝑙, we have 𝜋𝑚𝑙 (ℎ) =
𝜆𝑚𝑙𝜋𝑚 (ℎ) and 𝜋𝑚𝑚 (ℎ) = −∑𝑠

𝑙=1,𝑙≠𝑚 𝜋𝑚𝑙 (ℎ), one derives that =𝑉1(𝑥𝑖 (𝑡), 𝑟𝑡) = 𝑥T
𝑖 (𝑡) (

∑𝑠
𝑙=1,𝑙≠𝑚 𝜋𝑚𝑙 (ℎ)P𝑖𝑙)𝑥𝑖 (𝑡)

+ 2𝑥T
𝑖 (𝑡)P𝑖𝑚 ¤𝑥𝑖 (𝑡).

According to [22], there is a scalar 𝜀−1
𝑖1 ∈ (0, 𝜀−1

0 ], and we know that

𝑁∑
𝑖=1

2𝑥T
𝑖 (𝑡)P𝑖𝑚

𝑁∑
𝑗=1, 𝑗≠𝑖

G𝑗𝑖𝑚𝑥 𝑗 (𝑡) ≤
𝑁∑
𝑖=1

(𝜀𝑖1
𝑁∑

𝑗=1, 𝑗≠𝑖
𝑥T
𝑗 (𝑡)GT

𝑗𝑖𝑚P𝑖𝑚
𝑁∑

𝑗=1, 𝑗≠𝑖
G𝑗𝑖𝑚𝑥 𝑗 (𝑡) + 𝜀−1

𝑖1 𝑥
T
𝑖 (𝑡)P𝑖𝑚𝑥𝑖 (𝑡)). (23)

Similarly, the =𝑉2(𝑥𝑖 (𝑡), 𝑟𝑡),=𝑉3(𝑥𝑖 (𝑡), 𝑟𝑡),=𝑉4(𝑥𝑖 (𝑡), 𝑟𝑡) can be written as

=𝑉2(𝑥𝑖 (𝑡), 𝑟𝑡) = 𝑥T
𝑖 (𝑡)Q𝑖𝑚𝑥𝑖 (𝑡) − 𝑥T

𝑖 (𝑡 − 𝜏𝑀 )Q𝑖𝑚𝑥𝑖 (𝑡 − 𝜏𝑀 )

+ 𝜏𝑀𝑥T
𝑖 (𝑡)Q𝑖𝑥𝑖 (𝑡) +

∫ 𝑡

𝑡−𝜏𝑀
𝑥T
𝑖 (𝑠) (−Q𝑖 +

𝑠∑
𝑙=1

𝜋𝑚𝑙 (ℎ)Q𝑖𝑙)𝑥𝑖 (𝑠)𝑑𝑠,

=𝑉3(𝑥𝑖 (𝑡), 𝑟𝑡) = 𝜏2
𝑀 ¤𝑥T

𝑖 (𝑡)R𝑖 ¤𝑥𝑖 (𝑡) − 𝜏𝑀
∫ 𝑡

𝑡−𝜏𝑀
¤𝑥T
𝑖 (𝑠)R𝑖 ¤𝑥𝑖 (𝑠)𝑑𝑠,

=𝑉4(𝑥𝑖 (𝑡), 𝑟𝑡) =
1

𝜃𝑖 (𝑡)

𝑀∑
𝑞=1

𝛾𝑞 (Δ(𝑘)
𝑞𝑖 (𝑡))

TΩ𝑖Δ
(𝑘)
𝑞𝑖 (𝑡) − 𝜃0

𝑀∑
𝑞=1

𝛾𝑞 (Δ(𝑘)
𝑞𝑖 (𝑡))

TΩ𝑖Δ
(𝑘)
𝑞𝑖 (𝑡)

≤ 𝑥T
𝑖 (𝑡 − 𝜏𝑖 (𝑡))Ω𝑖𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)) − 𝜃0

𝑀∑
𝑞=1

𝛾𝑞 (𝑒(𝑘)𝑞𝑖 (𝑡))
TΩ𝑖𝑒

(𝑘)
𝑞𝑖 (𝑡).
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According to Lemma 1, one further comes to

−𝜏𝑀
∫ 𝑡
𝑡−𝜏𝑀 ¤𝑥T

𝑖 (𝑠)R𝑖 ¤𝑥𝑖 (𝑠)𝑑𝑠 ≤ 𝜉T
𝑖 (𝑡)Ξ𝑖𝑚𝜉𝑖 (𝑡) + (1 − 𝜇𝑖)𝜔T

1S𝑖R̃−1
𝑖 ST

𝑖 𝜔1 + 𝜇𝑖𝜔T
2ST

𝑖 R̃−1
𝑖 S𝑖𝜔2, (24)

where

𝜉T
𝑖 (𝑡) =

[
𝑥T
𝑖 (𝑡) 𝑥T

𝑖 (𝑡 − 𝜏𝑖 (𝑡)) 𝑥T
𝑖 (𝑡 − 𝜏𝑀 ) 2𝜌T

1𝑖 2𝜌T
2𝑖
]
,

Ξ𝑖𝑚 =



Ξ11
𝑖𝑚 ∗ ∗ ∗ ∗

Ξ21
𝑖𝑚 Ξ22

𝑖𝑚 ∗ ∗ ∗
Ξ31
𝑖𝑚 Ξ32

𝑖𝑚 Ξ33
𝑖𝑚 ∗ ∗

Ξ41
𝑖𝑚 Ξ42

𝑖𝑚 Ξ43
𝑖𝑚 Ξ44

𝑖𝑚 ∗
Ξ51
𝑖𝑚 Ξ52

𝑖𝑚 Ξ53
𝑖𝑚 Ξ54

𝑖𝑚 Ξ55
𝑖𝑚


,

Ξ11
𝑖𝑚 = −4(1 + 𝜇𝑖)R𝑖 ,Ξ21

𝑖𝑚 = −2(1 + 𝜇𝑖)R𝑖 − S1𝑖 − S2𝑖 − S3𝑖 − S4𝑖 ,

Ξ22
𝑖𝑚 = −2(4 + 𝜇𝑖)R𝑖 − 2S1𝑖 + 2S2𝑖 − 2S3𝑖 + 2S4𝑖 ,Ξ

31
𝑖𝑚 = −S1𝑖 − S2𝑖 + S3𝑖 + S4𝑖 ,

Ξ32
𝑖𝑚 = −2(2 − 𝜇𝑖)R𝑖 + S1𝑖 − S2𝑖 − S3𝑖 + S4𝑖 ,Ξ

33
𝑖𝑚 = −4(2 − 𝜇𝑖)R𝑖 ,Ξ41

𝑖𝑚 = −S3𝑖 − S4𝑖 ,

Ξ42
𝑖𝑚 = S3𝑖 − S4𝑖 + 3(2 − 𝜇𝑖)R𝑖 ,Ξ43

𝑖𝑚 = 3(2 − 𝜇𝑖)R𝑖 ,Ξ44
𝑖𝑚 = −3(2 − 𝜇𝑖)R𝑖 ,

Ξ51
𝑖𝑚 = 3(1 + 𝜇𝑖)R𝑖 ,Ξ52

𝑖𝑚 = −S2𝑖 + 3(1 + 𝜇𝑖)R𝑖 ,Ξ53
𝑖𝑚 = −S4𝑖 ,Ξ

54
𝑖𝑚 = S4𝑖 ,Ξ

55
𝑖𝑚 = −3(1 + 𝜇𝑖)R𝑖 .

And

¤𝑥T
𝑖 (𝑡)R𝑖 ¤𝑥𝑖 (𝑡)

= (A𝑖𝑚𝑥𝑖 (𝑡) + B𝑖𝑚
𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)) + B𝑖𝑚

𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑒

(𝑘)
𝑞𝑖 (𝑡))

T

R𝑖 (A𝑖𝑚𝑥𝑖 (𝑡) + B𝑖𝑚
𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)) + B𝑖𝑚

𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑒

(𝑘)
𝑞𝑖 (𝑡))

+2𝑥T
𝑖 (𝑡)AT

𝑖𝑚R𝑖
𝑁∑

𝑗=1, 𝑗≠𝑖
G𝑗𝑖𝑚𝑥 𝑗 (𝑡) + 2𝑥T

𝑖 (𝑡 − 𝜏𝑖 (𝑡))
𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚

TBT
𝑖𝑚R𝑖

𝑁∑
𝑗=1, 𝑗≠𝑖

G𝑗𝑖𝑚𝑥 𝑗 (𝑡)

+2
𝑀∑
𝑞=1

(𝑒(𝑘)𝑞𝑖 (𝑡))
T𝐾

𝑞
𝑖𝑚

TBT
𝑖𝑚R𝑖

𝑁∑
𝑗=1, 𝑗≠𝑖

G𝑗𝑖𝑚𝑥 𝑗 (𝑡) +
𝑁∑

𝑗=1, 𝑗≠𝑖
𝑥T
𝑗 (𝑡)GT

𝑗𝑖𝑚R𝑖
𝑁∑

𝑗=1, 𝑗≠𝑖
G𝑗𝑖𝑚𝑥 𝑗 (𝑡),
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where
𝑁∑
𝑖=1

(2𝑥T
𝑖 (𝑡)AT

𝑖𝑚R𝑖
𝑁∑

𝑗=1, 𝑗≠𝑖
G𝑗𝑖𝑚𝑥 𝑗 (𝑡))

≤
𝑁∑
𝑖=1

((𝑁 − 1)
𝑁∑

𝑗=1, 𝑗≠𝑖
𝜀𝑖2𝑥

T
𝑖 (𝑡)GT

𝑖 𝑗𝑚R𝑖G𝑖 𝑗𝑚𝑥𝑖 (𝑡) + 𝜀−1
𝑖2 𝑥

T
𝑖 (𝑡)AT

𝑖𝑚R𝑖A𝑖𝑚𝑥𝑖 (𝑡)),

𝑁∑
𝑖=1

(2𝑥T
𝑖 (𝑡 − 𝜏𝑖 (𝑡))

𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚

TBT
𝑖𝑚R𝑖

𝑁∑
𝑗=1, 𝑗≠𝑖

G𝑗𝑖𝑚𝑥 𝑗 (𝑡))

≤
𝑁∑
𝑖=1

((𝑁 − 1)
𝑁∑

𝑗=1, 𝑗≠𝑖
𝜀𝑖3𝑥

T
𝑖 (𝑡 − 𝜏𝑖 (𝑡))GT

𝑖 𝑗𝑚R𝑖G𝑖 𝑗𝑚𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡))

+𝜀−1
𝑖3 𝑥

T
𝑖 (𝑡 − 𝜏𝑖 (𝑡))

𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚

TBT
𝑖𝑚R𝑖B𝑖𝑚

𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑥𝑖 (𝑡 − 𝜏𝑖 (𝑡)),

𝑁∑
𝑖=1

(2
𝑀∑
𝑞=1

(𝑒(𝑘)𝑞𝑖 (𝑡))
T𝐾

𝑞
𝑖𝑚

TBT
𝑖𝑚R𝑖

𝑁∑
𝑗=1, 𝑗≠𝑖

G𝑗𝑖𝑚𝑥 𝑗 (𝑡))

≤
𝑁∑
𝑖=1

((𝑁 − 1)
𝑁∑

𝑗=1, 𝑗≠𝑖
𝜀𝑖4𝑥

T
𝑖 (𝑡)GT

𝑖 𝑗𝑚R𝑖G𝑖 𝑗𝑚𝑥𝑖 (𝑡) + 𝜀−1
𝑖4

𝑀∑
𝑞=1

(𝑒(𝑘)𝑞𝑖 (𝑡))
T𝐾

𝑞
𝑖𝑚

TBT
𝑖𝑚R𝑖B𝑖𝑚

𝑀∑
𝑞=1

𝐾
𝑞
𝑖𝑚𝑒

(𝑘)
𝑞𝑖 (𝑡)),

𝑁∑
𝑖=1

(
𝑁∑

𝑗=1, 𝑗≠𝑖
𝑥T
𝑗 (𝑡)GT

𝑗𝑖𝑚R𝑖
𝑁∑

𝑗=1, 𝑗≠𝑖
G𝑗𝑖𝑚𝑥 𝑗 (𝑡)) ≤

𝑁∑
𝑖=1

(𝑁 − 1)
𝑁∑

𝑗=1, 𝑗≠𝑖
𝑥T
𝑖 (𝑡)GT

𝑖 𝑗𝑚R𝑖G𝑖 𝑗𝑚𝑥𝑖 (𝑡).

Let 𝜂𝑖 (𝑡) =
[
𝜉T
𝑖 (𝑡) (𝑒(𝑘)1𝑖 (𝑡))T · · · (𝑒(𝑘)𝑀𝑖 (𝑡))T

]T
, then we obtain

¤𝑉 (𝑥(𝑡), 𝑟𝑡) ≤
𝑁∑
𝑖=1

𝜂T
𝑖 (𝑡) [Γ0

𝑖𝑚 + (Γ11
𝑖𝑚)TP−1

𝑖𝑚 Γ11
𝑖𝑚 + (Γ21

𝑖𝑚)TR−1
𝑖 Γ21

𝑖𝑚 + 𝜀−1
𝑖2 (Γ31

𝑖𝑚)TR−1
𝑖 Γ31

𝑖𝑚 + 𝜀−1
𝑖3 (Γ41

𝑖𝑚)TR−1
𝑖 Γ41

𝑖𝑚

+ 𝜀−1
𝑖4 (Γ51

𝑖𝑚)TR−1
𝑖 Γ51

𝑖𝑚 + 𝜀−1
𝑖,𝑀+1(Γ61

𝑖𝑚)TR̃−1
𝑖 Γ61

𝑖𝑚 + (Γ71
𝑖𝑚)TŘ−1

𝑖 Γ71
𝑖𝑚 (Γ81

𝑖𝑚)TR̂−1
𝑖 Γ81

𝑖𝑚]𝜂𝑖 (𝑡)

=
𝑁∑
𝑖=1

𝜂T
𝑖 (𝑡)Π𝑖𝑚𝜂𝑖 (𝑡),

where Γ0
𝑖𝑚 = Ξ̃𝑖𝑚 (𝑐𝑎𝑠𝑒1), Γ0

𝑖𝑚 = Ξ̂𝑖𝑚 (𝑐𝑎𝑠𝑒2), Γ0
𝑖𝑚 = Ξ̌𝑖𝑚 (𝑐𝑎𝑠𝑒3).

Therefore, if Π𝑖𝑚 < 0 and −Q𝑖 +
∑𝑠
𝑙=1 𝜋𝑚𝑙 (ℎ)Q𝑖𝑙 < 0, the interconnected semi-Markovian control system (10)

with partially accessible TRs and dynamic METM is stochastically stable. Considering the partially accessible
transition rates, we will get the corresponding conclusion from the following three cases.

Case 1. If ∧𝑚,𝑘 ≠ ∅ and
∧
𝑚,𝑢𝑘 ≠ ∅ , 𝑚 ∈ ∧

𝑚,𝑘 , denote 𝜆𝑘 =
∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ) . Since
∧
𝑚,𝑢𝑘 ≠ ∅ , then one

derives that 𝜆𝑘 < 0 , thus
∑𝑠
𝑙=1 𝜋𝑚𝑙 (ℎ)P𝑖𝑙 can be presented as

𝑠∑
𝑙=1

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 = (
∑

𝑙∈∧𝑚,𝑘

+
∑

𝑙∈∧𝑚,𝑢𝑘

)𝜋𝑚𝑙 (ℎ)P𝑖𝑙 =
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 − 𝜆𝑘
∑

𝑙∈∧𝑚,𝑢𝑘

𝜋𝑚𝑙 (ℎ)
−𝜆𝑘

P𝑖𝑙 . (25)

Obviously, there exists 0 ≤ 𝜋𝑚𝑙 (ℎ)
−𝜆𝑘 ≤ 1(𝑙 ∈ ∧

𝑚,𝑢𝑘 ) and
∑
𝑙∈∧𝑚,𝑢𝑘

𝜋𝑚𝑙 (ℎ)
−𝜆𝑘 = 1. So for ∀ 𝑗 ∈ ∧

𝑚,𝑢𝑘 , there is

𝑠∑
𝑙=1

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 =
∑

𝑙∈∧𝑚,𝑢𝑘

𝜋𝑚𝑙 (ℎ)
−𝜆𝑘

(
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ) (P𝑖𝑙 − P𝑖 𝑗 )). (26)
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According to Schur complement, it is inferred that (14) is equivalent to Π𝑖𝑚 < 0 and (15) is equivalent to
−Q𝑖 +

∑𝑠
𝑙=1 𝜋𝑚𝑙 (ℎ)Q𝑖𝑙 < 0 .

Case 2. If ∧𝑚,𝑘 ≠ ∅ and ∧
𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧

𝑚,𝑢𝑘 , denote 𝜆𝑘 =
∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ). Since
∧
𝑚,𝑘 ≠ ∅, we know that

𝜆𝑘 > 0, thus
∑𝑠
𝑙=1 𝜋𝑚𝑙 (ℎ)P𝑖𝑙 can be presented as

𝑠∑
𝑙=1

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 =
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 + 𝜋𝑚𝑚 (ℎ)P𝑖𝑚 +
∑

𝑙∈∧𝑚,𝑢𝑘 ,𝑙≠𝑚

𝜋𝑚𝑙 (ℎ)P𝑖𝑙

=
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 + 𝜋𝑚𝑚 (ℎ)P𝑖𝑚 − (𝜋𝑚𝑚 (ℎ) + 𝜆𝑘 )
∑

𝑙∈∧𝑚,𝑢𝑘 ,𝑙≠𝑚

𝜋𝑚𝑙 (ℎ)
−𝜋𝑚𝑚 (ℎ) − 𝜆𝑘

P𝑖𝑙 .
(27)

It is obvious that 0 ≤ 𝜋𝑚𝑙 (ℎ)
−𝜋𝑚𝑚 (ℎ)−𝜆𝑘 ≤ 1(𝑙 ∈ ∧

𝑚,𝑢𝑘 ) and
∑
𝑙∈∧𝑚,𝑢𝑘

𝜋𝑚𝑙 (ℎ)
−𝜋𝑚𝑚 (ℎ)−𝜆𝑘 = 1. So for ∀ 𝑗 ∈ ∧

𝑚,𝑢𝑘 , 𝑗 ≠ 𝑚, there
is

𝑠∑
𝑙=1

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 =
∑

𝑙∈∧𝑚,𝑢𝑘 ,𝑙≠𝑚

𝜋𝑚𝑙 (ℎ)
−𝜋𝑚𝑚 (ℎ) − 𝜆𝑘

(
∑

𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(P𝑖𝑙 − P𝑖 𝑗 ) + 𝜋𝑚𝑚 (ℎ) (P𝑖𝑙 − P𝑖 𝑗 )). (28)

By applying Schur complement and 𝜋𝑚𝑚 (ℎ) = −∑𝑠
𝑙=1,𝑙≠𝑚 𝜋𝑚𝑙 (ℎ), it is deduced that (16), (17) are equivalent

to Π𝑖𝑚 < 0 and (18) is equivalent to −Q𝑖 +
∑𝑠
𝑙=1 𝜋𝑚𝑙 (ℎ)Q𝑖𝑙 < 0 .

Case 3. If ∧𝑚,𝑘 = ∅ and
∧
𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧

𝑚,𝑢𝑘 , assume there exists 𝑙 ≠ 𝑚 and 𝑙 ∈ ∧
𝑚,𝑢𝑘 . Denote 𝜆𝑘 =

𝜋𝑚𝑚 (ℎ) = 𝑎𝑚𝜋𝑙𝑙 (ℎ). Noting that 𝜆𝑘 < 0,
∑𝑠
𝑙=1 𝜋𝑚𝑙 (ℎ)P𝑖𝑙 can be presented as

𝑠∑
𝑙=1

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 = 𝜋𝑚𝑚 (ℎ)P𝑖𝑚 +
∑

𝑙∈∧𝑚,𝑢𝑘 ,𝑙≠𝑚

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 = 𝜋𝑚𝑚 (ℎ)P𝑖𝑚 − 𝜆𝑘
∑

𝑙∈∧𝑚,𝑢𝑘 ,𝑙≠𝑚

𝜋𝑚𝑙 (ℎ)
−𝜆𝑘

P𝑖𝑙 . (29)

It is obvious that
∑
𝑙∈∧𝑚,𝑢𝑘 ,𝑙≠𝑚 𝜋𝑚𝑙 (ℎ) = −𝜋𝑚𝑚 (ℎ) = −𝜆𝑘 > 0. So for ∀ 𝑗 ∈ ∧

𝑚,𝑢𝑘 , 𝑗 ≠ 𝑚, there is

𝑠∑
𝑙=1

𝜋𝑚𝑙 (ℎ)P𝑖𝑙 =
∑

𝑙∈∧𝑚,𝑢𝑘 ,𝑙≠𝑚

𝜋𝑚𝑙 (ℎ)
−𝜆𝑘

[𝜋𝑚𝑚 (ℎ)(P𝑖𝑚 − P𝑖 𝑗 )] = 𝜋𝑚𝑚 (ℎ)(P𝑖𝑚 − P𝑖 𝑗 ) = 𝑎𝑚𝜋𝑙𝑙 (ℎ) (P𝑖𝑚 − P𝑖 𝑗 ). (30)

By applying Schur complement and 𝜋𝑚𝑚 (ℎ) = −∑𝑠
𝑙=1,𝑙≠𝑚 𝜋𝑚𝑙 (ℎ) , we konw that (19) is equivalent to Π𝑖𝑚 < 0.

In summary, if inequalities (14) − (19) hold, the interconnected semi-Markovian control system (10) with
partially accessible TRs and dynamic METM is stochastically stable.

Remark 3. Theorem 1 designed sufficient conditions to ensure (10) is stochastically stable. However, it is dif-
ficult to directly use this result to acquire the controller gain matrices. Theorem 2 gives a LMI-based sufficient
criterion for the solvability.

Theorem 2. For given a positive real number 𝜏𝑀 > 0, 𝛼𝑖 > 0, 𝛾 > 0, 𝜀0 > 0, 𝜀𝑖 𝑗 > 0 ( 𝑗 = 1, 2, 3, · · · , 𝑀 + 3),
𝜇𝑖 ∈ (0, 1) and 𝜋𝑚𝑙 (ℎ) ∈ [𝜋𝑚𝑙 , 𝜋𝑚𝑙], the system (10) with partially accessible TRs and dynamic METM is
stochastically stable if there are positive symmetric matrices 𝑋𝑖𝑚 > 0, 𝑌 𝑞𝑖𝑚 > 0, Q𝑖𝑚 > 0, Q𝑖 > 0,R𝑖 > 0,Ω𝑖 > 0,
and matrices 𝐾𝑞𝑖𝑚 , S1𝑖 , S2𝑖 , S3𝑖 and S4𝑖 with proper dimensions, such that the linear matrix inequalities hold:

http://dx.doi.org/10.20517/ces.2023.10


Page 14 of 23 Tan et al. Complex Eng Syst 2023;3:6 I http://dx.doi.org/10.20517/ces.2023.10

Case 1. If∧𝑚,𝑘 ≠ ∅ and∧
𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧

𝑚,𝑘 , for ∀ 𝑗 ∈
∧
𝑚,𝑢𝑘 , we have



Ξ𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ

11
𝑖𝑚 Γ

12
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
21
𝑖𝑚 0 Φ(R𝑖) ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
31
𝑖𝑚 0 0 𝜀𝑖2Φ(R𝑖) ∗ ∗ · · · ∗ ∗ ∗

Γ
41
𝑖𝑚 0 0 0 𝜀𝑖3Φ(R𝑖) ∗ · · · ∗ ∗ ∗

Γ
51
𝑖𝑚 0 0 0 0 𝜀𝑖4Φ(R𝑖) · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ
61
𝑖𝑚 0 0 0 0 0 · · · 𝜀𝑖,𝑀+3Φ(R𝑖) ∗ ∗

Γ
71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ
81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (31)



Ξ𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ

11
𝑖𝑚 Γ

12
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
21
𝑖𝑚 0 Φ(R𝑖) ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
31
𝑖𝑚 0 0 𝜀𝑖2Φ(R𝑖) ∗ ∗ · · · ∗ ∗ ∗

Γ
41
𝑖𝑚 0 0 0 𝜀𝑖3Φ(R𝑖) ∗ · · · ∗ ∗ ∗

Γ
51
𝑖𝑚 0 0 0 0 𝜀𝑖4Φ(R𝑖) · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ
61
𝑖𝑚 0 0 0 0 0 · · · 𝜀𝑖,𝑀+3Φ(R𝑖) ∗ ∗

Γ
71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ
81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (32)

−Q𝑖 +
∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(Q𝑖𝑙 − Q𝑖 𝑗 ) < 0, (33)

−Q𝑖 +
∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(Q𝑖𝑙 − Q𝑖 𝑗 ) < 0, (34)

where

Ξ𝑖𝑚,𝑚 =



Ξ
11
𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ ∗ · · · ∗
0 Ξ

22
𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗

Ξ
31
𝑖𝑚 0 Ξ

33
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗

Ξ
41
𝑖𝑚 0 Ξ

43
𝑖𝑚 Ξ

44
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ
51
𝑖𝑚 0 Ξ

53
𝑖𝑚 Ξ

54
𝑖𝑚 Ξ

55
𝑖𝑚 ∗ ∗ · · · ∗

Ξ
61
𝑖𝑚 0 Ξ

63
𝑖𝑚 −S4𝑖 S4𝑖 Ξ

66
𝑖𝑚 ∗ · · · ∗

Ξ
71
𝑖𝑚 0 0 0 0 0 Ξ

77
𝑖𝑚 · · · ∗

...
...

...
...

...
...

...
. . .

...

Ξ
𝑀+6,1
𝑖𝑚 0 0 0 0 0 0 · · · Ξ

𝑀+6,𝑀+6
𝑖𝑚



,
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Ξ𝑖𝑚,𝑚 =



Ξ
11
𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ ∗ · · · ∗
0 Ξ

22
𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗

Ξ
31
𝑖𝑚 0 Ξ

33
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗

Ξ
41
𝑖𝑚 0 Ξ

43
𝑖𝑚 Ξ

44
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ
51
𝑖𝑚 0 Ξ

53
𝑖𝑚 Ξ

54
𝑖𝑚 Ξ

55
𝑖𝑚 ∗ ∗ · · · ∗

Ξ
61
𝑖𝑚 0 Ξ

63
𝑖𝑚 −S4𝑖 S4𝑖 Ξ

66
𝑖𝑚 ∗ · · · ∗

Ξ
71
𝑖𝑚 0 0 0 0 0 Ξ

77
𝑖𝑚 · · · ∗

...
...

...
...

...
...

...
. . .

...

Ξ
𝑀+6,1
𝑖𝑚 0 0 0 0 0 0 · · · Ξ

𝑀+6,𝑀+6
𝑖𝑚



,

Ξ
11
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} + Q𝑖𝑚 + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖 +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ) (𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ),

Ξ
22
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ),

Ξ
11
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} + Q𝑖𝑚 + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖 +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ) (𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ),

Ξ
22
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ).

Case 2. If∧𝑚,𝑘 ≠ ∅ and∧
𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧

𝑚,𝑢𝑘 , for∀ 𝑗 ∈
∧
𝑚,𝑢𝑘 , we have

¥Ξ𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ

11
𝑖𝑚 Γ

12
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
21
𝑖𝑚 0 Φ(R𝑖) ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
31
𝑖𝑚 0 0 𝜀𝑖2Φ(R𝑖) ∗ ∗ · · · ∗ ∗ ∗

Γ
41
𝑖𝑚 0 0 0 𝜀𝑖3Φ(R𝑖) ∗ · · · ∗ ∗ ∗

Γ
51
𝑖𝑚 0 0 0 0 𝜀𝑖4Φ(R𝑖) · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ
61
𝑖𝑚 0 0 0 0 0 · · · 𝜀𝑖,𝑀+3Φ(R𝑖) ∗ ∗

Γ
71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ
81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (35)



¥Ξ𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ

11
𝑖𝑚 Γ

12
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
21
𝑖𝑚 0 Φ(R𝑖) ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
31
𝑖𝑚 0 0 𝜀𝑖2Φ(R𝑖) ∗ ∗ · · · ∗ ∗ ∗

Γ
41
𝑖𝑚 0 0 0 𝜀𝑖3Φ(R𝑖) ∗ · · · ∗ ∗ ∗

Γ
51
𝑖𝑚 0 0 0 0 𝜀𝑖4Φ(R𝑖) · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ
61
𝑖𝑚 0 0 0 0 0 · · · 𝜀𝑖,𝑀+3Φ(R𝑖) ∗ ∗

Γ
71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ
81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (36)
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𝑋𝑖𝑚 − 𝑋𝑖 𝑗 ≥ 0,Q𝑖𝑚 − Q𝑖 𝑗 ≥ 0, (37)
−Q𝑖 +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(Q𝑖𝑙 − Q𝑖 𝑗 ) < 0, (38)

−Q𝑖 +
∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(Q𝑖𝑙 − Q𝑖 𝑗 ) < 0, (39)

where

¥Ξ𝑖𝑚,𝑚 =



¥Ξ11
𝑖𝑚,𝑚

∗ ∗ ∗ ∗ ∗ ∗ · · · ∗
0 ¥Ξ22

𝑖𝑚,𝑚
∗ ∗ ∗ ∗ ∗ · · · ∗

Ξ
31
𝑖𝑚 0 Ξ

33
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗

Ξ
41
𝑖𝑚 0 Ξ

43
𝑖𝑚 Ξ

44
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ
51
𝑖𝑚 0 Ξ

53
𝑖𝑚 Ξ

54
𝑖𝑚 Ξ

55
𝑖𝑚 ∗ ∗ · · · ∗

Ξ
61
𝑖𝑚 0 Ξ

63
𝑖𝑚 −S4𝑖 S4𝑖 Ξ

66
𝑖𝑚 ∗ · · · ∗

Ξ
71
𝑖𝑚 0 0 0 0 0 Ξ

77
𝑖𝑚 · · · ∗

...
...

...
...

...
...

...
. . .

...

Ξ
𝑀+6,1
𝑖𝑚 0 0 0 0 0 0 · · · Ξ

𝑀+6,𝑀+6
𝑖𝑚



,

¥Ξ𝑖𝑚,𝑚 =



¥Ξ11
𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ ∗ · · · ∗
0 ¥Ξ22

𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗
Ξ

31
𝑖𝑚 0 Ξ

33
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗

Ξ
41
𝑖𝑚 0 Ξ

43
𝑖𝑚 Ξ

44
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ
51
𝑖𝑚 0 Ξ

53
𝑖𝑚 Ξ

54
𝑖𝑚 Ξ

55
𝑖𝑚 ∗ ∗ · · · ∗

Ξ
61
𝑖𝑚 0 Ξ

63
𝑖𝑚 −S4𝑖 S4𝑖 Ξ

66
𝑖𝑚 ∗ · · · ∗

Ξ
71
𝑖𝑚 0 0 0 0 0 Ξ

77
𝑖𝑚 · · · ∗

...
...

...
...

...
...

...
. . .

...

Ξ
𝑀+6,1
𝑖𝑚 0 0 0 0 0 0 · · · Ξ

𝑀+6,𝑀+6
𝑖𝑚



,

¥Ξ11
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} + Q𝑖𝑚 + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖 +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ) + 𝜋𝑚𝑚 (ℎ)(𝑋𝑖𝑚 − 𝑋𝑖 𝑗 ),

¥Ξ22
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ) + 𝜋𝑚𝑚 (ℎ) (𝑋𝑖𝑚 − 𝑋𝑖 𝑗 ),

¥Ξ11
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} + Q𝑖𝑚 + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖 +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ) + 𝜋𝑚𝑚 (ℎ)(𝑋𝑖𝑚 − 𝑋𝑖 𝑗 ),

¥Ξ22
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} +

∑
𝑙∈∧𝑚,𝑘

𝜋𝑚𝑙 (ℎ)(𝑋𝑖𝑙 − 𝑋𝑖 𝑗 ) + 𝜋𝑚𝑚 (ℎ) (𝑋𝑖𝑚 − 𝑋𝑖 𝑗 ).
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Case 3. If∧𝑚,𝑘 = ∅,∧𝑚,𝑢𝑘 ≠ ∅, 𝑚 ∈ ∧
𝑚,𝑢𝑘 , and there exist 𝑙 ≠ 𝑚 and 𝑙 ∈ ∧

𝑚,𝑢𝑘 , we have



Ξ̆𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗
Γ

11
𝑖𝑚 Γ

12
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
21
𝑖𝑚 0 Φ(R𝑖) ∗ ∗ ∗ · · · ∗ ∗ ∗

Γ
31
𝑖𝑚 0 0 𝜀𝑖2Φ(R𝑖) ∗ ∗ · · · ∗ ∗ ∗

Γ
41
𝑖𝑚 0 0 0 𝜀𝑖3Φ(R𝑖) ∗ · · · ∗ ∗ ∗

Γ
51
𝑖𝑚 0 0 0 0 𝜀𝑖4Φ(R𝑖) · · · ∗ ∗ ∗
...

...
...

...
...

...
. . .

...
...

...

Γ
61
𝑖𝑚 0 0 0 0 0 · · · 𝜀𝑖,𝑀+3Φ(R𝑖) ∗ ∗

Γ
71
𝑖𝑚 0 0 0 0 0 · · · 0 −Ř𝑖 ∗

Γ
81
𝑖𝑚 0 0 0 0 0 · · · 0 0 −R̂𝑖



< 0, (40)

where

Ξ̆𝑖𝑚,𝑚 =



Ξ̆11
𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ ∗ · · · ∗
0 Ξ̆22

𝑖𝑚,𝑚 ∗ ∗ ∗ ∗ ∗ · · · ∗
Ξ

31
𝑖𝑚 0 Ξ

33
𝑖𝑚 ∗ ∗ ∗ ∗ · · · ∗

Ξ
41
𝑖𝑚 0 Ξ

43
𝑖𝑚 Ξ

44
𝑖𝑚 ∗ ∗ ∗ · · · ∗

Ξ
51
𝑖𝑚 0 Ξ

53
𝑖𝑚 Ξ

54
𝑖𝑚 Ξ

55
𝑖𝑚 ∗ ∗ · · · ∗

Ξ
61
𝑖𝑚 0 Ξ

63
𝑖𝑚 −S4𝑖 S4𝑖 Ξ

66
𝑖𝑚 ∗ · · · ∗

Ξ
71
𝑖𝑚 0 0 0 0 0 Ξ

77
𝑖𝑚 · · · ∗

...
...

...
...

...
...

...
. . .

...

Ξ
𝑀+6,1
𝑖𝑚 0 0 0 0 0 0 · · · Ξ

𝑀+6,𝑀+6
𝑖𝑚



,

Ξ̆11
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} + Q𝑖𝑚 + 𝜏𝑀Q𝑖 − 4(1 + 𝜇𝑖)R𝑖 + 𝑎𝑚𝜋𝑙𝑙 (ℎ)(𝑋𝑖𝑚 − 𝑋𝑖 𝑗 ),

Ξ̆22
𝑖𝑚,𝑚 = 𝑠𝑦𝑚{A𝑖𝑚𝑋𝑖𝑚} + 𝑎𝑚𝜋𝑙𝑙 (ℎ)(𝑋𝑖𝑚 − 𝑋𝑖 𝑗 ).
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In addition, the other scalars are given as follows

Ξ
31
𝑖𝑚 =

𝑀∑
𝑞=1

(𝑌 𝑞𝑖𝑚)
TBT

𝑖𝑚 − 2(1 + 𝜇𝑖)R𝑖 − S1𝑖 − S2𝑖 − S3𝑖 − S4𝑖 ,

Ξ
33
𝑖𝑚 = −2(4 + 𝜇𝑖)R𝑖 + 2S1𝑖 − 2S2𝑖 + 2S3𝑖 − 2S4𝑖 ,Ξ

41
𝑖𝑚 = S1𝑖 + S2𝑖 − S3𝑖 − S4𝑖 ,

Ξ
43
𝑖𝑚 = −2(2 − 𝜇𝑖)R𝑖 − S1𝑖 + S2𝑖 + S3𝑖 − S4𝑖 ,Ξ

44
𝑖𝑚 = −Q𝑖𝑚 − 4(2 − 𝜇𝑖)R𝑖 ,

Ξ
51
𝑖𝑚 = S3𝑖 + S4𝑖 , Ξ̃

53
𝑖𝑚 = −S3𝑖 + S4𝑖 + 3(2 − 𝜇𝑖)R𝑖 ,Ξ

54
𝑖𝑚 = 3(2 − 𝜇𝑖)R𝑖 ,Ξ

55
𝑖𝑚 = −3(2 − 𝜇𝑖)R𝑖 ,

Ξ
61
𝑖𝑚 = 3(1 + 𝜇𝑖)R𝑖 ,Ξ

62
𝑖𝑚 = S2𝑖 + 3(1 + 𝜇𝑖)R𝑖 ,Ξ

66
𝑖𝑚 = −3(1 + 𝜇𝑖)R𝑖 ,

Ξ
71
𝑖𝑚 = 𝑌1

𝑖𝑚
TBT

𝑖𝑚 ,Ξ
77
𝑖𝑚 = −𝜃0𝛾1Ω𝑖 ,Ξ

𝑀+6,1
𝑖𝑚 = 𝑌𝑀𝑖𝑚

TBT
𝑖𝑚 ,Ξ

𝑀+6,𝑀+6
𝑖𝑚 = −𝜃0𝛾𝑀Ω𝑖 ,

Γ
11
𝑖𝑚 =

[
𝑋𝑖𝑚GT

𝑖 𝑗𝑚 0 0 0 0 0 0 · · · 0
]
,

Γ
12
𝑖𝑚 = −(𝑁 − 1)−1𝑑𝑖𝑎𝑔{𝜀−1

𝑖1 𝑋𝑖𝑚 , · · · , 𝜀−1
𝑗1 𝑋𝑖𝑚 , 𝑗≠𝑖 , · · · , 𝜀−1

𝑁1𝑋𝑖𝑚},

Γ
21

= 𝜏𝑀
[
A𝑖𝑚𝑋𝑖𝑚 0 B𝑖𝑚

∑𝑀
𝑞=1𝑌

𝑞
𝑖𝑚 0 0 0 B𝑖𝑚𝑌1

𝑖𝑚 · · · B𝑖𝑚𝑌𝑀𝑖𝑚
]
,

Γ
31
𝑖𝑚 = 𝜏𝑀

[
A𝑖𝑚𝑋𝑖𝑚 0 0 0 0 0 0 · · · 0

]
,

Γ
41
𝑖𝑚 = 𝜏𝑀

[
0 0 B𝑖𝑚

∑𝑀
𝑞=1𝑌

𝑞
𝑖𝑚 0 0 0 0 · · · 0

]
,

Γ
51
𝑖𝑚 = 𝜏𝑀

[
0 0 0 0 0 0 B𝑖𝑚𝑌1

𝑖𝑚 · · · 0
]
,

Γ
61
𝑖𝑚 = 𝜏𝑀

[
0 0 0 0 0 0 0 · · · B𝑖𝑚𝑌𝑀𝑖𝑚

]
,

Γ
71
𝑖𝑚 = 𝜏𝑀

[
G𝑖 𝑗𝑚𝑋𝑖𝑚 0 0 0 0 0 0 · · · 0

]
,

Ř𝑖 = −(𝑁 − 1)−1𝑑𝑖𝑎𝑔{(1 + 𝜀𝑖2 + 𝜀𝑖3 + · · · + 𝜀𝑖,𝑀+3)−1Φ(R1), · · · , (1 + 𝜀 𝑗2 + 𝜀 𝑗3 + · · · + 𝜀 𝑗 ,𝑀+3)−1Φ(R 𝑗 ), 𝑗 ≠ 𝑖,
· · · , (1 + 𝜀𝑁2 + 𝜀𝑁3 + · · · + 𝜀𝑁,𝑀+3)−1Φ(R𝑁 )},
Φ(R 𝑙) = −2𝛼𝑖𝑋𝑖𝑚 + 𝛼2

𝑖 𝑅𝑙 , 𝑙 = {1, · · · , 𝑗 ( 𝑗 ≠ 𝑖), · · · , 𝑁},

Γ
81
𝑖𝑚 =


0 0 S1𝑖 + S3𝑖 −S1𝑖 + S3𝑖 −S3𝑖 0 0 · · · 0
0 0 S2𝑖 + S4𝑖 −S2𝑖 + S4𝑖 −S4𝑖 0 0 · · · 0

S1𝑖 + S3𝑖 0 −S1𝑖 + S3𝑖 0 0 −S3𝑖 0 · · · 0
S2𝑖 + S4𝑖 0 −S2𝑖 + S4𝑖 0 0 −S4𝑖 0 · · · 0


,

R̂𝑖 = 𝑑𝑖𝑎𝑔{−(1 − 𝜇𝑖)−1R𝑖 ,−3(1 − 𝜇𝑖)−1R𝑖 ,−𝜇−1
𝑖 R𝑖 ,−3𝜇−1

𝑖 R𝑖}.

Furthermore, the memory controller gain matrix is 𝐾𝑞𝑖𝑚 = 𝑌 𝑞𝑖𝑚𝑋
−1
𝑖𝑚 .

Proof : Define 𝑋𝑖𝑚 = P−1
𝑖𝑚 , then pre-multiplying and post-multiplying (15),(17),(20) with 𝑑𝑖𝑎𝑔{𝑋𝑖𝑚 , · · · , 𝑋𝑖𝑚 ,R−1

𝑖

R−1
𝑖 ,R−1

𝑖 ,R−1
𝑖 ,R−1

𝑖 ,R−1
𝑖 , 𝑋𝑖𝑚 , 𝑋𝑖𝑚 , 𝑋𝑖𝑚 , 𝑋𝑖𝑚} respectively, and define 𝑌𝑖𝑚 = 𝐾𝑖𝑚𝑋𝑖𝑚 ,R𝑖𝑚 = 𝑋𝑖𝑚R𝑖𝑚𝑋𝑖𝑚 ,Q𝑖𝑚 =

𝑋𝑖𝑚Q𝑖𝑚𝑋𝑖𝑚 ,S1𝑖 = 𝑋𝑖𝑚S1𝑖𝑋𝑖𝑚 ,S2𝑖 = 𝑋𝑖𝑚S2𝑖𝑋𝑖𝑚 ,S3𝑖 = 𝑋𝑖𝑚S3𝑖𝑋𝑖𝑚 ,S4𝑖 = 𝑋𝑖𝑚S4𝑖𝑋𝑖𝑚 ,Q𝑖 = 𝑋𝑖𝑚Q𝑖𝑋𝑖𝑚 ,Ω𝑖 =
𝑋𝑖𝑚Ω𝑖𝑋𝑖𝑚 . According to Schur complement and Lemma 2, and considering 𝜋𝑚𝑙 (ℎ) ∈ [𝜋𝑚𝑙 (ℎ), 𝜋𝑚𝑙 (ℎ)],
(31), (32), (35), (36), (40) can be obtained. This completes the proof.

Remark 4. For a given dwell time ℎ, the TR 𝜋𝑚𝑙 (ℎ) can be regarded as a linear combination of its upper and
lower bounds, namely 𝜋𝑚𝑙 (ℎ) = 𝛽1𝜋𝑚𝑙 (ℎ) + 𝛽2𝜋𝑚𝑙 (ℎ), where 𝛽1 + 𝛽2 = 1 and 𝛽1 > 0, 𝛽2 > 0. We can change
𝛽1 and 𝛽2 to get the corresponding value of 𝜋𝑚𝑙 (ℎ).

Remark 5. Theorem 2 presents a solution algorithm in terms of linear matrix inequality to obtain the con-
troller gains. However, the transition probability in Case 3 is completely unknown. We introduce 𝑎𝑚𝜋𝑙𝑙 (ℎ) to
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replace the unknown 𝜋𝑚𝑚 (ℎ), in which 𝑎𝑚 is a parameter to be estimated. If this case exists, we can obtain the
estimation value of parameter 𝑎𝑚 by employing the optimization algorithm in [24].

4. SIMULATION EXAMPLE
This section will give an example to verify the feasibility of the above theoretical results. We consider a
semi-Markovian interconnected system composed of three subsystems, and the relevant parameters are as
follows [23]:

A11 =

[
0 5

−9.81 −1

]
,A12 =

[
0 5

−0.31 −1

]
,A21 =

[
0 5

−9.81 −1.4

]
,A22 =

[
0 5

−0.31 −1.4

]
,

A31 =

[
0 5

−9.81 −0.5

]
,A32 =

[
0 5

−0.31 −0.5

]
,B11 = B12 =

[
0

0.5

]
,B21 = B22 =

[
0

0.4

]
,

B31 = B32 =

[
0

0.33

]
,G121 =

[
0 0
1 0

]
,G122 =

[
0 0
1 0

]
,G211 =

[
0 0

0.8 0

]
,G212 =

[
0 0

0.8 0

]
,

G311 =

[
0 0

0.5 0

]
,G312 =

[
0 0

0.5 0

]
.

The transition probability matrix of system (10) is
[

? ?
𝜋21(ℎ) 𝜋22(ℎ)

]
, where ”?” represents a completely un-

known transition probability, and 𝜋21(ℎ) ∈ [0.4, 0.7], 𝜋22(ℎ) ∈ [−0.6,−0.3]. The scalars and positive matrix
are chosen as 𝜏𝑀 = 0.1, 𝑎𝑚 = 0.5, 𝛾 = 0.8, 𝜀𝑖1 = 𝜀𝑖2 = 𝜀𝑖3 = 𝜀𝑖4 = 1, 𝛾𝑞 = 20 and 𝑅𝑖 = 𝐼 , respectively. By solv-
ing LMIs in Theorem 2, the weighting matrices in equation (4) are Ω1 = 0.3844,Ω2 = 0.3839,Ω3 = 0.3792,
and the corresponding controller gains are

𝐾1
11 =

[
0.1456 −0.2717

]
, 𝐾2

11 =
[
−0.2089 −0.3153

]
,

𝐾1
12 =

[
−3.5900 −15.3939

]
, 𝐾2

12 =
[
−3.6974 −15.8393

]
,

𝐾1
21 =

[
0.1452 −0.2697

]
, 𝐾2

21 =
[
−0.2548 −0.3342

]
,

𝐾1
22 =

[
−2.6929 −12.1132

]
, 𝐾2

22 =
[
−2.7779 −12.4794

]
,

𝐾1
31 =

[
0.2304 −0.2927

]
, 𝐾2

31 =
[
−0.1659 −0.3184

]
,

𝐾1
32 =

[
−1.9339 −12.7768

]
, 𝐾2

32 =
[
−1.9851 −13.0934

]
.

The initial conditions are given as 𝑥1(0) =
[
−0.45 0.85

]T
, 𝑥2(0) =

[
0.5 −0.5

]T
, 𝑥3(0) =

[
−0.95 0.55

]T.
Figure 2 shows the states response of dynamicMETMwithM=2. To illustrate the effectiveness of the designed
method, Figure 3 presents the state’s response without control input. Figure 4 plots the control input of the sys-
tems. Figure 5 shows the switching states of the semi-Markovian process. Figure 6 depicts the data-releasing
instants and intervals of dynamic METM with M=2. Figure 7 describes the instants and intervals of memory-
less ETM (the case of M = 1). From Figure 6 and Figure 7, we can see that the event-triggered times for M=2
are significantly less than the case of M=1, which illustrates that the dynamic METM has more advantages in
reducing the number of released signals.

5. CONCLUSION
In this paper, a dynamicMETMhas been drawn for the decentralized control of interconnected semi-Markovian
systems with partially accessible TRs. Considering both the dynamic METM and partially accessible TRs, a
new kind of interconnected semi-Markovian system model has been designed. By applying the Lyapunov
function theory and the LMI techniques, some sufficient conditions have been obtained to ensure the pro-
posed system is asymptotical stability. Meanwhile, the controller gain matrices and the parameters of dynamic
METM are also solved simultaneously. Finally, a simulation example has been used to verify the effectiveness
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Figure 2. The state’s response of dynamic METM with M = 2. METM: memory event-triggered mechanism.
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Figure 3. The state’s response without control input.
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Figure 4. The control input of the three systems.

of the developed method, which illustrates the proposed dynamic METM can save more network resources
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Figure 5. The switching state of the semi-Markovian process.
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Figure 6. The data-releasing instants and intervals of dynamic METM with M = 2. METM: memory event-triggered mechanism.
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Figure 7. The instants and intervals of memoryless ETM (the case of M = 1). ETM: event-triggered mechanism.

than the memoryless event-triggered mechanism.
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In the future, wewill pay attention to the distributedmemory event-triggered control design for interconnected
systems via the observer method. Moreover, the memory event-triggered security control problem for the
interconnected Markovian jump systems with cyber attacks is also an interesting issue, which is left to be
developed.
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