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Abstract

This paper addresses the multi-sensor fusion filtering problem for a class of linear discrete time-varying systems with
censored measurement, described by the Tobit model, and scheduled by dynamic event-triggering protocols with
token bucket specification. A dynamic event-triggering mechanism is first used to determine whether to transmit
measurements under the token bucket specification, allowing transmission only if there are sufficient tokens and if
the event-triggering condition is satisfied. Next, two indicator variables are denoted to represent the combined impact
of the dynamic event-triggering protocol and the token bucket specification. A local Tobit Kalman filtering algorithm
is then designed for each node by minimizing the trace of the filtering error covariance matrix under censoring and
information transmission protocols’ influence. Subsequently, all local estimates from each node are transmitted to
the fusion center, where global estimates are generated using a federal fusion rule. The global estimates with suitable
weights are sent back to every node for predictions at subsequent time instants. Finally, an illustrative simulation
example is used to evaluate performance of this fused filtering scheme proposed in this paper.

Keywords: Tobit Kalman filtering, token bucket protocol, censored measurements, multi-sensor filtering fusion

© The Author(s) 2024. Open Access This article is licensed under a Creative Commons Attribution 4.0

£ International License (https://creativecommons.org/licenses/by/4.0/), which permits unrestricted use, shar-
ing, adaptation, distribution and reproduction in any medium or format, for any purpose, even commercially, as long as you
give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.

m www.oaepublish.com/comengsys



https://creativecommons.org/licenses/by/4.0/
www.oaepublish.com/comengsys
OAE
图章


Page 2 of 23 Chen et al. Complex Eng Syst 2024;4:19 | http://dx.doi.org/10.20517/ces.2024.37

1. INTRODUCTION

As is well known, multi-sensor fusion filtering (MSFF) refers to the integration of information from different
sensors to enhance the performance of the filtering scheme '], To date, multi-sensor information fusion tech-
nology has been extensively applied in a variety of fields, including target localization (>3], fault detection*,
environmental monitoring!®!, signal processing!®!, image processing!”), etc. In general, multi-sensor fusion
falls into two categories: centralized and distributed®). In the former, the raw data from each sensor is di-
rectly transmitted to the fusion center for filtering processing[®!. In contrast, the latter manner involves the
fusion center integrating available estimates from local filters to generate optimal or suboptimal estimates °),
While the precision of distributed fusion filtering may not match that of centralized fusion, its advantages in-
clude reducing the burden on the central processor, lowering communication bandwidth requirements, and
enhancing system reliability and robustness. These distinguished advantages have led to widespread attention

towards distributed fusion filtering schemes in recent years!'!),

In networked control systems, due to harsh environmental conditions, limitations in sensor capabilities, poor
signal transmission line quality, and hardware or software failures in sensors, nonlinearities are inevitable in the
actual system measurement output. These nonlinearities include, but are not limited to, censoring ['?), channel
fading!"*), quantization '
the stability of the filtering error system. When designing and implementing filters in networked systems, it is
necessary to fully consider the impact of these nonlinear factors and take effective measures to minimize their
impact on system performance to ensure system stability and reliability. At present, for addressing nonlinear

, saturation (%], etc. If not handled properly, these nonlinear factors may even affect

challenges and improving filtering accuracy and stability, various nonlinear filtering algorithms have been
proposed, such as the extended Kalman filtering (EKF) (16] ' the unscented Kalman filtering (UKF) (7] and the
Tobit Kalman filtering (TKF) (18]

Because of the limited sensing abilities of low-cost sensors, the censored measurements are prevalent in practi-
cal engineering '), The censored measurements are commonly formulated by the Tobit model, which is widely
used in data analysis in economics, finance, and social sciences. This model can effectively handle problems
involving censored data and provides estimates of unobserved variables. When the measurement noise of a
system exhibits non-Gaussian characteristics near the censoring region, traditional Kalman filtering methods
cannot handle it. The primary challenge induced by the censored measurements lies in its nonlinearities. A
useful method is to introduce the indicator variable to transform the piecewise linear functions into a unified
form in°), which will provide convenience for performance analysis and deal with the scalable distributed
Heo-consensus filtering problem. Another challenge in recursive filtering is to calculate the probability of
occurrence of censoring measurement>!). In addition, the TKF surpasses both UKF and EKF in terms of

filtering performance when dealing with censored measurements (22,

Allik et al. have designed TKF for the first time by using the Tobit model, where the unilateral and bilateral
Tobit regression models are integrated into the recursive form of the Kalman filter (2*!. In a comparison of TKF
and KE, it can be found that when data is not censored, there is no difference between these two filters; when
data is censored, the extra computational burden of TKF mainly comes from the calculation of occurrence
of censoring measurement. Nevertheless, it fails to fully explore and utilize the useful information contained
in the censored region. To address this problem, Han et al. have developed a novel conditional expectation
approach to study TKF problem for stochastic parameter systems (2!, Subsequent research regarding TKF
has been published by combining with other interesting phenomena, such as dynamic bias and Round-Robin
protocol ), fading measurements [°), dynamic event-triggered protocols (DETPs) 27}, and so on.

Although there are currently a large number of research results on TKE, the Tobit Kalman fusion filtering
(TKFF) has not received sufficient attention due primarily to its complexities in analysis. The core step of this
paper is to select an appropriate fusion rule from various existing fusion rules and combine it with local TKFs.


http://dx.doi.org/10.20517/ces.2024.37

Chen et al. Complex Eng Syst 2024;4:19 | http://dx.doi.org/10.20517/ces.2024.37 Page 3 of 23

The well-known fusion rules include centralized filtering fusion ?*), information filtering fusion >}, weighted
filtering fusion [*°] (0] sequential fusion [*?], and
robust fusion (3], In the survey paper (4], these fusion rules are compared in terms of the structure of the fusion,

, covariance intersection fusion [*'], federated filtering fusion

filtering accuracy, and computation burden, respectively. Federated filtering fusion belongs to a distributed
structure and has the smallest burden and highest accuracy. As a result, we choose federated filtering fusion
for this paper.

In the past decades, networked systems have gained popularity owing to multiple advantages such as high flex-
ibility, simple installation, and low cost, making them suitable for a range of applications including aerospace,
energy monitoring, and telecommunications*s). Unlike traditional automatic control systems, the focus of
networked systems explicitly considers the limitations of the communication medium between the sensor and
the controller/filter. Especially when network congestion occurs, where the allocation of requests exceeds
the network’s sustainable transmission rate, these limitations become even more evident, which would pose a
serious impact on the desirable performance. A well-established paradigm for addressing this issue is event-
triggered protocol *°!. The idea of event-triggered protocol is to reduce the transmission number only if the
event-triggering condition is satisfied. Such a protocol can efficiently save the communication resource ).
However, it cannot be guaranteed that the transmission network will not be overused, especially when the de-
sired performance level requires a high transmission rate. In the existing references **7), the event-triggering
protocol (ETP) is introduced to save unilaterally the network bandwidth resource in the premise of a certain
performance by reducing the number of information transmissions. Nonetheless, such a protocol cannot be
appropriate for practical engineering scenarios. In a shared network with limited bandwidth, when encoun-
tering multiple requests of information transmission, it is difficult to have enough bandwidth resources.

It should be noted that the total communication resource cannot be formulated in the existing results and
thus the role of the ETP cannot be reflected in a unified framework. Recently, a dynamic model has been
used to describe the network resources: the token bucket algorithm ***°], where the network’s communica-
tion resources are considered and the signal transmission is triggered only when the network’s communication
capabilities allow. The level of the bucket reflects the network’s current communication capabilities. The ob-
jective of these studies is to optimally utilize limited communication resources by combining control inputs
with triggering mechanisms*°). Inspired by such an idea, an interesting problem is to explore how the token
bucket algorithm can be integrated with communication protocols, to more reasonably allocate tokens for net-
work requests and achieve optimized resource utilization. In line with this concept, an intriguing issue is to
investigate the integration of the token bucket algorithm with DETPs within a unified framework for studying
TKEFE. This constitutes another motivation for the present paper.

Enlightened by the above arguments, the objective is to investigate the federated TKFF (FTKFF) problem under
the schedule of dynamic event-triggered protocols with token bucket specification. The main contributions
of this paper are highlighted as follows: (1) an FTKFF problem is studied under the combined schedule of
the token buckets and DETPs, where the former characterizes the limited communication resources and the
latter determines the necessary information to be transmitted; (2) a recursive local filter is designed, where two
indicator variables are introduced to formulate the transmitted censored measurements, and the gain matrix
is derived by minimizing the upper bound of the filtering error covariance; (3) the federated fusion criterion
is chosen in the fusion center to obtain an optimal estimation by using the local estimates.

Notations: ||x|| = VxTx, where x € R". The notation X > Y, where X andY are real symmetric matrices, means
that X — Y is positive-definite. tr{X} stands for the trace of the matrix X. E{-} and D{-} are the mathematical
expectation and variance. §(-) € (0, 1) is the Dirac delta function.
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2. PROBLEM FORMULATION

2.1. System model

Consider the state-space model for a class of linear discrete time-varying systems and its measurements from
I sensor nodes as follows:

{xt+l = Ax; + Bywy, (1)

Zm’[ = Cm,lx, + Vm’l,m = 1,2, B ,l

where x;, € R" and z,,, € R™ are the state vector and measurement vector, respectively; w;, € R“ and v,,, €
R"™ are white Gaussian noises with E{w,} = 0, E{v,,,} = 0, D{w;} = Q;, and D{v,,,} = R,;,. Furthermore,
it is assumed that x¢, w; and v, are mutually independent for different 7 and m. A;, B; and C,,, are known
time-varying matrices with compatible dimensions; the initial state xq is a random variable with mean Xy and

T
variance Py. For convenience of later discussion, denote z,,,, = Z/(nl)t anz)t . zf:i) e R,

The situation where one or multiple sensors cannot perform data measurement or acquisition properly for
various reasons is referred to as “censored measurements”. To address the issue of censored measurements
and mitigate its adverse impact on system monitoring, the Tobit measurement model is used to formulate the
one-side censored measurement:

()] () ().
o Z'Zii’ Z"({"ﬁ g Tnfj'f (2)
N
" Ty g < Tl
where yf,{)t is the censored measurement from the m-th sensor and 7.7 is the one-side censoring threshold of
()
y rr{,t'
In 1ight of (2), define a series of Bernoulli random variables Qi,{’)l(m =1,2,...,0;j=1,2,...,ny) to formulate
y,(,{), as follows:
, L0 s 20,
ol &y Tmg 7 T 5 (3)
R P

which obeys the distribution law:

Plog = 1} =0 "
P ) _ 0 =1 - ~(J)
{Qm,t - } - Qm,t

where @,(7{)1 are known non-negative constants. Moreover, o,,; is uncorrelated with other random variables

mentioned above.

The censoring probability g, ; is approximated by

50 — g Cnaxd? =5} Consini) D~ 5 .
m,t ~
’ ) o

Rn{,t Rrr{,t

where £, ;-1 represents prediction for x, from node m, and ®(-) is the cumulative distribution function of
the standard normal distribution. From (5), it follows that g, , is related to the state x,, which is replaced with
Km,tji—1 since x; is unknown.

Similar to 2], the measurement expectation and variance of @,(,{), are given as follows:

Cox)) — W) . — (D) _(c )0 9 _c., D) .
( m,t t) m (Cm,rxz)(J)+ R,(n]}/l m ( m,t l) +d m ( m,t t) Trf{),

[p() ()] ()
Rm],t ij,t ij,t

E{y/ |} =@

(6)
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Tr(rif) - (Cm,txt)(j)

D{ygybe} =Ry} |1~ ()
e %]
where
w29 a0 -0,

1=
Here, ¢(-) and ®(-) are the probability density function and the cumulative distribution function of the stan-
dard normal distribution, respectively.

T T
A . 1 2 y A A
Denote o 2 diag{oll), o), o b vme = [y @ ] and o = [0 @]

Hence, (2) can be rewritten as:
Ym,it = Om,Zmyt t (] - Qm,t)Tm~ (8)

Also, the following statistical information can be obtained from (6) and (7):

Cm tXt = Tm Tm — Cm Xt Tm — Cm tXt
E{ym,t|xl} =0 | —— Cm,txt + Rm,t/1 ———a + O —r= mo (9)
VRm,t VRm,t v Rm,t
and
T — CtX
D{ymelxe} =Ry |1 = ¢ | 2= | (10)
R,z

Remark 1. The censoring measurement is formulated as the Tobit model. The main challenge in dealing with the
Tobit model arises from two aspects. Firstly, the Tobit model (2) represents a piecewise linear function, which is
inherently nonlinear. To facilitate subsequent analysis, a random variable defined in (3) is introduced to refor-
mulate the censoring measurement into a uniform form (8). Another issue involves determining the probability
law and statistical property of the random variable (i.e., (5), (6), and (7)), where (5) is derived by using statistical
information of normal distribution of measurement noise v, s, and (6) and (7) are achieved by means of (5).

2.2. Information transmission protocols

To save precious energy and limited bandwidth, the DETP is used for node m to decide whether to transmit
the current measurements to the filter. For this purpose, denote the event-triggering time sequence by 0 <
tl <<’ <. and define

. 1

t;lnﬂ £ min {t|t > t:ln’ —Nmyt+Om — “‘Sm,f“ < 0}’ (11)
Xm

Em,t éym,t,",', — Ymyt» (12)

where 0, and y,, are given positive scalars, y,,  represents the latest transmitted measurement until time ¢,
and the internal dynamic variable 7, ; satisfies:

Nmt+1 = /lmr]m,t +O0m — ”8m,t”» Mm,0 = 10> (13)

where 4, is a given positive scalar and 79 > 0 is the initial value. Moreover, A,,y,, > | and thus ensure
Nme1 = 0. Here, the inequality

1
—Nm,t +O0m — I|$m,t“ < 0» (14)
Xm
is referred to as the event-triggering condition. For convenience, define the following indicator variable:

(15)

Amt = .
" 0, otherwise.

. { 1, if(14) holds;
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Figure 1. A block diagram of FTKFF under DETP with token bucket.

To cope with the measurement transmission in unexpected situations, such as the need to transfer multiple data
at once, a token bucket triggering mechanism is introduced. First, the token bucket is employed to describe
the available bandwidth resource, where the integer g and ¢,, are the token generating rate and transmission
cost, respectively. For simplicity, ¢,, means the total cost for transmitting all elements of y,,, at time instant ¢
of node m.

In order to unify the centralized utilization of the token bucket algorithm, the number of tokens is then evenly
allocated to each sensor node, which is given as follows:

Eme =&/l (16)
The internal token change of the token bucket is formulated as follows:

!
& = min {.ft_] +g— Zﬂm,,am,,cm, b} (17)
m=1

with initial values & > 0, where b is the token bucket capacity, and

1, ifCm Sfm,t;
0, otherwise.

By = { (18)

After scheduled by the DETP with token bucket specification, the measurement received by the filter is formu-
lated as

- Ymgs  Af By =1and @y, = 1;
Ymp =\ - . (19)
Ym,i=15 otherwise.
For the convenience of later analysis, (19) is rewritten as
Vmt = CniBmiYmes, + (1= QmtBmt) Ymi-1. (20)

Remark 2. Different from[*%), the introduction of the indicator variable a,, ; is utilized to determine whether the
conditions are met. This approach provides convenience for subsequent analysis, clearly defining the impact of the
ETP Building on this concept, another indicator variable 3, , is implemented to assess whether there are sufficient
tokens for information transmission.
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The block diagram of FTKFF is depicted in Figure 1. As for node m, the event trigger is used to determine
whether the censored measurement y,,, is transmitted or not, which is formulated by a,,,. If the event-
triggering condition (14) to be predetermined is met (i.e., @, = 1), then the measurement to be transmitted
is denoted as y,, . Next, the token bucket m is employed to formulate the available communication resource,
which is formulated by ;. If there exist sufficient tokens (i.e., B, = 1), then the filter can receive the mea-
surement, i.e., y,, ;. Therefore, only when both token and event-triggering conditions are met can information
transmission proceed. Such a procedure is expressed as (20).

2.3. Filter design
By using the available measurement ¥, ,, construct a recursive filter

Xi—1 = A1 i—1)i-1s (21)

Xoe = Rogpi—1 + Kt (Y — )A)m,t|t—l) (22)

with the initial value %, 010 = X0, and for ¢ € [z}, ") (n > 0,1 > 1), where Xm.ti—1 and &y, ;; represent the
prediction of one step and estimation from node m, respectively; J,, ;-1 is the measurement estimate to be
discussed later; and K, , is the filter gain to be designed.

The primary objective of this paper is to design a local filter of the form (21) and (22) for every node under the
DETP with token bucket specifications for all censored measurements within the framework of TKE. Moreover,
we are devoted to developing an FTKFF framework to address the multiple challenges induced by the censored
measurements, the DETP and the token bucket specifications.

3. MAIN RESULTS

This section introduces the recursive bound of the TKF of the filtering error covariance. In addition, the desired
filter gain is calculated based on the minimum mean square error criterion.

3.1. Filtering error and covariance matrix
In line with (5) and (6), the estimate of the measurement ¥, ,,— is derived as

Imtli—1 =0mt (ConiZmsl—1 + Amg N Rmt) + (I = Omt) T (23)
where

(1) ~(2) _(ny) T — Cm,z)?m,t,_l)

Om, =diag {Qm,t, Omas>Omi }, Ams = A
VR,

1
M () ]” ]
Ry 2 [Rm,t o R R [ /Rf,jf, R,,f’j')] _

Let ey, 111 = X; = X s)—1. From (1) and (21), one calculates
emitli-1 = Ar1€ms—1—1 + Bio1w 1. (24)
Subsequently, from (1), (8), (22) and (23), one has

Cm.t|t =(1 - Km,t@m,tcm,t)em,t\tfl - (1 - em,t)Km,tQm,th,t + Km,t@m,t/lm,t VRm,t
- (l - gm,l)Km,tgm,tCm,txt + gm,th,tém,tCm,txt - gm,th,t)_’m,t—l
- (1 - Gm,t)Km,tsm,t + Qm,er,r(I - ém,t)Tm + (1 - gm,t)Km,tém,rTm (25)


http://dx.doi.org/10.20517/ces.2024.37

Page 8 of 23 Chen et al. Complex Eng Syst 2024;4:19 | http://dx.doi.org/10.20517/ces.2024.37

where

A ~ A S A
em,t =1- a'm,tﬁm,t’ Om,t = Omt = Omt> Empt = Ymitl, — Ym,t-

By means of Egs. (24) and (25), the covariance matrices of the prediction error and filtering error are, respec-
tively, calculated as follows

Pt = Eemimien, y_y) = A1 Prso1j1A]_ | + Bi1Qim1 B] (26)
and
Pm,t|t =~ Km,t@m,rcm,r)Pm,th—l(I - Km,lém,tcm,t)r +(1 - Gm,t)sz,tE{Qm,th,tVZ,zQ;Cl,;}K;,z

+ Km,t@m,tE{/lm,t\/R_m,tmT/ern,t}é;,tKi,t +(1 - em,t)sz,tE{@m,tcm,txtxtTCnC,t@m,t}KnTu

+ 6% Ky Oy EACpix C1) Yol KL+ 02 Kot BT 50 YK + K, + K

+ (1= 00) Kt EAEm s, YK + O Kot (1 = ) E{Ti T YL = Gm) K 1

+(1 - gm,t)sz,tE{ém,tTanj;é;,t}KrE,t + (}(riJ + 7(3; - 7(31,: - 7(:1Tt - (K:an - 7<;4nTt

+ (]<r?1,t + (Kffz + (Kg,t + (ngTz + (K;Zu + (K;Tt - (]<r§1,t - 7<:§1Tt + (K;’;z,r + (](r?th - erlot - (KrLOrT

=Koty = Tnle =T = TG K+ K (27)
where

Wr}z,t =E{(/ - Km,t@m,tcm,t)em,rlr—l\/R_m,tT/lgq,t@;,tK;{z,z},
Koni 20m B{(I = K 1@msCont)emai—1x; Cpo Ky 00}
Kot Z0m B{(I = Kt @i Cons) emtli—1 91 11 Ko 1}

Kons 2 (1= O VE{(I = Kyt OmsCons) emsii—16m Koy 1+
7<;?1,z =0 B{(1 - Km,t@m,tcm,t)em,tlt—lTz,z(I - @m,t)TKnTu},
Ky 21 = On ) BA{Kn s O Con X1 Ty O K 13-

KD, o 200 EAK s O s R Ay 81y K ),

Kr 20m E{Kos OmsConxi3hy KL 1}

7(2” égrzn,tE{Km,l@I'n,tCVn,txlTrz;(I - @m,t)TK;{u},

K, 20, B{ Ko Fns 1\ Rony AL 0 KT ),

K 262 E{K i Fma1 Ty (L = Gm) KD},

K2 (1= 0 VB Ko Ry ALy 80 KD,

KL, 20,0 B Ky (I = G ) TRy ALy, 80 KL ).

Next, an upper bound for the filtering error covariance matrix P,, ;; is provided to eliminate the uncertainties
in Eq. (27).

Theorem 1. For the given positive scalars £;(j = 1,2, ..., 14), it is said that P,, , is an upper bound of the Py, 11,
namely,

P < Fm,t\t, (28)
with the initial value of Pojg = Pojo > 0. Moreover, P, ,; satisfies the following recursions:

Pm,tlt—l = At—lpm,thA,T_l + Bt—th—lBZ_l’ (29)
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and

where

and

Gm,t+1

I>

Fm,llt = Kl(l - Kmt@mtcmt)Pm t|t—1(1 Kthm Cm l) + (1 - mt) Kml{Qm3t © Rmt} m,t

+K2KthmtAmtV m,t mt tth +(1_ mt) K3Kmt mt{Ymtonlt} mt
+ Hm,tK4Km,tQm,tcm,tle,tCm tQm tK Tt 0 tKSKm tQmZz‘
+ (1 - gm,t)2K6Km,tE(Gm Z)Kz;t + 62 1K7Km I(I Qm l)TmT (I Qm t) m, t+1

+ (] - em,t)ZKSKm,t{Ym,t o Tme} mt (30)
K1 = 1+é&; +&ey+eEz+éEg+éEs,
Kr =1 +el_1 +s;1 +81_(} +sl_21 +81_31,
K3 S l+86,
K4 = 1+87+88+89+8£1,
K5 = 1+8§1 +88_1+810+811,
ke = 1 +le + &1,
K7 = 1+¢~35_1 +(9§1 +e]| +en,
Kg = 1+,9_1
s 1 1 _(ny) _(ny)
Y 2 diag{oly, (1= Gy )+ 0 (1= 830},
Quis = (1 +e14) P + (1 +314)xm,t|t—1x,7,;,l|,_1
QmZ,t—l = )_)m,t—l)_};’,_l» Qm3,t = Ym,t + @m,téa’p
E(G_m,t)
(1+ xm)(1+d") _ _
(1+d)(1+e)A3 + " m,+((1+d,)(1+et1)+(1+d )(1+Xm1))
m

where G ., is an upper bound of G, = E{n?,,} with the initial condition G .o = M. 20

Here, o denotes the Hadamard product, which is defined as [A o B];; = A;; - Bjj.

Proof. According to lemma 1 in!*¢, it follows from Eq. (27) that

Pmt|t
<K1(1 Kththm t)Pm Jt— 1(1 Km tQm tCm t) + (1 - mt)2 m tE{Qm tVm thtth} m,t
+ k2K, 10m IE{/lm t V m,t m t}th ;T (1 — O t) K3Km IE{Qm :Cm Xt Xy Cm [Qm z}

+9m Ka K1 Om, E{Cpn t-xtxt mt}th m,t +9m K5 Ko, tE{ymt lym[ 1} mt
+(1- m,t) K6Km,tE{8m,t8m,[}Kr€,; + HmJK tK7(I Om, t)E{TmT }(I Om, t) m, z+1
+ (1 - gm,t)zKSKm,tE{gm,tTmTz@;,z}K;l,t- (31)

Following the same line, one has

T a a T
E{xix; } =E{(emsji—1 + Zpmsji-1) (€mj=1 + Xpmsji-1)" }
T “I\a T
<E{(1+ 8]4)em,t|t—lem,t|t_1 +(1+ €14 )xm,tlt—lxm,m_]}

2Q1,. (32)
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Moreover, given the event-triggering condition (11), we have

m

2
1 . .
el ems < (_nm,t +crm) < (L4 X)Xt + (L4 o (33)

In light of lemma 5 and the proof of lemma 4 in (27 one derives

E{emeh} < E(Gmy). (34)

Substituting Eqgs. (32) and (34) into (31), one obtains the following inequality

Pm,t|t <Ki (I - Km,t@m,tcm,t)Pm,tltfl (1 - Km,tém,tcm,t)T + (1 - Hm,t)2Km,t{Qm3,t ° Rm,t}Kr]r;,t

By using lemma 2 in

+ k2K s Gt At N Romg VR AL 0T KT+ (1= 000 K3 Ko 1 Con s\ Yo © Qi 1}CT KT,

+ 03, KKt Om s Con s Qi1 1 C O, KL + 03y K5 K 1 Qo K

+ (1= 0) k6K s B(Gma) Ky, + Oy ;K7 Kot (1 = 0mt) T Ty (I = Omt) K, 1o

+(1 - Bm’,)ZKgKmJ{YmJ o TmTz}K;’t. (35)

(27 one obtains that

P < Pm,t\t- (36)

The proof is now complete. ]

Next, the filter gain K, , is designed such that tr{P,, ,} is minimized at each time instant.

Theorem 2. Suppose that the positive scalars €;(j = 1,2, ..., 14) are given. The upper bound of the filtering error
covariance }Sm,ﬂt given by Eq. (30) is minimized by the following filter gain

where

Km,t = le,tér_nTt (37)

A D T =T
Wt —Kle,tlt—lCm,tQm,t’

_ T
— T =T — T =T
D, =K1 Qm,lCm,le,lll—lCm,tQm,t + K20m i Am g N R N R Am,tQm,t

+ 9,21,’[ (K4é_7m,tcm,tgml,tc;zl,téyTn,t + KSQmZ,t + K7(I - @m,t)TmT;Z;(I - ém,t)T)

+ (1 - Hm,t)z (Qm’j‘,t o Rm,t + K3Cm,t{Ym,t o le,t}cz;,t + KS{Ym,t o (TanTq)} + K6E(G_m,t)) .

Proof. First, calculate the trace of P,, |, obtained by Eq. (30) as follows

tr(Pm,t|t)

=t1‘{K1 (I - Km,tQ_m,tCm,t)Pm,tltfl(l - Km,t@m,tcm,t)T + (1 - em,t)2Km,t{Qm3,t o Rm,t}Kr];,t

T
= T =T T 2 T T
+ k2Kt OmtAm s V?m,t VRm,t Anz,tQm,th,t + (1 - Hm,t) K3 K s m,t{Ym,t © le,t}cm,th,l
2 - T =T T 2 T
+ em,1K4Km,tQm,tcm,tle,tCm,tQm,th,t + gm,tKSKm,tQmZ,th,;
2 — T 2 — T — T T
+ (1 - gm,t) K6Km,t-:'(Gm,t)Km,t +6 K7Km,t(l - Qm,l)Tme(l - Qm,t) Km,z+1

m,t

(1 = O) kK oy {Yns 0 (TmTZ,;)}KZ,;,,}. (38)
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Next, one can derive the derivative of tr {Pm,t|t} as follows

'[I' {Pm,th‘}
m,t
= -2k (I - Km,t@m,tCm,t)Pm,tlt—lerr;,z@m,z + 2(1 - gm,l)sz,t{Qm3J © Rm,t}

+ 262K s A s N R i N Rons. AL 18T 4 2(1 = By )2 k3K s Con s o © Qi1 }CT

+202 k8Kt Ot Cont Q1 4 Co 00 + 207, K5 Ko 1 Qs

+2(1 = O 1) k6Kt B(Gomy) + 205 k7K s (I = Gmt) T Ty (I = Oomt)”

+2(1 - Gm,,)ZKgKm,t{Ym,, o (Tm‘rrﬁ)}. (39)

By letting (39) be zero, one acquires the filter gain as follows:

) T =T — ) T =T 2
Km,t =K1Pm,t|t—1Cm,sz,t{Kl Qm,tCm,th,t\t—lCm,sz’t + (1 - gm,l) {QmB,l o Rm,r}

T
~ T =T 2 T
+ K20m s Am N R N Rt A 10y + (1= 0 g) " K3Cm{ Yms © Q1 1}Cpp
2 — T =T 2 2 =~
+ GmJK4Qm,tCm,tQml,lcm,zQm,t + Hm,[KSQmZ,I + (1 - gm,t) K6':‘(Gm,t)

-1
402 K1 (I = Bm) T T (I = Bm)” + (1= O ke (Yo © (Tt} (40)

As such, one completes the proof of this theorem. O

Remark 3. Different from the approach to dealing with the DETP in(%?%%"], an indicator variable is employed
to formulate the impact of the DETP. From (37), it can be observed that the filter gain K,,; is dependent on
the indicator variable 6,,,, which formulates the combined role of DETP with the token bucket specifications.
Meanwhile, the filter gain can be calculated under two cases, i.e., 0,,, = 1 (i.e., filter does not receive measurement)
and 0,,; = 0 (i.e., filter does receive measurement), respectively.

3.2. Boundedness analysis

In this section, the boundedness of P,,, ;; will be discussed in the sense of mean square. Before carrying out the
performance analysis, an assumption is provided to make some necessary constraints on the corresponding
parameters.

Assumption 1. Suppose that the following inequalities hold

Al <a. Bl <b, c<|Cull<e [Yudl<m |Quill <a.  [[EGuen] <p.

ltnll <7, ||Quit|| <€ ||Quaiit|| <0 [|Qusi-i]| <0, @ <||om]| < T
i <r. 2= lnd <t |V

wherea, b, ¢, @, q, 1, q, 0, p, T, 0, &, €, ¢, @, @, y, and T are all known positive real numbers.

<pu (41)

Theorem 3. Suppose Assumption 1 holds, in line with the system (1) and censored measurement (2) under As-
sumption 1, if the following inequality holds:

KiWpa® < 1, (42)

_ 2 ) .
where wy,; = ||I - Km,,,gm,,Cm,,” , then the filtering error (25) is mean-square bounded. Moreover, one has

. ~ A
fim [1Byll = ——>—— (43)
t—+00 1-— KIWpa
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where

A é/qwm,,bzq +(1- Gm,,)zlzzro + KZIEZEZ/iZuZ +(1- em’t)zk3/€2€_2ﬂ'§
+ 02 Kk PTCHE + 0% ksk2D + (1 = 6,) k6K p

+ 6,2,,’,1(71227_'2 +(1- em,t)%gl?nfz.

Proof. In line with Assumption 1 and Eq. (26), it deduces that
”Pm,t\t—ln <a’ “pm,t—lh—l“ + bz‘]- (44)

By noting Eqs. (37) with (40), the upper bound of the filter gain K, ;4 is given as

we , -
sk (45)

[Konel] < [l | < —

<
from which can be gained from Eq. (30):

||Pm,t|t” < K1 ”I - I(m,tém,tcm,tn2 ”Pm,t\t—ln + (1 - em,t)zlzzro + KZIzzﬁz/iz,u2
+(1- Hm,t)2K3122527r§ + quythl;zﬁzc_zf + 931,,K5]E2?9 +(1 - 9,,,,,)2/(61}2,0

+ 93,,,,K7l€27"'2 + (1= 6,,,) kgk*n7>. (46)
By means of wy,,, = ||I - Km,tg'm,,Cm,,Hz, one has

||pm,t|t|| < Klwm,ta2 ||ﬁm,t—1|z—l|| + K1Wm,zbZCI +(1 - Hm,t)2E2r0 + KZIEzEzZz/JZ
+ (1= 00 13 K7 R + 0%, 4k T & + 05, kK20 + (1 = 0,0,) K6k p

+ 02, k1 k2 T2+ (1 = O) ks 072 (47)

In the following, we can rewrite (47) as follows

||15m,t|t” < Klwm,taznﬁm,l—llt—] ” +A, (48)

which further implies

1- (Klwm,taz)ti1 A. (49)

_ rn B
”Pm,tlt” < (Klwm,ta )t”Pm,OlO” +
2

I —kiwma

If (42) holds, i.e., kyw,a*> < 1, one then has (43), which implies that the convergence of the upper bound
||}3,,,J|t||. Meanwhile, it is observed that P, |, always serves as an upper bound for the true estimation er-
ror covariance Py, ;. Consequently, the filtering error is mean-square bounded. Therefore, the proof is now
complete. O

Remark 4. Theorem 3 shows the combined impact of the DETP with the token bucket specifications on the filtering
error boundedness and the filtering accuracy. Noticing that w,,, is dependent on filter gain K, ; from sufficient
condition (42) and K, is dependent on 0,,, from (37), the DETP with the token bucket specifications will pose
an impact on the bounded condition. In addition, as given in (43), 0, , and w,y, ; are involved in the upper bound
of the filtering error covariance, showing that 6,,; would also pose effect on the filtering accuracy.
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3.3. Federated Tobit Kalman fusion filtering

In line with federated filtering fusion, the state estimate and the error covariance are %, ;, and Pm,m, respec-
tively, produced by the mth LTKE Let )?fl ,and ﬁf’l , denote the global optimal estimate and covariance obtained
at the fusion center under the federated fusion rule.

Theorem 4. The FTKFF scheme for systems (1)-(2) is expressed as

-1
i
g _ p—1
Pt|t - (Z Pm,tlt) ’
m=1

1 (50)
08 _ pg -1 o
e = Pt\t Z Pm,t\tmeV
m=1
with the resulting updated values

Oms = Cl’,;th,

5 _ . -1pg

P =@, P, (51)

~ N
Xt = xlll

where ay, is the information weight of the m-th local estimator and anzlam =L Zppos Pm,m, and Q. are the
local estimates, upper bounds, and process noise covariance to be initialized at time t for predictions at time t + 1.

It is noted that the role of (51) is to allocate the fused result to the individual sub-filter. The detailed procedure
of FTKFF is summarized in Algorithm 1.

In line with the boundedness analysis of Theorem 3, the same argument can be applied to deduce the bound-
edness.
According to Algorithm 1, one has the computational complexity of the scheme developed in this paper.

Remark 5. Now, we focus on the computational complexity of the scheme. In light of the system dimensions,
such as x;, € R™, y;, € R™, w, € R" and the resulting matrix dimensions, such as A; € R™*"x, B, € R,
Ciy € R, one can obtain the computational complexity of the scheme developed in this paper at every fixed
time instant. The FLOPS (Floating Point Operations Per Second) of main computational formulas from Algorithm
1is 7ln§,+(101+1)n£+36ln§nx+22lnyn§+(13l+6)n,2€+181n§—17lnxny—(21+1)nx—lny+21nxnzw—2lnxnw+21+59.
The corresponding complexity is given as O (7In3 + (101 + 1)} + 36In3ny + 22Inyn? +2in.n;,).

In the following, we will discuss the consistency of the federated fusion.

Theorem 5. If Py s < Py s> then one has
E{ (v = £5,) (e = 25D} < PS. (52)

t)t

Proof. First of all, one calculates

Y _ 28\T
E{(x, xtlt)(xt £ }
! 1 r
— _ p8 p—1 o _ p& p—1
—E{|x, P[“ZPm’,l,xmﬂ, X, PterPmytltxm,m
m=1 m=1

! ! T
g1, N\ p-l o gv-1. N\ p-l o g
(Pt|t) Xt Z Pm’t|txm,t|t (Pt|t) Xt Z Pm’mxm,tlt Pt\t'
m=1 m=1

=P*E

t)t
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Algorithm 1 FTKFF

1

. for m=1:1do

2: Initialization: £, 0j0 and Py, 00
3. end for
4: for t=1:N do
5 for m=1:1do
6: Execute information transmission protocols
7: determine @, by (15)
8: determine 3, by (18)
9: if @, = 1l and B,,; = | then
10: Vg = Ym,n,
11 else
12: Yt = Ymi-1
13: end if
14: Execute Local filtering
15: Calculate £,, 4,1 by (21)
16: Calculate P,, ;;—1 by (29)
17: Compute the filter gain K,,,, in line with (37)
18: Calculate £, 4, by (22)
19: Compute Py, ,; by (30)
20: end for
21:  Execute fusion filtering
22: Compute Plg| , and ﬁfl , by (50)
23: Update the number of tokens by (17)
24:  Tokens are assigned to every node by (16)
25 Update £,,,, and P, ,, by (51)
26: end for

Noting such a fact:

one derives that

B { G = £5,) (= £)7}

!

i ! I T
_p8 5—1 _ -1 o 5—1 _ 5—1 o g
_Pt|tE Pm,t\txf Z Pm,t|t‘xm’t|t Z Pm,t|txf Z Pm,t|txm,t|t P;|;
m

=1 m=1 m=1

! !
_pg 5-1 . . \Tp-l
_PtltE{ Pm,t|t (xf xm,t|t) Z(X; Lm.tle) Pm,t|t
m

=1 m=1

According to (49), one further has

-1 _ g -1
Pm,tlt - am(Pt|t) ’

m=1

8
b,

(53)
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which indicates that
E {(xt - fi,)(xt - fﬁt)T}

1 1
=Pf|tE {Z a’m(Pf‘,)_l (xt - -xAm,tlt) Z(xt —fm,t|t)T01m(Pf|,)_1} Pﬁ,
m=1 m=1

1 I

=E {Z (77 (xt - ﬁm,tlt) Z (77 (xt - fm,tlt)T}
m=1

1 1

=E {Z Z Ay g (xt - )?m,t|t) (x; — xAS,t|t)T} . (54)

[41]

By resorting to lemma 2 in'*'!, one derives

=ps (55)

Now, the proof is complete. ]

Remark 6. The FTKFF scheme is proposed for a class of discrete time-varying systems under the schedule of the
DETP with token bucket specifications. This paper embodies the following significant characteristics from two
viewpoints: (1) a local Tobit Kalman filter (LTKFs) is elaborately designed based on an enhanced protocol model
that gives combined consideration of the impacts incurred by the DETP and token bucket specifications, where two
indicator variables are used to formulate their roles; (2) a federated fusion rule is chosen by productively integrating
the local estimates from LTKFs.

4. AN ILLUSTRATION EXAMPLE

In this section, an oscillator simulation example in'%'2] is provided to showcase the effectiveness of the pro-
posed FTKFF algorithm, under the schedule of the dynamic event-triggering with tokens buckets. The system
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% The triggering instants of node 1
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Time(t)

Figure 2. The dynamic change of token and triggering instants of three nodes.

parameters are chosen as

A - [cos(w) sin(w) [0.16

B, =
—sin(w) cos(w)|> " [0.18

1 0 1 0 1 0 5
Cl,t—[o 1]»C2,t—[0 1],C3,t—[0 1]’)60_[0}’

Ql = dlag{OOS, 005}, Rl,l = R2,t = R3,l = 05

] ,  w=0.052n,

In terms of the token bucket formulation, choose the following parameters
,30210, C]ZC2=C3=3, b=30, g:5.

The corresponding parameters in the dynamic event-triggering conditions (14) are set to be d; = 1.5,¢; = 2
g] = 0.1,0‘2 = 0.2, g3 = 0.3, /12 = 0.2,/11 = /13 = 0.1, 91 = 92 = 93 = 5, n,o = 1720 = 13,0 = 1.5,
ay = ar = ay = 1.5, b1 = by = by = 2. The threshold of T, is set to be a zero vector. In addition, set
gl=6ry=¢e3=64=65=0.05,6=0.7(i=6,---,13),and €14 = 1 for Eq. (32). By means of Theorems 2 and
3, one calculates the local filter gains K; ;, the local estimates £, ;;, and the global estimates )Efl P respectively.

The simulation results are displayed in Figures 2-10. Figure 2 depicts the utilization of communication re-
sources under the schedule of dynamic event-triggered protocol with the token bucket specifications in the
network, where the black asterisk, blue circle, and red cross are denoted as the event-triggering time instant of
Nodei = 1,2, 3, and the green line represents the dynamic change of tokens. Figures 3 and 4 plot the censored
measurements before and after the communication protocol scheduling, respectively, which reflects the role
of scheduling in the information transmission. Figures 5-7 depict the local estimated values from every node
and fusion estimation of state x,. Figures 8-10 illustrate the logarithm (lg) of e;, e Emales Tr(me) for every
sensor, (ef’lt Tef'[, and Tr(f’flt).
In Figures 5-7, the blue curve represents the estimates from the local filters. Due to the existence of censored
measurements, there exist obvious fluctuations of the local estimate, especially in the estimation of state x_%, ,in
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Time(t)

Figure 3. y! . and 5}, ,.

Figure 7. However, federated fusion rules are used in this paper to obtain an optimal fusion estimate (shown
by the red curve) by fully exploiting the estimates of all local filters. Meanwhile, the optimal fusion estimate
can be fed back to the local filter to modify the fluctuations.

In Figures 8-10, the red curve represents the upper bound of the covariance of the local estimation error, while
the yellow curve shows that of the filtering error after fusion. It can be observed that the result after fusion is
better than that before fusion. Additionally, the blue dashed line represents the mean square error of the local
estimator; the black curve indicates that after fusion. It can be noticed that in most cases, the mean square
error of fused results is almost smaller than that of the local estimates, and the error curve is relatively smooth.
This also demonstrates the superiority of the FTKFF scheme.

Thanks to the regulations of federated fusion filtering, distributed processing is achieved among sensors, where
each local filter enhances the real-time performance of the system. Even in cases where a sensor fails or pro-
vides inaccurate information, the fusion center can enhance the filter’s performance by utilizing data from
other nodes and transmitting it to the local filter, resulting in a smoother filtered state value, which implies
that the system becomes more resilient. As shown in Figures 8-10, the upper bound of the trace of the fused
filtering error covariance matrix is smaller than that of a single node, and there is also an improvement in
terms of mean square error. Therefore, the FTKFF scheme developed in this paper is indeed effective.

5. CONCLUSIONS

This paper has proposed a class of FTKFF schemes with censored measurements under the schedule of dy-
namic event-triggering with token specifications. First, the Tobit model has been used to describe the censored
measurements. The token bucket traffic shaping algorithm with DETPs has been integrated to fully utilize lim-
ited communication resources. A local recursive filtering scheme has been designed for every node and an
upper bound for the covariance matrix of the filtering error has been derived in the sense of trace. By mini-
mizing this upper bound at each time step, the local filter gain has been calculated recursively. Additionally,
sufficient conditions for the local filtering error to be mean-square stable are derived by analyzing the bounded-
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“o 10 20 30 40 50 60 70 80 %
Time(t)

Figure 4.2, and y2,,.

0 10 20 30 40 50 60 70 80 90 100

Figure 5. x,, %, and Xflr.

ness of the local filtering error covariance matrix. The fusion center processes the local filtering values at each
time step via the federated fusion rule and distributes the fused results to each local filter. This comprehen-
sive fusion filtering framework provides an effective solution to the censored measurements and information
transmission protocol involving the DETP and token bucket specifications. Finally, the performance of the
proposed FTKFF scheme is evaluated through a simulation example. In the future, the schemes proposed in
this paper could be further developed to deal with more complicated cases such as sensor saturation, uncertain


http://dx.doi.org/10.20517/ces.2024.37

Chen et al. Complex Eng Syst 2024;4:19 | http://dx.doi.org/10.20517/ces.2024.37 Page 19 of 23

Figure 7. Xty Jﬁ.t\u and fcﬁl.

parameter systems, signal quantization, and time-delay systems or two-side censored measurements.
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