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Abstract
Optimizing sampling efficiency is crucial for solving complex material design challenges, especially with a limited ex-
perimental budget. This study focuses on improving sampling efficiency by reducing the search space for carbide-free
bainitic steels through the uncertainty-aware modeling of constraints. These constraints include avoiding the forma-
tion of undesirable competing phases such as carbides, ferrite, and martensite, as well as accounting for practical
limitations on phase transformation durations. Experimental data, obtained through dilatometry and metallography,
inform most constraints, except for the presence of carbides. To model these constraints, we use machine learning
(ML)models trained on a combination of newly acquired experimental data and experimental data from the literature.
Predicting properties in unexplored regions of the design space can lead to inaccuracies. Thus, reliable uncertainty
quantification is essential to avoid excluding parts of the design space due to overconfident erroneous predictions. To
address this, we employ conformal prediction (CP), a distribution-free framework that provides calibrated post-hoc
uncertainty estimates for the different ML models, ensuring reliable extrapolations without prematurely excluding
viable design regions. This approach achieves a reduction ranging from 80% to more than 99% depending on the
strictness of the employed criteria reduction in the search space, greatly enhancing sampling efficiency without com-
promising reliability.
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INTRODUCTION
Iterative optimization loops, such as Bayesian optimization, are an effective tool for material discovery and
property optimization [1]. These approaches rely on surrogate models as computationally efficient approxima-
tions of the true objective function. Since evaluating the true objective requires costly experiments, surrogate
models facilitate property estimation in the design space by using prior knowledge and experimental data [2–7].
With each iteration, newly acquired data refines the approximation of the surrogate model, enabling more
informed sampling [1]. The search space, often represented as a hypercube, includes all possible input config-
urations considered during optimization. It is a crude approximation of the true design space, which is an
optimized subset of configurations that meet specific criteria and constraints set by the design objectives.

In steel, different microstructures can form despite having the same chemical composition by varying process
parameters, such as heat treatment. Depending on the microstructure, diverse mechanisms may govern the
same property, resulting in multiple process-microstructure-property relationships [8,9]. For this reason, steels
are classified into different types [10]. Beyond that, when multiple microstructures coexist, their properties
mostly do not exhibit simple additive behavior [11–13], creating significant modeling challenges, which can lead
to poor generalization abilities of models. In material design, especially when using methods that rely on
model predictions, such as Bayesian optimization, this can lead to sampling in uninformative or practically
infeasible regions, reducing optimization efficiency and wasting resources. To address this, a preselection of a
steel type is necessary, allowing models to generalize property predictions more effectively.

In the present work, we focus on carbide-free bainitic (CFB) steel, a promising and cost-effective type of ad-
vanced high-strength steel. Its microstructure is primarily composed of bainitic ferrite and retained austenite,
with minimal carbide content [14]. Rather than optimizing for specific properties, this work focuses on classify-
ing points within the search space as either CFB or non-CFB. Additionally, we incorporate constraints based
on industrial manufacturing requirements, in particular, the bainitic phase transformation time. These con-
straints lead to non-trivial boundaries of the design space [15], within which chemical compositions and heat
treatment parameters can be optimized for desired properties. This ensures that Bayesian optimization focuses
exclusively on industrially feasible samples that lead to valid CFB steels. Somemethods activelymodel the valid
design space either during [16] or before optimization [6]. However, these approaches often rely on the inten-
tional generation of non-valid samples to refine boundary definitions, which can be resource-intensive. In our
work, we model the individual physical processes required to produce CFB steel, breaking down the overall
classification problem (CFB vs. non-CFB steel) into simpler sub-problems. This modular approach facilitates
the integration of domain-specific knowledge or physics and enables more effective use of experimental data.
For instance, a prerequisite for achieving CFB steel is a complete transformation to austenite without the for-
mation of carbide or ferrite. This constraint can be modeled independently of subsequent processing steps,
enabling the use of physical models or literature data unrelated to bainitic steel.

As the availability of accurate physical models is limited for the given problems, we use machine learning
(ML) models to predict the constraints from experimental data produced in the present work and from the
literature. However, ML models often perform poorly when the distribution of the training data differs from
that encountered during testing or deployment (e.g., novel material compositions or processing parameters).
This is referred to as distribution shifts [17,18] and requires the model to extrapolate. In such cases, learned
correlations of the model from the training data may no longer hold, leading to inaccurate predictions. One
approach to addressing this issue is to improve model generalization and extrapolation capabilities by incor-
porating physical knowledge, although this can be challenging and is not always feasible [19]. Alternatively,
distribution shifts can be detected, and the confidence levels of predictions can be adjusted accordingly to ac-
count for uncertainty. By providing uncertainty estimates, we mitigate the risk of incorrect decisions resulting
from overconfident, erroneous predictions by ML models. In our application, this ensures that potentially
valuable material compositions, for which the ML models are uncertain or unreliable, are not prematurely
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discarded.

Uncertainty estimates in practical applications often suffer from calibration issues - this refers to a mismatch
between the predicted uncertainty intervals and the actual probability that the true value falls within those
intervals [20]. For example, if a model predicts a 90% confidence interval, but the true value only falls within
the interval 70% of the time, the model is considered poorly calibrated. This undermines the reliability of
predictions and can lead to suboptimal decisions. To address this, we employ conformal prediction (CP) [21,22],
a distribution-free method that calibrates uncertainty estimates to guarantee valid prediction intervals with
specified coverage probabilities. To further increase robustness regarding distribution shifts, we extend this
approach with distance-aware uncertainty estimates [23]. By incorporating a distance metric between the test
data points and the training data, we assign higher uncertainty scores to test points that are far away from our
training set.

Using this framework, we evaluate the performance of various ML models - including Gaussian processes
regression, random forests (RFs), gradient boosting machines, linear and polynomial regression, neural net-
works (NNs), and support vectormachines (SVM)- for predicting the aforementioned constraints. Themodels
are compared in terms of predictions and prediction intervals. To the best of our knowledge, no prior work
has emphasized the importance of addressing distributional uncertainty arising from distribution shifts in the
Bayesian optimization for material discovery of material compositions and process parameters. For a confi-
dence level of 90%, the search space can be reduced by 80%.

Importantly, this method serves as a versatile extension to any predictor within the Bayesian optimization
framework, offering uncertainty estimates that are more robust to distributional shifts.

MATERIALS AND METHODS
Design problem
In the present work, we are modeling the design space of CFB steels. In this steel type, the carbide precipitation
is suppressed during bainitic transformation by adding silicon [24] or aluminum [25,26], and it is defined as having
at least 1 wt.% silicon. The retained austenite is stabilized by carbon, which is redistributed during the bainitic
transformation from bainitic ferrite to retained austenite [14]. We place a lower limit of carbon concentration
to ensure some retained austenite. Additionally, considered alloying elements are Si, Mn, Cr, Mo, Al and V,
excluding critical raw elements such as Ni, W and Co [Table 1]. Furthermore, CFB steel is intended to exhibit
relatively low overall alloying content. Therefore, the total concentration of alloying elements, denoted as∑

wt.%, is restricted to a maximum of 10 wt.%. We decided to focus on two representative processes: isothermal
holding or austempering which is shown in Figure 1A and continuous cooling which is shown in Figure 1B.

As illustrated schematically, the sample is heated up to an austenitization temperature, typically above 800 °C
and held for a duration 𝑡A to obtain the high-temperature phase of steel, austenite (A). Subsequently, the sample
is either rapidly and continuously cooled to an isothermal holding temperature 𝑇iso or continuously cooled
directly to room temperature with a cooling rate ¤𝑇 to obtain ferrite/Pearlite (F/P), bainite (B), martensite (M)
microstructures or a mixture of both. Both processes have an upper time limit: the isothermal process is
limited by a maximum holding time max(𝑡iso), while the continuous cooling process is limited by a maximum
cooling rate max( ¤𝑇). This defines the search space in the present work, which is summarized in Table 1.

The requirement for the sample to be only bainitic (B) can be expressed by a list of constraints, which are listed
below and, if applied to the search space, yield the design space. As can be seen in Figure 1, both processes
have windows for the process parameters, which are composition-dependent.
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Table 1. Search space

C Si Mn Cr Al V Mo ∑
wt.% Tiso

¤T

Unit wt.% wt.% wt.% wt.% wt.% wt.% wt.% wt.% °C °C/s
Min 0.2 1 0 0 0 0 0 1.2 250 0.1
Max 1 4 4 4 4 0.5 4 10 600 25

Figure 1. Temperature profile (in black) for the processes leading to the formation of CFB, along with time/temperature regions where
constraints apply: (A) isothermal holding (austempering) and (B) continuous cooling. Colored regions indicate phases: Ferrite/Pearlite
(F/P), Bainite (B), and Martensite (M). The constraints are enumerated by C1-C7. CFB: Carbide-free bainite.

C1 - Homogeneity of austenitization
For the present modeling approach of CFB steels, a complete transformation to the austenite phase without
the formation of additional phases such as carbides or ferrite is necessary. This can be expressed as

∃ 𝑇A ∈ R such that 𝑓austenite(𝑇A) = 1 , (1)

where 𝑓austenite is the austenite phase fraction. To fulfill this requirement, it must be ensured that ferrite-
stabilizing elements such as chromium or molybdenum do not stabilize ferrite up to the melting temperature
and carbide forming elements do not stabilize carbides. Extensive data on the occurrence of carbides, austenite,
and ferrite is encoded in thermodynamic databases with the CALPHAD approach [27,28], which will be used for
this constraint. However, predictions from CALPHAD databases are not without limitations. To account for
uncertainties, it is common practice to include a safetymargin of 50 °C. Applying this margin to both the upper
and lower bounds of a temperature range results in an effective window of 100 °C. For practical applications,
this temperature window should lie between 800 and 1,200 °C, resulting in the constraint

∃ 𝑇A ∈ [800, 1200] such that 𝑓austenite(𝑇) = 1 ∀ 𝑇 ∈ [𝑇A − 50, 𝑇A + 50] . (2)

This constraint is implicitly fulfilled in most works considering CFB steels.

C2 - Bainite start temperature
The occurrence of bainite is limited by a maximum temperature, the bainite start temperature 𝐵S. This can be
formulated as

𝑇iso < 𝐵𝑆 (𝑤𝐶,0, {𝑤}) , (3)

with 𝑤𝐶,0 as the initial carbon concentration of the alloy and 𝑤 = {𝑤Si, 𝑤Mn, 𝑤Cr, 𝑤Mo, ...} as the concentra-
tions of the other alloying elements. For the isothermal process, this is the upper bound of the temperature

http://dx.doi.org/10.20517/jmi.2024.90


Schuscha et al. J. Mater. Inf. 2025, 5, 28 I http://dx.doi.org/10.20517/jmi.2024.90 Page 5 of 26

range. The bainite start temperature is modeled either by data-driven [29,30] or by physical models based on
different theories [14,31,32]. However, it was found that there is no significant difference between a linear regres-
sion model and more physically based approaches [31]. For this reason, different ML models are tested in this
work.

C3 - Martensite start temperature of the initial alloy
The martensite start temperature is the lower limit of the process window for the isothermal process. This
boundary is given by

𝑇iso > 𝑀𝑆 (𝑥𝐶,0, {𝑥}𝑖) . (4)
There are a multitude of models for the martensite start temperature available in literature based on ML and
thermodynamic modeling [29,33] with reasonable prediction accuracy. However, none of them are provided in
an executable form and ready to use out of the box.

C4 - Bainite transformation time
Depending on the chemical composition (𝑥𝐶,0, {𝑥}𝑖) and the isothermal holding temperature 𝑇iso, the trans-
formation time for the bainitic phase transformation can vary by several orders of magnitude, ranging from
seconds to weeks. To ensure that the transformation is nearly complete, we have chosen the time required to
achieve 90% of the transformation as the basis for the time constraint in Table 2. This can be expressed as

𝑡90%(𝑤𝐶,0, {𝑤}, 𝑇iso) < 10800 s (3 h) . (5)

Several works have attempted to predict this property using purely data-driven, phenomenological, or physics-
based models [34–38], but with little to no extrapolative prediction quality and none that are ready to use out of
the box.

C5 - Martensite start of retained austenite for the isothermal case
The martensite start temperature is the same phenomenon as in constraint C3, but for the retained (=remain-
ing) austenite after the bainitic phase transformation. During this transformation, the retained austenite is
enriched with carbon, which lowers its martensite start temperature. This can be expressed as

𝑀𝑆,𝑅𝐴 (𝑤𝐶 (𝑇iso), {𝑤}) < 25 ◦C , (6)

where 𝑤𝐶 (𝑇iso) is the carbon concentration after a bainitic transformation. It is based on the same models as
the martensite start temperature of the initial alloy, but a redistribution of carbon during the bainitic transfor-
mation has to be considered. This can be modeled using the 𝑇0 concept [14].

C6 - Critical cooling rate of ferrite and pearlite
The critical cooling rate is the lowest cooling rate at which F/P can occur. It is determined from a continuous
cooling transformation (CCT) diagram.

¤𝑇 > ¤𝑇crit(𝑥𝐶,0, {𝑥}𝑖) (7)

When designing new steels, it provides information about the process windows. There have been efforts to
predict the occurrence of phases during continuous cooling, either with regression [34,35] or other ML meth-
ods [36–38].

C7 - Martensite start of retained austenite for the continuous cooled case
Constraint C7 represents the martensite start temperature of retained austenite in the continuous cooling
process. Modeling this would require predicting the kinetics of carbide-free bainite formation and the redis-
tribution of carbon in retained austenite as functions of the cooling rate. Currently, there is neither a suitable
predictive model nor sufficient data available to address this, and hence it was excluded from this work. As
a result, the predictions in this study do not account for a maximum cooling rate, which will result in an
overestimation of the design space size for continuously cooled carbide-free bainite.
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Data generation for C1 - homogeneity of austenitization
The stability and occurrence of carbides, austenite, and ferrite phase is modeled in thermodynamic databases.
TheMatCalc Software [28] and database (mc_fe version 2.061 [39]) are used to calculate equilibrium temperature
scans for a surrogate model to increase in evaluation speed. The MatCalc simulation considers the following
phases in the scan for the austenitization temperature: liquid, austenite, ferrite, cementite, and several other
carbides (M6C, M7C3, M23C6, LAVES_Phase, K_CARB, and FCC_A1#01). For each alloy composition, a
temperature scan of equilibrium calculations is performed starting at a temperature of 1,873 °C and a step size
of 2 °C.

Evaluation of carbon redistribution for C4
For a given isothermal holding temperature (𝑇), the retained austenite during bainitic transformation is en-
riched with carbon until a maximum 𝑤𝐶 (𝑇), at which point the driving force for the transformation is com-
pletely consumed. This can be interpreted as the bainite start temperature of the alloy with the enriched carbon
concentration

𝑤𝐶 : 𝑇 = 𝐵𝑠(𝑤𝐶 (𝑇), {𝑤}) . (8)

The carbon enrichment of the retained austenite stabilizes it against martensite transformation during cooling
to room temperature. This explains the difference between themartensite start of the initial alloy𝑀𝑆 (𝑤𝐶,0, {𝑤})
and of the retained austenite𝑀𝑆,𝑅𝐴 (𝑤𝐶 (𝑇), {𝑥}). Both aremodeled similarly, but for the retained austenite, the
carbon enrichment 𝑤𝐶 (𝑇) must be predicted. This can be done with a bainite start model (C2), but the model
is strongly extrapolated for carbon concentrations. Therefore, the best-performing physical-based displacive
bainite start model from Ref. [31] paired with the mc_fe version 2.061 database [39] is used for the prediction.

Experimental data
The data used in this work consists of experimental data from literature, as well as experimental data produced
in this work. The experimental details for the production of the samples are described in Ref. [31]. The alloys
were fabricated using a high-frequency remelting furnace (HRF), the “PlatiCast-600-Vac,” from the Linn High
Therm GmbH, Germany [40,41]. Approximately 450 g of each alloy, shaped into 26.5 mm × 26.5 mm × 90
mm ingots, was melted using high-purity raw materials. The process took place in a pure alumina crucible
under an argon atmosphere at five atmospheres overpressure. The molten material was centrifugally cast into
a cold copper mold, resulting in highly homogeneous samples due to the combination of inductive melting,
centrifugal casting, and rapid solidification.

Chemical composition analyses, detailed in Table 2, are performed using optical emission spectroscopy (OES,
model OBLF QSG 750). To ensure a consistent initial microstructure, the raw samples underwent heat treat-
ment in an argon-purged chamber furnace. This included diffusion annealing at 1,200 °C for four hours,
achieved with a heating rate of 300 °C/s. Following this, the samples were removed from the furnace and
allowed to cool freely to room temperature. To further refine the coarse-grained microstructure, a normal-
ization annealing was conducted at 960 °C - at least 50 °C above the previously calculated Ae3 temperature -
for 50 min, followed by free cooling to room temperature. Metallographic examination of the resulting ingots
confirmed a uniform microstructure.

Cylindrical dilatometer samples with a diameter of 4 mm and a length of 10 mm are produced. The heat
treatment and measurement is done with a TA Instruments DIL 805 A dilatometer in vacuum. The samples
are austenitized for 30 min at 960 °C with a heating rate of 2 K/s. The bainite start temperature was mea-
sured for selected compositions, with the methods described in Ref. [31]. The region of carbide free bainitic
steels was determined with various isothermal and continuous cooled experiments by observing the region of
ferrite/pearlite and martensite.

The evaluation of the martensite start temperature of the initial alloy, the martensite start temperature of the re-
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Table 2. Composition of all alloying elements in wt.% of model alloys

Name C Si Mn Cr Mo Al V

S1 0.21 1.64 0.87 1.19 0.64 0.03 0.11
S2 0.30 1.65 0.88 1.18 0.67 0.03 0.11
S3 0.41 1.66 0.88 1.21 0.67 0.03 0.11
S4 0.52 1.71 0.91 1.22 0.69 0.04 0.11
S5 0.60 1.65 0.88 1.19 0.67 0.03 0.11
S6 0.39 3.09 0.92 1.24 0.69 0.03 0.10
S7 0.39 1.5 1.94 0.52 0.67 0.03 0.10
S8 0.38 1.15 0.90 1.19 0.67 0.03 0.11
S9 0.82 1.37 0.31 0.01 0.56 0.84 0.00
S10 0.45 2.99 0.23 0.12 1.86 0.03 0.02
S11 0.65 1.83 0.38 0.29 1.56 0.02 0.01
S12 0.41 1.52 0.91 1.21 0.67 0.09 0.48
S13 0.69 2.59 0.65 0.59 0.00 0.01 0.00
S14 0.39 1.52 3.39 0.53 0.73 0.01 0.09
S15 0.69 3.03 1.02 0.12 0.84 2.01 0.00
S16 0.73 3.25 1.36 0.00 0.45 1.91 0.00
S17 1.05 1.58 2.47 0.04 0.65 1.24 0.04
S18 1.11 1.69 2.58 0.09 0.01 2.42 0.00
S19 0.70 3.86 1.99 0.04 0.05 1.22 0.02
S20 0.57 3.99 1.16 0.02 0.86 1.30 0.00
S21 0.70 0.00 0.63 0.59 0.00 2.59 0.00

Table 3. List of employed ML models

Task Models

Classification Logistic regression; RF; XGBoost; SVM; NN

Regression - local GPR (RBF kernel); RF; LGBM

Regression - global
Linear regression; polynomial regression; NN; monotone NN;

GPR (RBF kernel + LM); GPR (polynomial kernel);

ML: Machine learning; RF: random forest; SVM: support vector
machine; NN: neural network; GPR: Gaussian process regres-sion; RBF:
LGBM: light gradient boosting machine.

tained austenite phase and the occurrence of the F/P phase is done with the tangent method [42] and supported
by metallography.

ML models
The ML models used in this work include Gaussian process regression (GPR) [43,44], linear regression, poly-
nomial regression, logistic regression, RFs [45], gradient boosting machines [XGBoost, light gradient boosting
machine (LGBM)] [46,47], NNs [48], monotone NNs [49], and SVM [50]. A full list can be seen in Table 3. There
are fundamentally two types of models: local models, which predict the target based on its proximity to neigh-
boring data points, and global models, which capture overarching trends in the data.

Each of the constraints (C1 to C6) corresponds to a classification problem, where the task is to determine
whether the input sample should be accepted or rejected. However, the way experimental data is reported in
the literature, combined with the nature of the experiments producing this data, results in a significant class
imbalance. For example, more data points are reported with a transformation time of less than three hours than
with a time greater than three hours, due to the high cost of the experiments. Thus, we use regression models
to predict continuous values for constraints C2 to C6, which are then thresholded to classify the samples into
binary categories (accept/reject).

Except for C1, where data is sampled from a thermodynamic model, no physics-based models for the remain-
ing constraints significantly outperform ML approaches. Since this work evaluates points across the entire
search space defined in Table 2, the model operates in an extrapolative regime, which presents challenges in

http://dx.doi.org/10.20517/jmi.2024.90


Page 8 of 26 Schuscha et al. J. Mater. Inf. 2025, 5, 28 I http://dx.doi.org/10.20517/jmi.2024.90

UNCERTAINTY DUE
TO DATA NOISE

(A) Aleatoric uncertainty

UNCERTAINTY DUE
TO UNDERFITTING

(B)Model uncertainty

UNCERTAINTY DUE
TO MISSING DATA

ptrain(x)
ptest(x)

(C) Distributional uncertainty

Figure 2. Illustrations of different types of uncertainty in model predictions.

ensuring reliable predictions beyond the training domain. For constraints C2 to C5, we assume that the quan-
tities follow (at least approximately) a general trend and exhibit monotonicity. For example, if an alloy with
2 wt.% Mn fails to satisfy constraint C4, increasing Mn to 4 wt.% is also assumed to fail C4. This highlights a
key challenge for local models, which may struggle to capture such trends in regions with sparse data or when
extrapolating beyond the training domain. As a result, global models are better suited for addressing these
constraints.

Another issue is the substantial degree of extrapolation required by the models, potentially resulting in in-
accurate predictions. Thus, we also require reliable uncertainty estimation to avoid premature exclusion of
valid samples. Popular methods for uncertainty estimation include probabilistic and Bayesian approaches
(e.g., GPR). One advantage of GPRs with appropriate kernel functions is their ability to express a relationship
between distance from the training data and uncertainty [51]. In GPR, predictions take the form of a Gaussian
distribution N(𝜇(𝑥), 𝜎2(𝑥)), with 𝜇(𝑥) representing the mean prediction and 𝜎2(𝑥) denoting the variance.
We use the standard deviation 𝜎(𝑥) as an uncertainty measure, i.e., 𝑢(𝑥) = 𝜎(𝑥). However, GPR uncertainty
estimates are reliable only if the model is well specified [20]. This means the chosen kernel, likelihood func-
tion, and hyperparameters must align with the true data-generating process. For example, if the kernel fails
to match the actual smoothness of the data, the resulting uncertainty estimates become unreliable. Unfortu-
nately, this condition is rarely met in practice, requiring additional calibration through CP [20,22]. In contrast,
deterministic algorithms (e.g., RFs, NNs) approximate the training data as 𝑦̂ = 𝑓 (𝑥; 𝜃). They scale efficiently
with large datasets and can deliver competitive predictive accuracy. However, they tend to perform poorly in
extrapolated regions and lack principled mechanisms for estimating uncertainty. To address this, we assume
a uniform uncertainty of 𝑢(𝑥) = 1 for the full input space, which is then calibrated with CP [22].

Uncertainty quantification
In this section, we summarize key sources of uncertainty and howCP provides calibrated uncertainty estimates
for both probabilistic and deterministicmodels. Additionally, we augment the uncertainties with distancemea-
sures, e.g., Mahalanobis distance, to detect distribution shifts between the training data and data encountered
during deployment. This allows us to adjust uncertainty estimates in extrapolated regions. By doing so, the
uncertainty estimates are based on the proximity of the current input to the training data. This adaptation is
especially useful for deterministic models, where we initially assume constant uncertainty.

Prediction uncertainties can arise from several sources [52,53], each representing a distinct type of uncertainty,
as illustrated in Figure 2. Figure 2A stems from the inherent variability or noise in the data. This uncertainty is
caused by random variations or measurement uncertainties, as shown by the scattered data points around the
true function. In contrast, Figure 2B originates from the model’s limited understanding of the data-generating
process, e.g., when the model is underfitting the data and is unable to capture the complexity of the underlying
function. Additionally, Figure 2C occurs when there is a mismatch between training and test distributions,
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Figure 3. Calibration of uncertainty estimates using CP. Overconfident (A) and underconfident (B) prediction intervals are scaled with the
split CP framework (C and D) to achieve a specified coverage with tight bounds (E and F). CP: Conformal prediction.

e.g., when certain regions of the input space are sparsely sampled or fall outside the range of the training data
(i.e., extrapolation regions). In such cases, the model exhibits higher uncertainty in underrepresented areas,
reflecting its limited knowledge. Accounting for this uncertainty is crucial to prevent overconfident predictions
in unexplored regions of the design space, which are underrepresented in the training data. Failure to address
this issue may lead to the premature exclusion of potentially valuable compositions. In the following, we
describe our proposed method to account for such sources of uncertainty.

To quantify prediction uncertainty, we employ prediction intervals, which define the range within which the
true value is expected to fall with a specified probability, 𝛼. Consider the training data (𝑥𝑖 , 𝑦𝑖) ∈ D for
𝑖 = 1, . . . , 𝑛, where 𝑥𝑖 represents the input features and 𝑦𝑖 the target values. Given a confidence level 𝛼, the
prediction interval C𝛼 for a new input 𝑥∗ is defined by

P[𝑦∗ ∈ C𝛼 (𝑥∗)] = 𝛼. (9)

Uncertainty quantification methods often fail to guarantee such calibrated prediction intervals, i.e., intervals
that reliably contain the true value with the stated probability [54]. Even GPR, an established probabilistic
method for uncertainty estimation, produces uncalibrated prediction intervals in practice due to model mis-
specification [20,55].

CP
CP [21,22,56] calibrates prediction intervals from an uncertainty heuristic 𝑢(𝑥) (e.g., predictive variance from a
GPR), making no assumptions about the underlying data distribution. CP provides prediction intervals with
a user-specified coverage probability (cov) (e.g., 90%), given that the data satisfies the assumption of exchange-
ability. Exchangeable data means that the order of the data points does not affect their joint distribution. In
simpler terms, exchangeability assumes that the data points are drawn from the same process and treated
symmetrically, without requiring the stricter independent and identically distributed (i.i.d.) assumption.

To illustrate the CP workflow, Figure 3 compares two uncalibrated uncertainty heuristics, the calibration pro-
cess through CP, and the resulting calibrated uncertainty estimates. Figure 3A shows overconfident estimates
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𝑢1(𝑥), where intervals are too narrow and fail to capture the variability of the data, underestimating the un-
certainty. On the other hand, the uncertainty estimates 𝑢2(𝑥) in Figure 3B are underconfident. The intervals
are excessively wide, leading to overestimation of uncertainty. Both cases highlight the need for calibration
to achieve intervals that accurately reflect the desired coverage. The key idea of CP calibration is to scale the
uncertainty heuristic scores of the unseen test data by a calibration factor 𝑞 to obtain the prediction intervals.
The calibration factor 𝑞 in our example is chosen such that the prediction intervals have a cov of 𝛼 = 90%.
Due to its efficiency and simplicity, the most commonly used CP method in practice is split CP [57]. This ap-
proach divides the data into a proper training set and a calibration set. In the following, we outline the steps
for implementing split CP [22].

1. We select an uncertainty heuristic 𝑢(𝑥) [e.g., GPR standard deviation 𝜎(𝑥), or uniform 𝑢(𝑥) = 1].
2. Next, we calculate the deviation between the model’s predictions and the true observed values on a separate

calibration set. For regression tasks, we compute residuals 𝑟 (𝑥𝑖 , 𝑦𝑖) = |𝑦𝑖 − 𝑓 (𝑥𝑖) |, with 𝑓 (𝑥𝑖) representing
the model’s prediction for input 𝑥𝑖 . This results in the non-conformity scores 𝑠(𝑥𝑖 , 𝑦𝑖) = 𝑟 (𝑥𝑖 ,𝑦𝑖)

𝑢(𝑥𝑖) . For clas-
sification tasks, we use the predicted probabilities for each class 𝑐, denoted as 𝑝𝑐 (𝑥𝑖). The non-conformity
score is the predicted probability for the correct label 𝑦, 𝑠(𝑥𝑖 , 𝑦𝑖) = 𝑝𝑦𝑖 (𝑥𝑖).

3. We compute the calibration factor 𝑞𝛼 as the d(𝑚+1)𝛼e
𝑚 quantile of the scores 𝑠(𝑥𝑖 , 𝑦𝑖), where 𝑚 is the number

of samples in the calibration dataset.
4. For regression models, the prediction intervals are constructed as C𝛼 (𝑥∗) = [ 𝑓 (𝑥∗) − 𝑢(𝑥∗)𝑞𝛼, 𝑓 (𝑥∗) +
𝑢(𝑥∗)𝑞𝛼] = [𝑞𝑙 , 𝑞𝑢]. For classification models, the prediction set is obtained as C𝛼 (𝑥∗) = {𝑦 : 𝑝𝑦 (𝑥∗) ≥ 𝑞𝛼}.

For 𝑢1(𝑥), calibration adjusts the overly narrow intervals, scaling them to meet the desired 90% coverage. For
𝑢2(𝑥), calibration scales down the excessively wide intervals, achieving the samewidth as those for 𝑢1(𝑥), while
maintaining valid coverage.

Extensions for distribution shifts
For the GPR, we use its predictive variance as the uncertainty heuristic 𝑢(𝑥). For deterministic models, we
assume a uniform uncertainty of 𝑢(𝑥) = 1. In both cases, CP addresses aleatoric and model uncertainty
[Figure 2] by calibrating intervals without requiring additional model adaptations. In the simplest scenario
with 𝑢(𝑥) = 1, residuals are able to capture deviations caused by data noise [Figure 2A]. For uncertainty due to
underfitting [Figure 2B], CP still guarantees valid coverage, though it results in larger intervals to account for
themodel’s reduced predictive accuracy. In contrast, distributional uncertainty arising from data shifts violates
the exchangeability assumption, and requires further adjustments to the framework. To increase robustness to
distributional uncertainty, we adjust the uncertainty heuristic based on the distance between new data points
and the training data distribution [58]. Specifically, we incorporate a distance measure 𝑑 (𝑥∗) between the new
evaluation point 𝑥∗ and the training distribution. The uncertainty heuristic can then be adapted as

𝑢′(𝑥∗) = 𝑢(𝑥∗) · 𝑑 (𝑥∗) (10)

where 𝑑 (𝑥∗) reflects the increased uncertainty for distant data points. We analyze several methods to esti-
mate this distance: 𝑘-nearest neighbors (kNN) [58], the likelihood of a Gaussian mixture model (GMM) [59],
Wasserstein distance [60], Mahalanobis distance [61], cosine similarities [62], and likelihood ratio [23].

To handle the need for a separate calibration set in split CP, which is typically not used during model training,
we employ cross CP (CCP) [21], which allows for the full dataset to be used for training. The dataset is divided
into 𝐾 folds, where 𝐾 − 1 folds are used for model training and distance prediction, and the remaining fold
is used for calibration. This process is repeated for each fold, with final prediction intervals obtained through
averaging.
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Table 4. Dataset for the constraints; for material-specific quantities, the number of materials is equal to the number of data points

Constraint Target quantity Additional features Number of materials Number of data points

C1 - - 800,000
C2 𝐵S Co, Ni 154
C3 𝑀S Co, Cu, Ni, W 1167
C5 𝑀S,RA Co, Cu, Ni, W 1,181 1,251
C4 𝑡90% Co, Cu, Ni 55 261
C6 𝑇crit Co, Cu, Ni, B, W 194

Modeling workflow and metrics
The modeling workflow, illustrated in Figure 4, evaluates prediction models and distance estimators for com-
puting the constraints (C1-C4, C6). Due to the limited size of the experimental datasets [Table 4], we adopt
a 10-fold cross-validation strategy to select the optimal prediction and distance model. The dataset is split
into training and test sets, with the test set used exclusively for computing performance metrics. The split is
performed based on materials (same alloy compositions), ensuring that no material in the test set overlaps
with the training set. For regression tasks with limited data (C2-C6), we improve cross-validation robustness
by stratifying based on discretized target with five bins, ensuring a balanced representation across folds to im-
prove model robustness and generalization. Thus, we avoid overly optimistic results by evaluating the model’s
ability to extrapolate to novel material compositions, rather than predicting changes driven solely by treatment
temperature variations. Table 4 summarizes the number of materials, and the number of total data samples for
each constraint. Each training fold is further divided into a “proper training set” and a “calibration set” used
for CCP (5-folds). The prediction model is trained using the proper training set only, avoiding contamination
of the calibration set used for CP.

To address prediction target variation across several orders of magnitude - such as bainite transformation times
(C4) and critical cooling rates (C6) - we apply a base-10 logarithmic transformation

𝑦𝑖 = log10(𝑦𝑖,data) , (11)

where 𝑦𝑖,data are the original and 𝑦𝑖 are transformed values. This transformation reduces the scale of the targets,
ensuring that error metrics emphasize relative differences over absolute magnitudes.

Metrics
For classification models, we report their predictive accuracy. The performance of the regression models is
evaluated using the mean absolute error (MAE) and the coefficient of determination 𝑅2, i.e.,

accuracy =
1
𝑛

𝑛∑
𝑖=1
I( 𝑦̂𝑖 = 𝑦𝑖) , (12)

MAE =
1
𝑛

𝑛∑
𝑖=1

|𝑦𝑖 − 𝑦̂𝑖 | , (13)

𝑅2 = 1 −
∑𝑛
𝑖=1(𝑦𝑖 − 𝑦̂𝑖)2∑𝑛
𝑖=1(𝑦𝑖 − 𝑦̄)2 , (14)

where 𝑛 is the number of samples, 𝑦̂𝑖 is the predicted target, 𝑦𝑖 is the true target, and 𝑦̄ is the mean of the
observed targets. Higher accuracy, higher 𝑅2 values, and lower MAE indicate better predictive performance.

The quality of CP uncertainty estimates and distance models is evaluated using the cov, the average prediction
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Figure 4. Overview of the model selection and evaluation process for the ML models and distance-aware cross-CP. ML: Machine learning;
CP: conformal prediction.

interval width (PIW) for regression models, and the average set size for classification models, i.e.,

cov (%) =
1
𝑛

𝑛∑
𝑖=1
I(𝑦𝑖 ∈ C𝛼) × 100 , (15)

PIW =
1
𝑛

𝑛∑
𝑖=1

(𝑞𝑢 − 𝑞𝑙) , (16)

set size =
1
𝑛

𝑛∑
𝑖=1

|C𝛼 | (17)

where C𝛼 is the prediction interval, 𝑞𝑙 and 𝑞𝑢 are the lower and upper bound of C𝛼, and I is the indicator
function. The cov quantifies how often the true target falls within the predicted intervals, ideally matching
the nominal level (e.g., 90%). However, excessively wide intervals can trivially achieve high coverage but lack
informativeness. To balance coverage and informativeness, the distance model should increase interval widths
in regions of low data density and reduce them in regions with high density.

RESULTS AND DISCUSSION
Experimental results
The combined experimental results for the sample produced in the present work are listed in Table 2 and
shown in Figure 5. The experimental uncertainty for the martensite start temperature of the initial alloy is
20 °C; for the retained austenite it is 30 °C, and for the logarithmic transformation times it is 0.2 log(s). The
martensite start temperature (𝑀S) of the initial alloy is indicated by a dashed blue line on both temperature
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Figure 5. Experimental results for logarithmic bainitic transformation time log10 (𝑡90% ), the martensite start temperature of the initial alloy
𝑀S and the martensite start temperature of the retained austenite 𝑀S,RA. For 𝑀S,RA under the detection limit of 50 °C, it is drawn at 50 °C.
The combination of these measurements gives the process window for CFB steel, visualized with the green area. CFB: Carbide-free bainitic.

axes, serving as a reference. This temperature defines the lower limit of the isothermal holding temperature
(𝑇iso), with the restricted region of 𝑇iso shaded in red. On the vertical axis, the martensite start temperature of
the retained austenite (𝑀S,RA) is shown in blue. The bainite start temperatures of the alloys, already published
in Ref. [31], are indicated as green dashed lines. At the bainite start temperature (𝐵S), no bainite forms, resulting
in 𝑀S = 𝑀S,RA. As the temperature decreases, carbon enrichment occurs, leading to a stabilizing effect that
lowers the martensite start temperature. This decrease continues until the martensite start temperature falls
below the detection limit. For consistency, these undetectable points are marked at 50 °C in Figure 5. This
trend is observed across all produced samples.

The bainitic transformation time spans several orders of magnitude due to the strong influence of material
composition and thermodynamic parameters on the kinetics of the phase transformation. To better illustrate
this behavior, log10(𝑡90%) represents the time required to achieve 90% of the bainitic transformation, which is
illustrated in Figure 5. This logarithmic representation provides a clearer comparison of the transformation
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times across different samples.

The transformation times typically exhibit a characteristic C-shaped behavior, which can be observed in several
of the samples. Samples S1 to S5, for example, were specifically designed to study the effect of varying carbon
content on transformation kinetics. As shown in Figure 5, increasing the carbon content leads to a significant
increase in transformation time. For samples S14, S17, and S18, the bainitic phase transformation did not
complete at any isothermal holding temperature, leaving the martensite start temperature (𝑀S) of the initial
alloy as the only usable data point. The composition of S14 is identical to that of S7, except for an increased
manganese content. This difference highlights the strong influence of manganese on transformation kinetics,
as its presence significantly delays the bainitic transformation. The too slow transformation kinetics of S17 and
S18 can be explained by their very high carbon content of over 1 wt.%. For the remaining samples, no clear
correlation between transformation time and material composition is evident.

The process window for CFB steels, highlighted in green in Figure 5, is defined by the following conditions: The
isothermal holding temperature exceeding themartensite start temperature, themartensite start temperature of
the retained austenite being below the detection limit, and the transformation completing within 10,800 s. The
region between the red and green areas represents a high probability that the isothermal holding temperature
within this range will also produce carbide-free bainite. However, this assumption has not been experimentally
validated. Depending on the material composition, the process window can vary significantly: it can be quite
large (e.g., for samples S9, S11, and S13) or even non-existent (e.g., for samples S14, S17 and S18).

Dataset
The primary classification task in this study is to determine whether the steel type is CFB for a given chemical
composition and heat treatment parameters. However, by decomposing the problem into multiple constraints,
the available data for each constraint can be expanded by incorporating data from other steel groups, assuming
that the underlying physical phenomena are consistent. For instance, the formation of ferrite or pearlite is
not influenced by whether or not bainite is subsequently formed. Similarly, the bainite start temperature is
independent of whether the steel is bainitic or CFB.

The dataset and models utilized in this study are publicly accessible through the associated Zenodo repository
(Code and datasets will be published upon acceptance). The dataset for the austenitization condition is pro-
duced with MatCalc on a grid with eight grid points for each dimension and the limits listed in Table 2. The
total alloy content limit

∑
wt.% of 10 wt.% is enforced beforehand, which reduces the number of grid points

from 87 one-third to about 800,000.

For the bainite start temperature, the dataset is taken from Ref. [31]. The dataset for martensite start temper-
atures 𝑀S is derived from a comprehensive collection in Ref. [33] combined with experimental data from the
present work. For the martensite start temperature of the retained austenite, the dataset from the normal
martensite start temperature is used, combined with experimental data from the present work with adapted
carbon concentration according to the description in the methods. Bainitic transformation times are ob-
tained by digitizing bainitic phase transformation curves from the Refs. [63–80] and experimental data from
the present work. The literature data for ferrite transformation times was digitized from steel transformation
time atlases [81–83]. For all datasets, feature selection was performed to refine the dataset, excluding features or
elements with insufficient entries or concentrations too low to have a measurable influence on the targets.

The constraints are a combination of material-specific quantities, which depend solely on composition (C1,
C2, C3, C6), and process-dependent quantities (C4, C5). For the process-dependent quantities, this leads to a
dataset that is sparse across most dimensions, except for temperature. To provide a clearer representation of
the datasets, the number of materials, the number of data points and additional features to C, Si, Mn, Cr, Mo,
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Table 5. Results for constraint C1 (homogeneity of austenitization) usingMLmodelswith 10-fold cross-validation and distance-weighted
cross-CP

Metric Logistic
Regression

RF XGBoost SVM NN

accuracy (↑) 83.22±0.11 97.16±0.06 96.17±0.06 95.45±0.23 96.90±0.18

cov (90%) 90.00±0.10 90.27±0.07 94.58±0.28 89.99±0.03 90.01±0.13

set size (↓) 1.15±0.00 0.90±0.00 0.98±0.00 0.91±0.00 0.90±0.00

The best model is underlined. ML: Machine learning; CP: conformal
prediction; RF: random forest; SVM: support vec-tor machine; NN: neural
network.

Al, V and 𝑇iso for all constraints are summarized in Table 4.

Modeling results
With the datasets presented in Table 4, we assess the performance of the different ML models listed in Ta-
ble 3 with 10-fold cross-validation. For each constraint, the best-performing model is selected for subsequent
investigations.

The first condition C1, austenitization, is a classification task. The training data is obtained from simulations,
and theMLmodels act as surrogate models to replace time-intensive simulations for novel input compositions.
The results for the different ML models are summarized in Table 5, with NNs achieving over 97% accuracy on
the test set splits, and the desired cov of 90%. Figure 6A illustrates the calibration curve and confusion matrix
for NNs. The predicted probabilities closely align with the true probabilities, as indicated by the calibration
curve (blue solid line) and the perfectly calibrated line (black dashed line). Additionally, the confusion matrix
shows the performance of the classifier, with 63.82% of samples correctly classified as invalid, 32.28% correctly
classified as valid, and minor misclassifications in the remaining categories.

For the other constraints, the training data is sourced from experimental results, introducing a higher degree
of variability and uncertainty compared to purely simulation-based data as is the case for C1. Additionally, the
data does not span the entire design space, requiring the models to extrapolate. To account for distribution
shifts, we use distance-aware CP.

The bainite start temperature (C2), martensite start temperature (C3), and martensite start temperature of the
retained austenite (C5) are grouped together as they all focus on a transition temperature. For these constraints,
we assume that the problem is monotonic with respect to each alloy element. The performance of the ML
regression models is listed in Tables 6-8. The test prediction performance of the best ML regression models is
shown in Figure 6B-D. Green points correspond to predictions within the 90% coverage region (𝐶90%), while
red points indicate predictions outside this region. The dashed black line represents perfect agreement between
predicted and true values. The histogram shows the distribution of prediction errors scaled by uncertainty.
These models showing the best performance are used for the final evaluation on the whole design space.

When comparing the results for C2, C3 and C5, it is important to consider that we report results for local and
global models shown in Table 3. However, local methods are less desirable due to their poor extrapolation
behavior beyond the training data. Tree-based models (RF and LGBM) extrapolate using piecewise constant
behavior in regions without training data. Also, GPR with an RBF kernel reverts back to the mean of the
training data when extrapolating. Both behaviors fail to account for the physical constraints inherent in the
system. For GPR with an RBF kernel, this limitation can be addressed by implementing a linear mean (LM)
function, ensuring better alignment with the physical knowledge of the constraints. For the three constraints,
the inclusion of quadratic features in polynomial regression has led to worse performance compared with
linear regression, which can be attributed to overfitting. The coverage for all constraints and models remains
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Table 6. Results for constraint C2 (bainite start temperature) using ML models with 10-fold cross-validation and distance-weighted
cross-CP

Metric Linear
regression

Polynomial
regression

GPR
(RBF + LM)

GPR
(Polynomial)

NN
(Monotone)

GPR
(RBF)

RF LGBM

R2 (↑) 0.86±0.03 0.1±0.5 0.89±0.04 0.85±0.05 0±1 0.87±0.04 0.7±0.1 0.7±0.1

MAE (↓) 17±2 18.0±2.1 14±3 16±3 23±12 15±4 24±4 23±5

cov (90%) 92±8 92±8 94±7 93±6 94±7 90±7 93±4 94±6

PIW (↓) 74±5 176±18 70±6 127±70 96±19 77±12 110±7 112±5

The best model is underlined. ML: Machine learning; CP: conformal prediction; GPR: Gaussian process regression;
RBF: LM: linear mean; NN: neural network; RF: random forest; LGBM: light gradient boosting machine; MAE: mean
absolute error; PIW: prediction interval width.

Table 7. Results for constraint C3 (martensite start temperature) using ML models with 10-fold cross-validation and distance-weighted
cross-CP

Metric Linear
regression

Polynomial
regression

GPR
(RBF + LM)

GPR
(Polynomial)

NN
(Monotone)

GPR
(RBF)

RF LGBM

R2 (↑) 0.7±0.1 0.21±0.07 0.90±0.02 0.88±0.03 0.09±0.07 0.90±0.02 0.91±0.01 0.91±0.02

MAE (↓) 29±2 63±3 19±2 20±2 65.2±6.1 19±2 18±1 18±1

cov (90%) 90±2 90±3 92±3 90±3 90.2±3.6 91±2 90±3 91±2

PIW (↓) 116±5 252±6 93±7 97±10 258.2±6.3 90±2 83±3 85±2

The best model is underlined. ML: Machine learning; CP: conformal prediction; GPR: Gaussian process regression;
RBF: LM: linear mean; NN: neural network; RF: random forest; LGBM: light gradient boosting machine; MAE: mean
absolute error; PIW: prediction interval width.

Table 8. Results for constraint C5 (martensite start temperature of retained austenite) using ML models with 10-fold cross-validation
and distance-weighted cross-CP

Metric Linear
Regression

Polynomial
Regression

GPR
(RBF + LM)

GPR
(Polynomial)

NN
(Monotone)

GPR
(RBF)

RF LGBM

R2 (↑) 0.75±0.07 0.22±0.03 0.88±0.03 0.87±0.03 0.05±0.07 0.89±0.03 0.90±0.03 0.90±0.01

MAE (↓) 30±2 63±2 20±2 21±2 68±3 20±2 19±2 19±1

cov (90%) 91±2 90±3 92±2 90±4 91±3 91±2 90±4 91±1

PIW (↓) 119±3 255±4 96±7 103±20 269±4 94±6 88±4 88±2

The best model is underlined. ML: Machine learning; CP: conformal prediction; GPR: Gaussian process regression;
RBF: LM: linear mean; NN: neural network; RF: random forest; LGBM: light gradient boosting machine; MAE: mean
absolute error; PIW: prediction interval width.

close to the desired 90%, validating the reliability of CP. GPR with an RBF kernel and LM shows the best
performance in terms of the MAE and the smallest PIW, for all three constraints. It combines the flexibility of
local models (such as GPR with RBF, RF, and LGBM), which on average outperform global models, with the
ability of global models to effectively capture broader trends. We selected the GPR with an RBF kernel and
LM because of the lower MAE and PIW for the final evaluation for these cases. The similarity in model results
for the two martensite start temperature problems is expected because they share a significant fraction of their
training data.

A key challenge in modeling the boundary condition C4, i.e., the logarithmic bainite transformation time
[log10(𝑡90%)], is the scarcity of data for transformation times exceeding the 3-hour constraint. This results
in limited coverage for long-duration experiments. Additionally, transformation times span several orders of
magnitude, necessitating the use of log-transformed targets to stabilize variance and improve model perfor-
mance. The underlying behavior is monotonic in the chemical elements and has a C-shape in temperature.
The results of the ML models are shown in Table 9, and the best-performing model is visualized in Figure 6E.
Notably, data points outside the prediction interval are more frequent in regions of high or low transformation
times.
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Table 9. Results for constraint C4 [logarithmic bainite transformation time log10 (𝑡90%)] usingMLmodels with 10-fold cross-validation and
distance-weighted cross-CP

Metric
Linear

regression+
Polynomial
regression

GPR
(RBF + LM)

GPR
(Polynomial)

NN
(Monotone)

GPR
(RBF)

RF LGBM

R2 (↑) 0.7±0.2 −1±3 0.5±0.7 −1±3 0.3±0.5 0.7±0.1 0.6±0.2 0.6±0.1

MAE (↓) 0.3±0.1 0.6±0.2 0.3±0.2 0.4±0.3 0.4±0.1 0.27±0.06 0.4±0.2 0.33±0.09

cov (90%) 91±11 94±7 90±15 90±12 93±6 95±8 89±17 94±6

PIW (↓) 1.4±0.1 2.6±0.4 1.7±0.7 2±1 2.0±0.4 1.4±0.2 1.7±0.1 1.7±0.2

The best model is underlined. ML: Machine learning; CP: conformal prediction; GPR: Gaussian process regression;
RBF: LM: linear mean; NN: neural network; RF: random forest; LGBM: light gradient boosting machine; MAE: mean
absolute error; PIW: prediction interval width.

Table 10. Comparison of test results for constraint C6 [logarithmic critical cooling rate of ferrite log10 ( ¤𝑇crit )] usingMLmodels with 10-fold
cross-validation and distance-weighted cross-CP

Metric Linear
regression

Polynomial
regression

GPR
(RBF)

GPR
(Polynomial)

NN RF XGBoost LGBM

R2 (↑) 0.2±0.3 −0.5±0.9 0.6±0.2 −0±1 0.1±0.8 0.7±0.2 0.6±0.2 0.6±0.3

MAE (↓) 0.7±0.1 0.9±0.2 0.5±0.1 0.7±0.3 0.6±0.2 0.43±0.09 0.44±0.08 0.44±0.11

cov (90%) 93±5 91±7 91±8 92±7 92±5 91±7 92±5 92±7

PIW (↓) 3.3±0.1 3.6±0.2 2.3±0.2 3.1±0.5 2.8±0.2 2.2±0.2 2.5±0.2 2.2±0.2

The best model is underlined. ML: Machine learning; CP: conformal prediction; GPR: Gaussian process
regression; RBF: LM: linear mean; NN: neural network; RF: random forest; LGBM: light gradient boosting
machine; MAE: mean absolute error; PIW: predic-tion interval width.

While GPR with an RBF kernel achieves the lowest MAE for C4, it struggles with extrapolation, especially
when constrained by the limited training data. Assuming that transformation times are approximately mono-
tonic with respect to alloy composition, we can improve linear regression with quadratic temperature features
[𝑇2, log10(𝑇)2]. Despite achieving a slightly lower 𝑅2, it provides interpretable predictions with stable lin-
ear extrapolation and monotonicity, making it the preferred model for deployment in extrapolative regions.
Thus, it is selected for the final evaluation. The coverage remained close to the desired 90%. However, the
variability of the coverage is higher than in previous tasks, with standard deviations up to 11%, and the width
of the prediction interval is relatively large, spanning at least 1.4 orders of magnitude. This can be explained
by a suboptimal model performance. As a result, some folds may overestimate or underestimate the uncer-
tainty, especially in regions where data is sparse or the target values span a wide range. Despite this variability,
distance-aware CP still demonstrates its robustness by achieving reasonable coverage.

The critical cooling rate of ferrite, i.e., C6, also spans several orders of magnitude. For this reason, similar to
the bainite transformation time, predicting log10( ¤𝑇crit) provides more stability. The predictive performance of
the ML regression models is listed in Table 10, and the result of the best model is shown in Figure 6F.

The results for C6 reveal notable variability in the models’ performance. Particularly noteworthy are the per-
formances of the GPR with a polynomial kernel and the NN. Both models exhibit a high MAE, indicating
poor predictions for certain data points, despite achieving high coverage and a low PIW. This highlights their
failure to accurately predict a few critical samples. Among the evaluated methods, local models such as RFs,
XGBoost and GPR achieve the lowest MAE scores of 0.43±0.09, 0.44±0.08, and 0.44±0.1, respectively. This
suggests that these models are better suited for capturing the nonlinear relationships in the dataset compared
to linear or polynomial regression. The coverage of the CP intervals remains stable across all models, averaging
close to the desired 90%, with slight variability due to the relatively small dataset size. Notably, RFs and LGBM
perform very similarly; however, because of the higher R2 value, the RFs are selected.

To get insight into which features are responsible for the model prediction, SHapley Additive exPlanations
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Figure 6. Calibration curve and confusion matrix for the classification task (C1). Predicted test values versus true values for the constraints
treated as regression problems (C2-C6).

(SHAP) analysis is employed [84]. The resulting SHAP values quantify themarginal contribution of each feature,
where the sign of the SHAP value indicates whether the feature increases or decreases the prediction, and the
magnitude reflects the strength of its influence.

(A) Homogeneity of austenitization (C1) modeled
with a NN classifier.

(B) Bainite start temperature (C2) modeled with
a GPR (RBF + LM)

(C) Martensite start temperature (C3) modeled
with a GPR (RBF + LM)

(E) Bainite transformation time (C4) modeled
with a linear regression

(F) Critical cooling rate of ferrite (C6) modeled
with a RF

(D) Martensite start of retained austenite
(C5) modeled with a GPR (RBF + LM)
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The SHAP values for the prediction models are shown in Figure 7. For condition C1 [Figure 7A], high concen-
trations of aluminum (Al), silicon (Si), and vanadium (V) increase the likelihood of successful austenitization.
However, the effect of carbon (C) remains ambiguous. This is attributed to its dual role: while carbon stabilizes
austenite and lowers the austenitization temperature into the valid range, it also promotes carbide formation.

For the bainite start temperature (C2) [Figure 7B], and the martensite start temperatures (C3 and C5) [Fig-
ure 7C and D], the SHAP values exhibit a monotonic and approximately linear dependence on concentration,
reflecting the LM function of the employed GPRmodel. Notably, in Figure 7B, carbon does not yield the high-
est SHAP value despite its substantial influence per wt.%. This discrepancy arises from feature distribution
effects within the dataset. A similar pattern is observed for Al and V, which appear less influential due to their
limited high-concentration data points.

For bainite transformation time (C4) [Figure 7E], SHAP values highlight manganese (Mn), C, and nickel (Ni)
as the dominant factors contributing to prolonged transformation times, while also revealing the nonlinear
influence of temperature. Finally, for the critical cooling rate (C6), the SHAP values in Figure 7F indicate
complex and inconclusive trends for several elements, particularly for molybdenum (Mo).

Design space
To evaluate the reduction of the design space, the best-performing models for each constraint were applied to
106 evaluation points sampled uniformly for the dimensions C, Si, Mn, Cr, Al, V,Mo,𝑇iso and log10( ¤𝑇crit) within
the boundaries defined in Table 2. In modeling the process-dependent constraints C4 and C5, we implicitly
assumed that the isothermal holding temperature complies with constraints C2 and C3. This assumption is
grounded in the observation that predicting bainite transformation times above the bainite start temperature
is inherently illogical. Furthermore, the formation of martensite before bainite significantly accelerates the
bainite transformation process [85]. The reduction of the design space was evaluated using three tolerances:
low, mid, and high. The mid-tolerance evaluation utilized the mean predictions from the models, while the
low tolerance employs the bound of the CP interval which results in a smaller design space, thereby imposing
a more stringent constraint. In contrast, the high tolerance evaluation applies the upper bound of the interval,
effectively relaxing the constraint. A visualization for the example of C2 (𝐵S) and C3 (𝑀S) is given in Figure 8.
For low tolerance, the upper confidence interval for𝑀S and the lower of 𝐵S is taken, mid-tolerance is evaluated
with the mean predictions and high tolerance is evaluated with the lower confidence intervals for 𝑀S and the
upper for 𝐵S.

The results of these evaluations for both heat treatments are summarized in Figure 9. A significant difference
is observed in the percentage of predicted CFB points between the isothermal holding and continuous cooling
processes. However, this discrepancy does not reflect the full reality, as the constraint C7, shown in Figure 1,
was not incorporated in this study due to missing data. This results in an overestimation of design space.
Solving this issue will be part of future work, either by building a data-driven literature model or by direct
prediction of bainite transformation kinetics. Furthermore, the increase in space from a higher tolerance level
is much larger in the continuously cooled case, which can be explained by the higher uncertainty of constraint
C6. At a high tolerance, the C6 constraint does not exclude any test points.

For further analysis of the constraints, we focus on the isothermal process and select the high tolerance cri-
terion. This approach uses the calibrated uncertainty intervals to avoid prematurely excluding viable design
regions. Even with a high tolerance, the design space is only 20% of the search space, which corresponds to
an 80% reduction. The final relationship between each input dimension and the acceptance percentage for the
different constraints is shown in Figure 10.

The acceptance percentage shown in Figure 10 is the probability that a point in the search space is CFB given
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Figure 7. SHAP value analysis of models C1 to C6. Subplots (A) to (F) correspond to models C1 to C6, respectively, illustrating the contri-
bution of each feature to the model predictions. SHAP: SHapley Additive exPlanations.

Figure 8. Tolerance levels.

that the value of one (in the case of Figure 10) or two (in the case of Figure 11) dimensions in the search space.
For the remaining dimensions, values are sampled randomly from uniform distributions. Importantly, this
percentage does not indicate the probability that a point is accepted during the process. To derive the overall

(A) SHAP values for the homogeneity of austeni-
tization (C1) modeled with a NN classifier.

(B) SHAP values for the bainite start temperature
(C2) modeled with a GPR (RBF + LM)

(C) SHAP values for the martensite start temper-
ature (C3) modeled with a GPR (RBF + LM)

(D) SHAP values for the martensite start of re-
tained austenite (C5) modeled with a GPR (RBF
+ LM)

(F) SHAP values for the critical cooling rate of
ferrite (C6) modeled with a RF

(E) SHAP values for the bainite transformation
time (C4) modeled with a linear regression
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Figure 9. Design space reduction for the different heat treatments; see text for description for tolerance.

Figure 10. Acceptance percentage along design space dimensions.

acceptance rate of 20% as shown in Figure 9, the points must be aggregated, accounting for the occurrence
rate.

A horizontal line in the acceptance percentage in Figure 10 for a single dimension indicates no dependency.
For instance, C1 (austenitization) is completely independent of 𝑇iso. For C1, carbon exhibits a maximum
acceptance percentage of around 0.7 wt.%, which reflects its dual role: stabilizing both carbides and austen-
ite. Further interpretation is challenging due to the complex interplay between the stabilization of austenite,
the destabilization of ferrite, and the destabilization of carbides under the austenitization condition. The be-
havior of the bainite start temperature (C2) aligns with expectations: acceptance percentages decrease with
increasing alloying content, isothermal holding temperature, and the concentrations of all elements except
aluminum. The martensite start temperature of the initial alloy (C3) does not act as a filtering constraint un-
der low tolerance. For the transformation time (C4), overall alloying content has themost significant influence,
as expected. Dependencies onmolybdenum and the transformation speed acceleration effect of aluminum are
consistent with previous findings [86,87]. The constraint related to the martensite start temperature of the re-
tained austenite (C5) reflects a complex interplay between the carbon solubility of alloying elements and the
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Figure 11. Acceptance percentage for two element interaction.

chemical dependency of martensite start. Positive correlations for silicon and aluminum are attributed to their
effects on carbon solubility in retained austenite: silicon decreases solubility only slightly, while aluminum
even increases it [31]. The acceptance percentages of the combined constraints exhibit maxima for carbon and
isothermal holding temperature, negative correlations with manganese, chromium, and molybdenum, and
positive correlations with aluminum. These rates are also strongly influenced by the total alloying element
concentration.

The two-element interaction for the rejection rate is shown in Figure 11. Regardless of the specific alloying ele-
ments, low total alloy element concentrations

∑
wt.% exhibit the highest acceptance percentages by a significant

margin, visualized by the dark blue areas. The gray areas in the diagram denote regions without data points,
as the total alloy element concentration cannot be lower than the concentration of the other element in the
binary diagram. The dark red areas signify areas of low acceptance percentages. They are often positioned in
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a corner, which shows an interaction of the dimensions. For example, high molybdenum concentrations are
mutually exclusive with high concentrations of chromium. No significant interaction is indicated if a diagram
looks the same along one dimension. This would be the case for molybdenum and vanadium.

CONCLUSION
In this work, we present a novel approach to model design spaces for optimization problems with categorical
constraints on the example of CFB steels.

• The classification problem (CFB/non-CFB) is split into physically feasible and consistent parts, constraints
C1 to C6.

• For these constraints, we produce 21 more experimental data points.
• MLmodels are applied to predict the constraints, and we address several challenges, including limited data,
class imbalances, monotonicity constraints, and robust uncertainty estimation.

• To minimize the exclusion of potentially valuable candidates due to incorrect predictions, we introduced
distance-aware CP to produce calibrated uncertainty intervals for both probabilistic and deterministic mod-
els. This allows for adjusting confidence to a desired level for classification; in this work, we picked the upper
90th percentile.

• This results in a classifier for CFB. Using mean predictions for constraints reduced the design space to 2% of
the total samples. However, incorporating CP-based uncertainty estimates expanded the valid design space
to 20%, preserving potentially useful candidates for further exploration while allowing a higher sample
efficiency in future design of CFB steel.

In the future, this framework will support the Bayesian optimization of CFB steel. Reliable uncertainty esti-
mation will help to balance the trade-off between reducing the design space and maintaining sufficient explo-
ration.
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