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Abstract

Symmetry is a cornerstone of condensed matter physics, fundamentally shaping the behavior of electronic systems
and inducing the emergence of novel phenomena. The Hall effect, a key concept in this field, demonstrates how
symmetry breaking, particularly of time-reversal symmetry, influences electronic transport properties. Recently, the
nonlinear Hall effect has extended this understanding by generating a transverse voltage that modulates at twice the
frequency of the driving alternating current without breaking time-reversal symmetry. This effect is closely tied to the
symmetry and quantum geometric properties of materials, offering a new approach to probing the Berry curvature
and quantum metric. Here, we provide a review of the theoretical insights and experimental advancements in the
nonlinear Hall effect, particularly focusing on its realization in two-dimensional materials. We discuss the challenges
still ahead, look at potential applications for devices, and explore how these ideas might apply to other nonlinear
transport phenomena. By elucidating these aspects, this review aims to advance the understanding of nonlinear
transport effects and their broader implications for future technologies.
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INTRODUCTION

Symmetry is foundational in condensed matter physics, guiding the understanding and prediction of material
behaviors. It plays a crucial role in determining the properties of structural, electronic, optical, and magnetic
systems!'~*]. By considering the symmetry, one can classify phases of matter, comprehend phase transitions,
and predict the emergence of new quantum phenomena/®=*!. For example, in optics, symmetry dictates the
selection rules for transitions and governs the behavior of light in various media'®'!]. In electronics, symme-
try strongly affects the band structures of materials by modulating the band degeneracy, effective mass and
topology, thus playing a significant role in determining electron transport properties -6/, The Hall effects,
characterized by the emergence of a transverse voltage in response to a longitudinal current, exemplify the pro-
found influence of symmetry, manifesting in diverse and distinctive forms. The conventional Hall effect arises
from the breaking of time-reversal (T) symmetry under the influence of an external magnetic field, whereas
the quantum Hall effect is marked by quantized conductance in the presence of strong magnetic field 78],
The anomalous Hall effect originates from intrinsic T symmetry breaking driven by magnetic order '), while
the spin Hall effect leverages spin-orbit coupling, notably without violating T symmetry >/,

The nonlinear Hall effect is a recently uncovered phenomenon characterized by the emergence of a Hall volt-
age that scales quadratically with the applied current. In non-magnetic systems, this effect arises exclusively
from the breaking of parity inversion symmetry (P), without requiring the violation of time-reversal symme-
try, thereby providing profound insights into the topological and symmetry characteristics of materials?!].
Furthermore, in magnetic systems, the realization of the nonlinear Hall effect, driven by the quantum metric,
requires the simultaneous breaking of both P and T symmetries. Therefore, the nonlinear Hall effect serves as
a novel probe for exploring quantum phases and is prevalent in a wide range of materials, particularly in two-
dimensional (2D) systems, such as 2D Weyl semimetals and elemental materials >-28]. Although nonlinear
Hall effect is usually observed in materials with metallic features, He and Law’s recent theoretical suggested
that this effect can also occur in insulators when the driving frequency approaches the band gap?°). This
ability to generate a transverse voltage, regardless of whether the material is metallic or insulating and with-
out requiring an external magnetic field, as depicted in Figure 1A, opens new possibilities for applications in
electronic devices and sensors.

In this review, we initially introduce the fundamental symmetries underlying the nonlinear Hall effect, pro-
viding a theoretical framework to comprehend this phenomenon. Then the mechanisms and various factors
resulting in this effect are discussed. Subsequently, experimental advancements in detecting the nonlinear
Hall effect in 2D materials are explored, as illustrated in Figure 1B-E. This includes cases of inherent symmetry
breaking in specific materials and instances resulting from structural engineering. Finally, we outline poten-
tial devices utilizing this effect and other nonlinear transport phenomena, highlighting promising avenues for
future research and technological innovation.

FUNDAMENTAL SYMMETRIES

In electromagnetic phenomena, two fundamental symmetries play a crucial role: parity inversion and time-
reversal symmetry. Parity inversion symmetry involves spatial inversion. It refers to the invariance of physical
laws under inversion of spatial coordinates. Mathematically, this is represented as (x — —x,y — —-y,z = —2).
Time-reversal symmetry, on the other hand, involves reversing the direction of time, defined by the operation
(t — —t). Therefore, the combination of parity and time-reversal (PT) symmetry can impose both parity
inversion and time-reversal transformations simultaneously (x — —x,y — —y,z — —z,and r — —1).

According to the Maxwell equations, a magnetic field (H) can be generated by a circular current loop, while
an electric field (E) arises from two oppositely charged plates. As illustrated in Figure 2A, under time-reversal
transformation, the current flow within the circular loop reverses, thus inverting the direction of magnetic field
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Figure 1. Advancements in the exploration of the nonlinear Hall response in various 2D systems. (A) Schematic of the measurement
geometry of the second-order nonlinear Hall effect. (B and C) The nonlinear Hall response in 2D Weyl semimetals and 2D topological
insulators with inherent symmetry breaking. (D and E) The nonlinear Hall response in heterostructures and moiré superlattices through
structural engineering. (B) reprinted with permission 301, 2024, CC BY license. (D) reprinted with permission 27311, Copyright 2023, The
American Association for the Advancement of Science and 2023, CC BY license. (E) reprinted with permission (32331 2021, CC BY license
and 2022, CC BY license.

and confirming odd nature of H under time-reversal. Consequently, the application of H explicitly breaks
the T symmetry?). In contrast, as Figure 2B demonstrates, H remains even under parity inversion, as the
orientation of current remains unchanged when spatial coordinates are inverted. As shown in Figure 2C, in
the case of two antiparallel magnetic fields, the P and T symmetries are individually broken, as the magnetic
field direction reverses under both parity inversion and time-reversal. However, PT symmetry remains intact,
as the magnetic field direction is preserved when both transformations are applied sequentially >/, The electric
field, however, exhibits distinct symmetry behavior. Under time-reversal, the charge distributions on the plates
remain static, leaving E invariant, as depicted in Figure 2D. In contrast, under parity inversion, E reverses its
direction due to the exchange in spatial position of the two oppositely charged plates, as illustrated in Figure
SE[2:35]

Based on the symmetry considerations outlined above, the T symmetry in the Hall effect is broken by apply-
ing a magnetic field **7). Additionally, this symmetry framework elucidates the conditions required for the
nonlinear Hall effect, in which the induced current J scales quadratically with the electric field E rather than
linearly, represented as:

Ja = XabcEpEe, (1)

where y,». denotes the tensor of nonlinear response (1], Here, both the current J and electric field E change
sign under parity transformation. Consequently, y,» must also invert its sign to preserve consistency across
both sides of the equation. As a result, the second-order nonlinear response necessitates the breaking of P

symmetry %),
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Figure 2. Fundamental symmetries for E and H. (A and B) H is an axial vector. It is odd under time-reversal and even under parity inversion.
(C) The symmetry of two antiparallel magnetic fields; both P and T symmetries are broken but PT symmetry is preserved. (D and E) E'is a
polar vector. It is even under time-reversal and odd under parity inversion.

MECHANISMS UNDERLYING THE NONLINEAR HALL EFFECT

The nonlinear Hall effect arises from a rich interplay of fundamental symmetries that govern the behavior of
charge carriers in materials. Through symmetry analysis, researchers have identified various mechanisms that
can give rise to this effect. Among them, the quantum metric dipole and Berry curvature dipole are crucial, as
they illustrate how the geometric properties of the band structure influence transport phenomena [21:26:38:39],
Additionally, disorder could also play an important role in the nonlinear Hall response by various mecha-
nisms such as side-jump and skew scattering“>*!). As a result, these factors create a diverse landscape for

understanding and harnessing the nonlinear Hall effect across different materials.

Quantum metric dipole

In condensed matter physics, quantum geometry: Q4" = —£Q)" + g" plays a significant role in understand-
ing various phenomena, especially those related to the electronic properties of materials >3]
geometry can typically be divided into two main components: the imaginary part is Berry curvature, which
describes the phase difference between two quantum states. The real component is the quantum metric, delin-
eating the amplitude difference between them. Both of these geometric quantities are crucial to determining

the behavior of electrons in various nonlinear transport phenomena 213,

. The quantum

For the nonlinear Hall effect, the quantum metric is one of the indispensable points contributing to the second-
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Table 1. Summary of the scattering time - dependence and
the symmetry analysis for different mechanisms

S t
Mechanism 7 — depend ymmetry

P _T_ PT
Quantum metric dipole (261 70 x x4/
Berry curvature dipole [21] 7! x N X
Side-jump [40] 72 or 7! x N X
Skew scattering [40.47] 73 or 72 x N ox

x: Forbidden; v: allowed.

order current response, whose conductivity tensor characterizes the second-order current response of the
current J to E:
¢ = Z o EPEY, (2)
By

(a, B and y are Cartesian indices) ). ¢ can be divided into two components: the Ohmic component and the
Hall component 4. The Ohmic component comprises a Drude conductivity of second-order, which depends
on the relaxation time 7 (#>*¢]. In contrast, the Hall component contains a 7 independent term**). Based
on the o — 7 dependencies, the contribution of the second-order nonlinear Hall effect is able to be separated
into intrinsic (r-independent) and extrinsic (7-dependent) components [38,40] Tt jg noteworthy that, although
the Berry curvature dipole actually depends on the relaxation time, it is generally regarded as the intrinsic
contribution in research “°). On the other hand, disorder-related side-jump and skew scattering are normally

attributed to the extrinsic mechanisms [Table 1].

The nonlinear Hall effect induced by the quantum metric dipole arises in the presence of an electric field. The
electron velocity under electric field E consists of two contributions, the group velocity, and the anomalous
velocity due to the Berry curvature:

1 e
F=-V —E x Q. 3
P=oViet o (3)

Recently, Gao et al. demonstrated that the electric field can introduce a gauge-invariant correction to the Berry
connection: AE(k) = G (k)E, where G (k) is the Berry connection polarizability tensor *), defined as

g A (k)AL ()

m#n
As a result, the Berry curvature can be rewritten as Q = Q + V; x AE(k). Thus the electric velocity becomes

1
f:ﬁVks+%ExQ+%xEkaxG(k)E. (s)

The third term represents an anomalous velocity that is proportional to the square of the electric field and
is independent of the 7. Therefore, it contributes to the intrinsic nonlinear Hall effect. Based on Eq.(1), the
intrinsic nonlinear Hall tensor is 48!

XINH = € Z/ (27)? v,G ,k(?j:;)ian) (i) (6)

Gt respresents the Berry connection polarizability in the #-band situation. In the simplified two-band sce-
nario, the Berry connection polarizability GIF simplifies as:

ReA,, Ak ]
nmmn _ o 8n , )
En—Em En —Em

Gt =2

where g/" is the quantum metric, and it is related to the Berry connection for non-diagonal terms. The quantum
metric dipole, which characterizes the influence of the quantum geometry on transport phenomena, is given
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by the product of the group velocity and the quantum metric: vﬁlgf;k, reflecting the spatial variation of the
quantum states in momentum space.

When considering symmetries, the emergence of the quantum metric requires the breaking of both P and T
(26], In addition, PT symmetry eliminates the contributions from the Berry curvature dipole, as the
Berry curvature is zero >!). Consequently, a structure that violates both P and T symmetries while preserving

PT symmetry provides an ideal setting for investigating the quantum metric dipole induced nonlinear Hall
effect [26:27:49]

symmetries

Berry curvature dipole

Besides the quantum metric dipole, the Berry curvature dipole can also give rise to the nonlinear trans-
port 242351 The Berry curvature Q can be viewed as an effective magnetic field in the parameter space (e.g.,
momentum space), which has been recognized as the origin of various novel electronic phenomena!'*30-5%,
In the linear Hall effect, the Hall conductivity is defined as

: e? d"k
o= _%Sabc Wgcfo, (8)

where fj is the Fermi distribution, # is the dimension, and &, is the Levi-Civita symbol (35 The Berry curva-
ture enables the calculation of the intrinsic anomalous Hall effect ['>33], which is invariant under P symmetry
but changes its sign under T symmetry. Therefore, in systems with T symmetry, the positive and negative mo-
mentum contributions cancel out during integration, resulting in zero Hall conductivity. To achieve non-zero
Hall conductivity, the T symmetry must be broken by an external magnetic field or internal magnetization of
the material.

The Berry curvature dipole induced nonlinear Hall effect can be derived from the Boltzmann equation under
the relaxation time approximation, —etE,d,f + 70,f = fo — f, where E, is the electric field and f is the
distribution function. The electric field is considered to take the form E.(7) = Re{e e} 2!, The distribution
function can be expanded up to second order in terms of the electric field: f = fy + fi + f>. Substituting this
expansion into the Boltzmann equation leads to:

—eTE 0, fo — eTE 0y f1 — eTE 04 f> = =10 f1 — f1 — 101 fo — Ja, (9)

where it is assumed that ; fo = 0. This simplifies to:
eTEq0afo = 10, f1 + fi, (10)
etE 0, f1 =710 >+ fo. (11)

The term f; could be separated into two parts as follows: f; = fl‘”e"“” + fl“"e‘i“”. Taking f) into Eq.(10), it is

found that: S
= woiwty o _ £TCa%J0
fl—Re{fle 1, f1 T A tior

The term f> can be rewritten as: f, = ff‘”*eizwl + f20+ +fy T+ fzzw‘e‘iz“” , Thus, it can be expressed as:

(12)

. 22285 3un fo 212E,E0dun f:
= R 0 2w 2wt 0:€T aa 20 _ a©alYab JO ) 13
f2 el + /7™ ) 2(1+wt) ~ 72 2(1 +iwt)(1 + 2iwT) (13)

Based on the current density formula j, = —e /k f(k){0,e(k)—eapcQpeE (1)}, it is noted that d,€(k)dp fo (k)
is odd under time reversal within the approximation of a constant 7, leading to its vanishing upon integration.
The second-order current corresponding currents are given by:

2
. e «
£=31wﬁwﬂ% (14)
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which represents the rectified current, and

62
¢ = ?/5abcgb8c‘f1‘us (15)
k

which corresponds to the second harmonic current. Based on Eq.(1), the tensor of nonlinear Hall response is
written as:

Xabe = €abc 777+~

E /h@%) (16)

It is clear the yup is proportional to the dipole moment of the Berry curvature integrated over the occupied
states, commonly referred to as the Berry curvature dipole>1>4):

Dm=1ﬂ@@ﬂ (17)

In this vein, we can understand the requirement of the nonlinear Hall response induced by the Berry curvature
dipole more clearly based on the analyses of the symmetry. Firstly, under T symmetry, both the group velocity
and Berry curvature reverse their signs, but their product remains unchanged, indicating the nonlinear Hall
response can be observed with T symmetry. Secondly, under P symmetry, the group velocity reverses its sign,
but the Berry curvature does not, resulting in a zero Berry curvature dipole moment. Therefore, to observe
the nonlinear Hall effect, the P symmetry must be broken.

Besides the symmetries mentioned above, other symmetries significantly influence the nonlinear Hall effect.
The chiral symmetry plays a pivotal role in the nonlinear Hall effect!>>). It refers to the absence of improper
symmetries, such as inversion and mirror symmetries. The absence of these symmetries results in an inherent
asymmetry, distinguishing between left- and right-handed configurations. The broken inversion symmetry,
induced by chirality, ensures a finite valley-contrasting Berry curvature, which in turn, gives rise to a Hall-like
net transverse conductivity, contributing to the nonlinear Hall response [°°!. Moreover, when chiral symmetry
is broken, the nonlinear Hall current can attain quantization [}, Beyond chiral symmetry, systems that break
PT symmetry also manifest a third-order nonlinear Hall effect, driven by the Berry curvature quadrupole.
PT symmetry enforces the vanishing of Berry curvature quadrupoles, so materials that break PT symmetry,
such as bulk MnBi,Te, [*®! and FeSn [*°! under an external magnetic field, exhibit a third-order nonlinear Hall
effect. The mirror symmetry and cyclic rotations symmetry also affect the nonlinear hall effect. Under C and
C5 4T symmetry, both the quantum metric and berry curvature dipole are forbidden. For the combined C3T
symmetry, the quantum metric dipole is allowed, but the Berry curvature dipole is forbidden. Conversely, 0,7
symmetry permits only the Berry curvature dipole *¢.

Side-jump and skew scattering

Besides the intrinsic mechanisms, disorder also plays an integral role in a variety of Hall effects, such as the
(19206061 Tn the case of the nonlinear
Hall effect, the intrinsic mechanism plays a crucial role, but disorder-related still cannot be overlooked. This

extrinsic contributions of the anomalous, valley, and spin Hall effects

is because this effect inherently requires the Fermi energy to intersect with the energy bands, making disorder
scattering inevitable at the Fermi surface. In fact, disorder plays a role even at leading order, contributing

critically to the overall response 40411,

Utilizing the Boltzmann equation:

%J:l_l_k %—_Z(Wmﬁ Wi fr), (18)
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where Wy, is the average scattering rate from I’ to /, in conjunction with the 2D tilted massive Dirac model:
ﬁzth+v(kx0')(+ky0'y)+m0'z, (19)

Du et al. systematically classified the contributions to the nonlinear Hall response under the influence of disor-
der. Their work identifies three key components: the intrinsic contribution, the extrinsic side-jump scattering,
and the skew scattering mechanisms 4°).

The side-jump scattering occurs during the scattering of electrons off impurities or phonons in a material.
When an electron scatters, its trajectory is deflected, not just by the usual scattering angle but also by an ad-
ditional transverse displacement. The transverse displacement ér is proportional to the spin-orbit coupling
strength and the gradient of the impurity potential (*>-6%], so the accumulation of 6r over multiple scattering
events generates an effective transverse velocity contributing to the nonlinear Hall conductivity. The side-jump
velocity induced nonlinear Hall response can be expressed as:

sj.b _ 5j g b
Xabe =~ Z Vg 0c8) s (20)
i

where g? =170p fl(o). The side-jump also modifies the distribution function, which consequently gives rise to
a second-order response:

(0)

Kb ==h Y ml10a(mvd) + MEWY + 0 (v} (21)
1

On the other hand, skew scattering occurs when electrons are scattered asymmetrically due to spin-orbit inter-
action. The spin-orbit interaction causes the scattering to be asymmetric, meaning the probability of scattering
to one side is different from the probability of scattering to the other side[5**). Over many scattering events,
the asymmetry leads to a net transverse current, which causes the nonlinear Hall effect*>°°!. The skew scat-
tering induced nonlinear Hall effect can also be separated into two parts:

k.1 ; b
Xave = Z wiy, (g, — Ty, 0c)gy (22)
I
and
k,2 ~ b
Xope = Z wps (g, — Ty, 0c) gy s (23)

mw

where w?, and w)$ represent the Gaussian and non-Gaussian antisymmetric scattering rates, respectively.

w w
In conclusion, the mechanisms governing the nonlinear Hall effect encompass the quantum metric dipole,
the Berry curvature dipole, and disorder-induced phenomena such as side-jump and skew scattering. Both
the quantum metric dipole and the Berry curvature dipole give rise to nonlinear Hall responses intrinsically
linked to the quantum geometry of the system. Meanwhile, disorder-induced nonlinear Hall effects offer
a valuable avenue for investigating disordered systems. These mechanisms manifest distinct experimental
behaviors. Notably, the Berry curvature dipole exhibits a response that closely mirrors that of disorder-induced
mechanisms, particularly due to its dependence on relaxation time. Importantly, the Berry curvature dipole is
prohibited in systems exhibiting threefold rotational symmetry(®”!. Under such conditions, the nonlinear Hall
effect is primarily driven by disorder and the quantum metric dipole, with the two contributions distinguishable
by their contrasting relaxation-time dependencies.


http://dx.doi.org/10.20517/microstructures.2024.129

Wang et al. Microstructures 2025, 5, 2025060 | http://dx.doi.org/10.20517/microstructures.2024.129 Page 9 of 21

SYMMETRY BREAKING INDUCED NONLINEAR HALL EFFECT IN 2D
MATERIALS

The 2D materials exhibit a range of intriguing physical properties arising from their unique structural and
electronic characteristics #%-7!]. Many of these materials possess intrinsic symmetry breaking [#>7>73], which
gives rise to their emergent transport behaviors, including the nonlinear Hall effect. Beyond the intrinsic sym-
metry breaking, researchers can intentionally break the symmetry through structural engineering techniques,
such as the creation of heterostructures and 2D moiré superlattices7*~77). These engineered systems provide
new avenues to explore and enhance the nonlinear Hall effect, leading to exciting potential applications in
electronic and optoelectronic devices.

Intrinsic symmetry broken in 2D materials

The nonlinear Hall response is generally measured through a Hall-bar device [Figure 1A]. To detect this effect,
an alternating current I with a low frequency w (typically between 10 and 1,000 Hz) is applied to the sample.
The resulting transverse Hall voltage, which appears at twice of the applied frequency 2w, is then measured us-
ing a lock-in technique [*>??]. The low-frequency measurement in the nonlinear Hall effect provides a distinct
advantage in separating the signal from other electronic noise, making it more feasible to study the nonlinear
response in solid-state systems [*3].

The nonlinear Hall effect was initially observed in T;-WTe,, a 2D semimetal characterized by broken P symme-
try[22231, Through the typical measurement on a Hall-bar device, Kang et al. measured the double-frequency
voltage of the few-layer WTe, at temperatures ranging from 2 to 100 K[?2/. They found the transverse electric
field with 2w (E3“) scales linearly on the square of the longitudinal electric field (E)), as shown in Figure 3A.
The slope decreases consistently with increasing temperature. The temperature dependence of the longitudi-

2w
nal conductivity o was also measured [Figure 3B]. After a careful analysis, éﬁ scales linearly with o [Figure
3CJ:
E2a)
( EH)Z =07+, (24)

where ¢ and 7 are constants. The anomalous Hall effect can result from Berry curvature, skew scattering,
and side-jump mechanisms!'61978-8°] - Accordingly, the nonlinear Hall effect in few-layer W'Te, is ascribed to
contributions from both the Berry curvature dipole and scattering effects.

With further research into the nonlinear Hall effect, the mechanism of quantum metric dipole was proposed to
induce the nonlinear Hall effect*). This mechanism is referred to as the intrinsic nonlinear Hall effect since
the 7 independence®). The first observation of the intrinsic nonlinear Hall effect was in topological antifer-
romagnet MnBi, Te, **?7], whose spins couple ferromagnetically within each Te-Bi-Te-Mn-Te-Bi-Te septuple
layer (SL) with an out-of-plane easy axis, while adjacent SLs couple antiparallel to each other®!). In the even
layer MnBi,Te,, the P and T symmetries are violated but the PT symmetry remains intact. As shown in Figure
3D, the nonlinear Hall effect of the four SLs MnBi,Te, is measured along both the transverse and longitudinal
directions. Significant responses are observed in the two directions, aligning with predictions that the quan-
tum metric dipole can drive both nonlinear Hall response and non-reciprocal transport phenomena [#2), This
is in stark contrast to the nonlinear Hall effect induced by the Berry curvature dipole, which only manifests
the Hall response®*). To explore the underlying cause of the nonlinear response, the temperature dependence
of the longitudinal conductivity o and charge carrier density n, were measured. As shown in Figure 3E, the
charge carrier density stays almost unchanged between 1.6 to 10 K, indicating that 7 is the predominant com-

ponent to determine the conductivity in this range. Then the (J'yz;‘jC and 02 as a function of the (c¥)? were
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Figure 3. Experimental investigations of the nonlinear Hall response in WTe2 and MnBiz2Tes. (A) the E2« depends linearly on the (E)? at
different temperatures. (B) The temperature dependence of o. (C) The nonlinear Hall signal as a function of the o2. (D) The nonlinear
longitudinal v« and transverse v2« responses as a function of the input current. (E) The conductivity and carrier density of four septuple
layers MnBizTes at temperatures ranging from 2 to 30 K. (F) The nonlinear conductivity o2, (022, as a function of the o2, (A-C) reprinted
with permission 221, 2019, CC BY license. (D-F) reprinted with permission (261, 2023, CC BY license.

plotted and fitted with

o = o (T 2)* + o, (25)

as shown in Figure 3F, they found the predominant contribution to both the o2, and the o7& is the quantum
metric dipole (19, T-independence). This study introduces a technique for probing the quantum metric and

offers a framework for designing magnetic nonlinear devices.

Given the multitude of mechanisms that can induce the nonlinear Hall effect, an effective approach to classify
them is essential. In experiments, one can apply the scaling law proposed by Du et al. [*°:

2w
YXX

W - C]O';OIO'(? =(Cr+Cy— C3)0';020'§ +(C3 — 2C4)0';010'3 + Cy. (26)
XXX

Here, the coefficients C) 5 3 4 include the contributions from the Berry curvature dipole (C™), side-jump (Cl.sj ),
intrinsic skew scattering (Cl.Sk’1 )> and extrinsic skew scattering (C; k’z) in the following forms:

Cr=C*2C=Cm+CY +Cp Gy =20"+C) + ¢+ O Gy = M+ €Y+ O (27)
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In the limit (7 — 0), the scaling law simplifies to:

E3%
(E$)?

= Cioy0 + Ca. (28)

From the calculated values of C; and C», we can identify the dominant mechanism driving the nonlinear Hall
effect. In the case of the Weyl semimetal TalrTe, (25] it was found that C; = =1.6 x 107 and C, = 2.6 x 1078
m?V~!, indicating that the contribution from extrinsic skew scattering to the nonlinear Hall effect is smaller
than that of the Berry curvature dipole and static disorder scattering.

In addition, based on Eq. (24), since J = o' E, the second-order current can expressed as Jyz‘” = O'E)Z,‘“, and
E3 2 . - N

thus: ﬁ = Ui;” = é0? + 1. Given that o is linearly dependent on the scattering time 7, the second-

order conductivity O'y(ﬁ scales as 73 and 7 with the coefficients ¢ and 7, respectively. The 7° dependence

contribution to the nonlinear Hall response originates from skew scattering, while the 7 dependence arises

from the Berry curvature dipole and side-jump mechanisms. Through the scaling law, Lu et al. determined
that the nonlinear Hall effect in BiTeBr is primarily attributed to skew scattering and side-jump mechanisms, as
the Berry curvature dipole is prohibited by the material’s threefold rotational symmetry(°°. The coefficient &,
which indicates the contribution from skew scattering, was calculated to be 6.9x107'> m3*V~1S~2 for the 4-nm
sample. Furthermore, the sign of 5, which represents the contribution from side-jump, was found to change
with increasing thickness. After a comparison between the skew scattering and side-jump contributions, it was
concluded that the nonlinear Hall effect in BiTeBr is primarily dominated by skew scattering.

For the nonlinear Hall effect induced by the quantum metric dipole, a similar scaling analysis can be con-
ducted. Based on Eq. (25), the contributions to the nonlinear Hall effect can be categorized into two distinct
mechanisms: one that is independent of the scattering time 7, and the other one is dependent on 7. Since
the quantum metric dipole is independent of 7, this distinction enables us to clearly differentiate the quantum
metric dipole from other mechanisms.

Symmetry design through structure engineering

Due to the stringent symmetry requirements for the nonlinear Hall effect, the range of materials that can real-
ize this effect is quite limited. Some of these materials require complex synthesis methods and may not even
remain stable in air, which significantly restricts their practical applications *>2*. Additionally, the electronic
properties of these materials are strongly affected by their crystal structure and composition, making it dif-
ficult to modify them as desired 7*%*), which reduces the ability to optimize the magnitude of the nonlinear
Hall effect signals. Recently, some researchers have attempted to break the symmetry of materials through
doping!®>]. However, this approach has inherent limitations. The doping concentration is constrained, and
achieving a controllable distribution of the dopants is often challenging. Significant emphasis has been placed
on the study of oxide interfaces, where spontaneous symmetry breaking inherently fulfills the conditions re-
quired for the nonlinear Hall effect*5-#%]. Likewise, there is growing emphasis on exploring heterostructures
composed of 2D materials, where intentional symmetry breaking can be effectively achieved by stacking dif-

ferent materials[375:89:90]

. Recent years have witnessed significant progress in the design and fabrication of
heterostructures, opening new avenues for this research. Utilizing techniques such as mechanical exfoliation
9192] 'researchers can meticulously create 2D heterostructures tailored to specific

experimental requirements. This innovative approach not only facilitates the investigation of fundamental

and the dry-transfer method

physical phenomena but also paves the way for potential applications in next-generation devices, where engi-
neered symmetry breaking may lead to novel functionalities.

Through this structure engineering, Gao et al. investigated the nonlinear Hall effect in even layered MnBi,Te,
interfaced with black phosphorus (BP)27), The lattice of MnBi,Te, has Cs rotational symmetry. To break this
symmetry, a BP layer is stacked onto the MnBi,Te,. As shown in Figure 4A, the polarization angle-dependent
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Figure 4. Experimental studies of the nonlinear Hall response in topological antiferromagnetic heterostructure (BP/MnBizTes) and twisted
bilayer graphene. (A) Optical second harmonic generation measurements of a 6 SLs MnBi>Te4 before and after being coupled with BP. (B)
The v2¢ and v, before and after being coupled with BP. (C) The £z dependence of the o2¢, and R... (D) Phase diagram of the nonlinear
Hall effect. The dominated mechanism changes with strain strength and effective disorder density, with red (blue) regions indicating dipole
(scattering) dominance. (E) The v2« varies with » and D. (A-C) reprinted with permission[271, Copyright 2023, The American Association
for the Advancement of Science. (D and E) reprinted with permission 93], Copyright 2023, The American Physical Society.

second harmonic generation (SHG) intensity of MnBi,Te, exhibits six-fold rotational symmetry. In contrast,
the SHG pattern of the BP/MnBi, Te, heterostructure is asymmetric, indicating the BP breaks the C3z symmetry
of MnBi,Te,. Figure 4B displays the nonlinear Hall signal of MnBi,Te, before and after interfacing with BP.
A prominent nonlinear Hall signal appears only after the introduction of BP, while the linear longitudinal
voltage V¥ exhibits only a slight decrease (inset of Figure 4B), further confirming the nonlinear Hall signal is
induced by symmetry breaking. Since the quantum metric dipole induced nonlinear Hall response does not
require explicit PT symmetry breaking, applying a vertical E field via dual gating to break PT symmetry has
no impact on the nonlinear Hall signal. As shown in Figure 4C, the nonlinear Hall signal still remains at E; =
0, confirming this is a quantum metric dipole induced nonlinear Hall effect.

With the advancement of 2D van der Waals stacking technology, the fabrication of 2D moiré superlattices has
become feasible through techniques such as tear-and-stack[** and cut-and-stack[®>) methods. Researchers
have successfully synthesized 2D moiré superlattices in materials including twisted trilayer graphene (°>-%7],
twisted bilayer boron nitride (tBN), and twisted WSe,—MoSe, heterobilayers(®®]. These structures exhibit
intriguing physical properties, including superconductivity °7:9>1°°) topological phases!”5°!) and correlated
insulating states12-1°4) Furthermore, the spontaneous atomic reconstruction associated with these moiré

patterns leads to symmetry breaking within the material, thereby facilitating the emergence of the nonlinear
Hall effect.
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Table 2. Nonlinear Hall effect in various materials
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Materials Mechanisms Temperature Input current Input current Output voltage
(K) frequency (Hz) maximum (uA) maximum (uV)
Bilayer WTe,[23] Berry curvature dipole 10-100 10-1,000 1 200
Berry curvature dipole
- [22] - .
Weyl Few-layer WTez & skew scattering 1.8-100 17137 600 25
semimetals Bilayer MoTe; 1051 Berry curvature dipole 1 15 1337313333 200 45
& skew scattering
TalrTes 251 Berry curvature dipole 2-300 13.7-213.7 600 100
NblrTe4[30] Berry curvature dipole 2-300 17.77-17.77 200 30
Rashba materials ~ BiTeBr[6€] Skew scattering 300-350 7.777-27777 5 100
Dirac semimetals ~ BaMnSb, [106] Berry curvature dipole 200-400 17.777-17.77 100 250
Tel6s] Side-jump & 200300  53.7-3137 50 200
Elemental skew scattering
materials Te 1071 Side-jump 10-100 31 1 220
Bil108] Side-jump & 283333 787 60 0.6
skew scattering
MnBi,Te4 [26] Quantum metric dipole  1.6-30 17.777-17.77 10 200
Topological Bi,Se3(67] Skew scattering 20-200 9-263 1,500 15
insulators ZrTes10%] Berry curvature dipole 2-100 17.777 200 10
Strain tunable .
Monolayer WSe, (1101 Berry curvature dipole 50-140 17.777 4.5 10
Twisted bilayer WSe, ™1 Berry curvature dipole 1.5-40 4.579 0.06 20,000
Twisted Bilayer Skew scattering 1.7-80 13.777-33.777 5 1,000
Graphene [112]
Structure hBN/graphene/hBN [83] Skew scattering 1.65-210 31 5 125
engineering Twisted double Berry curvature dipole  1.5-25 180317781 0.2 60
bilayer graphene [113]
Mns3Sn/Pt [49] Quantum metric dipole ~ 5-400 10-80 5 40
BP/MnBi;Tes [27] Quantum metric dipole  1.8-30 17.771717.77 10 350

Recently, Huang et al. detected a nonlinear Hall signal in high-mobility monolayer twisted graphene sam-
ples!*l. Two mechanisms for generating the nonlinear Hall effect in graphene superlattices have been pro-
posed. As shown in Figure 4D, the Berry curvature dipole dominates in samples with high strain and low
impurity concentration, whereas disorder dominates in samples with low strain and high impurity concentra-
tion. Additionally, the Berry curvature dipole can be effectively tuned by gate voltage, even allowing a change
in the direction of the dipole [Figure 4E]. This study presents an efficient method to control and manipulate
the amplitude and direction of the Berry curvature dipole, thereby enabling control over the nonlinear Hall
response.

In addition to the 2D materials previously mentioned, the nonlinear Hall effect has been identified in a va-
riety of other materials in recent years [Table 2]. The Weyl semimetals, such as MoTe, 1>/ and TalrTe, >,
with a Ty structure, exhibit mirror plane breaking on their surfaces, giving rise to the nonlinear Hall effect.
4] distin-

guished by their unique surface states, can also significantly contribute to the generation of nonlinear signals.
66]

Elemental materials such as Te[5>1°7) and Bil1°¢], along with topological insulators such as Bi,Se,!
Similarly, Rashba materials, such as BiTeBr[*°!, which exhibit significant Rashba-type band splitting, can gen-
erate a nonlinear Hall response. Furthermore, the spin-valley-locked Dirac material BaMnSb, 1), with its
non-centrosymmetric orthorhombic structure, serves as an exemplary platform for facilitating the nonlinear
Hall effect. Additionally, advanced structural engineering approaches, including heterostructures>”#°) and
s[83111-13] designed to break inversion symmetry, offer a compelling route for the real-
ization of this intriguing phenomenon.

2D moiré superlattice
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PROSPECTS

Other nonlinear transport effects

The nonlinear Hall effect typically involves a quadratic response of the longitudinal Hall voltage to the applied
transverse current. However, in some materials, there could be higher-order responses in Hall effect. The
second-order derivatives of the Berry connection polarizability could also induce the third-order nonlinear
Hall effect. Analogous to the second-order nonlinear Hall effect, the third order nonlinear conductance can
be expressed as!*®:

ars 1 "
o= 5 [‘/k(_aaachd +0404Gpe — 0p04Gac) fo + 3 ‘/kVaVchdf() ] . (29)

Distinct from the linear and second-order nonlinear Hall effects, the third-order Hall effect follows unique
symmetry constraints and does not require broken T or P symmetry, making it a valuable tool for character-

izing materials that preserve both symmetries 4],

The first observation of the third-order nonlinear Hall effect was made in MoTe,[''?]. As depicted in Figure
5A, in the 7, phase of MoTe,, symmetry broken arises from the material’s surface. With increasing thickness,
the third-order nonlinear Hall effect becomes increasingly distinct, as illustrated in Figure 5B. Furthermore,
Wang et al. reported a pronounced third-order nonlinear Hall effect at room temperature %], as shown in
Figure 5C. Additionally, the third-order nonlinear Hall effect has been observed in magnetic systems. Li et
al. identified a third-order response in MnBi, Te, [**). Notably, Figure 5D and E reveals that the measured V>
exhibits an even dependence on the magnetic field, whereas V)f)‘“ displays an odd dependence. The field depen-
dence of these responses suggests that the longitudinal third-order response is driven by the Berry connection
polarizability, while the transverse response is governed by the Berry curvature quadrupole. Similarly, the
quantum Hall effect also manifests a third-order response. He et al. observed the third-order nonlinear Hall
effect in graphene within quantum Hall phases!''”). Figure sF illustrates that the third-order Hall response
is independent of temperature. The extrinsic effects, including skew and side-jump scattering of electrons,
which are dependent on scattering time, are supposed to be suppressed in quantum Hall states. As a result,
the nonlinear Hall response observed in quantum states provides an ideal platform for exploring the intrin-
sic nonlinear Hall effect. In addition to the materials discussed above, the third-order nonlinear Hall effect
has also been observed in Weyl semimetals WTe, "), in transition metal dichalcogenides VSe,!"'®], which
is characterized by charge density wave modulation, and in the misfit layer compound (SnS), ;7(NbS,), 11},
which exhibits a giant third-order response.

In addition to the higher order nonlinear Hall effect, the nonlinear spin Hall response can be realized through
charge-to-spin conversion ['2121], In thermally driven systems, the nonlinear response includes effects such
as the nonlinear Nernst effect, the nonlinear Seebeck effect, and the nonlinear anomalous thermal Hall ef-
fect!122-123] The planar Hall effect, unlike the traditional Hall effect, occurs when the Hall voltage, electric field,

r[126-128] The nonlinear planar Hall effect further introduces a higher-order re-

d [93,129,130]

and magnetic field are coplana
sponse, where the transverse voltage scales nonlinearly with the applied current or magnetic fiel
Collectively, these nonlinear transport phenomena offer rich opportunities for exploring new physics and de-
veloping innovative applications in science and technology.

Device applications

Due to its unique sensitivity to symmetry breaking and material properties, the nonlinear Hall effect of-
fers applications in phase probing and the investigation of topological phenomena in condensed matter sys-
tems (221321 In twisted double bilayer graphene, the application of a perpendicular electric field can concur-
rently adjust both the valley Chern number and the Berry curvature dipole, offering a tunable platform to

(1131 "a5 shown in Figure 6A-C. The Berry curvature dipole can also be tuned

investigate topological transitions
by strain (11133 [Figure 6D]. This provides new ideas and methods for designing piezoelectric-like devices,

such as strain sensors.
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Figure 5. The third-order nonlinear Hall effect in several materials. (A) b-c plane of few-layer 7, MoTez. (B) The v« of MoTe; as a function
of vj, with red demoting the third-order response and black representing the second-order response. (C) The v}« in TalrTes as a function of
V). (Dand B) The v« and vi« of MnBiTes as functions of magnetic field at different temperatures. (F) The v« of graphene under quantum
Hall states as a function of v, at varying temperatures. (A and B) reprinted with permission[111, 2021, CC BY license. (C) reprinted with
permission 161 2022, CC BY license. (D and E) reprinted with permission 58], 2024, CC BY license. Panel F reprinted with permission 171,
2024, CC BY license.

Beyond its scientific significance in probing quantum geometry and crystalline symmetry, the nonlinear Hall
effect holds substantial potential for practical applications, particularly in energy harvesting and rectifying de-
vices 2247134 ag shown in Figure 6E. Materials exhibiting the nonlinear Hall effect can function as wireless
radiofrequency (RF) rectifiers operating without an external bias (battery-free), and in the absence of a mag-
netic field by utilizing a driving alternating current in place of an oscillating electromagnetic field**>). For
example, the use of materials such as TalrTe, **) and MnBi,Te, [>”) in RF rectification has demonstrated cutoff
frequencies reaching up to 5 GHz, which is sufficient to encompass the widely utilized 2.4 GHz Wi-Fi chan-
nel. Furthermore, BiTeBr-based rectifiers have exhibited RF rectification initiating at power levels as low as
-15 dBm ( 0.03 mW), aligning closely with ambient RF power levels ranging from -20 to -10 dBm (%3¢l In
addition, the rectified output in tellurium thin flakes can be significantly enhanced through the application of
a gate voltage ). This class of Hall rectifiers, relying on the intrinsic material properties, effectively bypasses
the limitations imposed by transition time and thermal voltage thresholds, presenting a promising solution for

efficient, low-power energy conversion technologies [*7).

PERSPECTIVE

The study of the nonlinear Hall response, which is rapidly advancing the condensed matter physics, has opened
new frontiers within material science research, particularly in the realm of 2D systems. By leveraging the prin-
ciples of symmetry, researchers have uncovered novel mechanisms that drive this effect, distinguishing it from
traditional Hall phenomena 3%}, The insights gained from these studies not only deepen our understanding
of the interplay between symmetry and electronic properties, but also pave the way for innovative applications
in electronic devices and sensors.

However, realizing practical devices based on the nonlinear Hall effect presents several challenges. First, the
scale of most 2D materials exhibiting the nonlinear Hall effect is limited, with sizes typically restricted to
a few tens of micrometers. This constraint poses a significant challenge to the development of large-scale,
integrated applications leveraging the nonlinear Hall effect. Furthermore, although wireless RF rectifiers based
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Figure 6. Device applications of the nonlinear Hall effect span diverse fields, including probing topological transitions, developing strain
sensors, and creating wireless radiofrequency rectifiers. (A) Schematic of the nonlinear Hall measurement. (B) Band structures of the K
valley for two different interlayer potential values, with the overlaid color representing the Berry curvature of the corresponding flat bands.
(C) The variation in the Berry curvature dipole as a function of energy E at two different Fermi energies. (D) A strain sensor leveraging the
nonlinear Hall response. (E) Wireless radiofrequency rectifier via the nonlinear Hall response. (A-C) reprinted with permission 3], 2022,
CC BY license. (D) reprinted with permission 1331, Copyright 2020, The American Physical Society. Panel E reprinted with permission [65],
2024, CC BY license.

on this effect can function without an external bias, their conversion efficiency remains low. Moreover, the
nonlinear Hall effect weakens at higher frequencies due to the interplay with material relaxation times, further
complicating its integration into existing technological frameworks.

Future research on the nonlinear Hall effect should strategically focus on advancing theoretical frameworks,
driving material discovery, and addressing device scalability to fully realize its potential. Refining theoretical
models to encompass higher-order nonlinear responses, quantum geometric effects, and the role of disorder is
imperative for deepening our understanding of the underlying mechanisms. In parallel, identifying materials
with pronounced nonlinear Hall effect responses, particularly those operational at high temperatures, is es-
sential. Promising candidates include non-centrosymmetric 2D materials, topological semimetals, and moiré
superlattices. Moreover, dynamic control of the nonlinear Hall effect through effective gating strategies, such
as the modulation of the band structure through electric and optical fields®**®1), strain engineering!''°},
and chemical doping[#°, will be key to tailoring device performance. Furthermore, achieving scalable fabri-
cation of high-quality 2D materials is vital for the development of energy-harvesting devices that leverage the
nonlinear Hall effect, propelling it from fundamental exploration to transformative applications.

CONCLUSION

In conclusion, the nonlinear Hall effect arises from diverse mechanisms, including contributions from the
quantum metric and Berry curvature dipole, alongside skew scattering and side-jump effects, each uniquely
shaping the nonlinear response. Experimentally, this effect has been extensively explored in 2D materials,
encompassing intrinsic symmetry breaking in specific systems and engineered configurations, such as het-
erostructures and moiré superlattices. The ability to manipulate electronic responses without requiring an
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external magnetic field positions the nonlinear Hall effect as a transformative platform for next-generation
electronic devices. Potential applications span highly efficient rectifiers, sensitive detectors, and innovative

logic devices. Looking ahead, the nonlinear Hall effect is poised to serve as a cornerstone for the exploration
of other nonlinear transport phenomena, offering vast opportunities for groundbreaking discoveries. The con-
tinued study of this phenomenon promises to deepen insights into condensed matter physics while paving the
way for advanced technologies that capitalize on the unique electronic properties of 2D materials.
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